Complex Analysis — Qualifying Examination
September 2019

Part A and B
Answer all questions. Provide as much details as you could.

Problem 1 Determine explicitly the largest disk about the origin where image
under the mapping f(z) = 22 — 2z is one-to-one. Justify your answer.

Problem 2 Does there exist an analytic function f : D — D with f(3) = 2
and f'(3) = 22 Here D is the open unit disk.

Problem 3 Let G be a region and a € G. Suppose that f is continuous on G
and analytic on G\{a}. Prove that f is analytic at a.

Problem 4 Given a Mébius transformation T(z) = Zis, determine meces-

sary and sufficient conditions on a,b,c,d so that T map the domain D =
{z:Rez >0} onto G ={z:Rez < 0}.

Problem 5 Prove Vitali’s Theorem: H(G) is the set of holomorphic functions
on G. If G is a region and f, € H(G) is locally bounded and f € H(G) has the
property that A = {z € G : lim,, f,,(2) = f(2)} has a limit point in G, then f,
converges in f in H(G).

Problem 6 Let G be a region and u a non-constant harmonic functions on G.
Show that u is an open map.

Part C
Answer all questions. Provide as much details as you could.

Problem 7 (a) Show that any compact Riemann surface admits a branched
cover over the Riemann sphere S%. (b) Let M be a compact Riemann surface of
genus 5. Suppose F is a branched cover from M to S%. Prove that R = 2(4+r),
where R=the total ramification index of F', r=number of sheets of the cover.

Problem 8 Prove that the Dolbeault cohomolgy group H(X) = 5991—1’710 18 1S0-

morphic to C for any compact Riemann surface X, and C= complex number

field.

Problem 9 Prove that the sum of residues of all the poles of a meromorphic
one-form on a compact Riemann surface is equal to zero.

END



Qualifying Examination - Complex Analysis (MATH 210ABC)
10:00am - 01:00pm, September 24, 2018

Instructions: Answer six (and only six) problems with a choice of two from each of part (A), part
(B) and part (C). Circle the problems to be graded. Show your work to get credits.

Name:

Part (A)

Problem 1. (a) Define a branch f(z) of log (—;—:—;—) on a region containing 0. (You should
specify the region and define the function explicitly.)

(b) Find the radius of convergence of the power series expansion of f(z) centered at z = 0.

Problem 2. Let f be an analytic function on a region containing {z € C : |z]| < 4}. Suppose
that |f(z)| < 1 whenever |z| < 4. Prove that |f(z1) — f(22)] < § whenever |21}, |22} < 1.

Problem 3. Use the Residue Theorem to find
2
AT 1

Jo (2 -+ Sin9)2 <l

Part (B)
Problem 1. Let G be a region in R?. Suppose u : G — R is a continuous function which

satisfies the Mean Value property. Prove that u is harmonic.

Problem 2. Show that there exists no one-to-one analytic map from G = {0 < |z| < 1}
onto the annulus Q = {r < |z| < R}, where r > 0.

Problem 3. State and prove the Hurwitz Theorem.

Part (C)

Problem 1. (a) State the uniformization theorem for Riemann surfaces.

(b) Prove that there exists no non-constant holomorphic map from the complex plane C to
X4, where g > 2 and X, is a compact Riemann surface with genus g.

Problem 2. Prove that a topological 2-sphere $? admits only one complex structure.

Problem 3. (a) State the Riemann-Roch formula for Riemann surfaces.

(b) Prove that any non-trivial holomorphic one-form on X, must vanish somewhere, where
¥4 is a compact Riemann surface of genus g 2 2.

1



Qualifying Examination — Complex Analysis

10:00am-01:00pm, June 3, 2017

Instruction: Answer any seven questions from the following nine problems.
Circle the problem numbers to be graded. Show your work to get credits.

/°° cos(ex)
Ao 1 + .'112

2. Is there a sequence of polynomials which converge uniformly to the func-
tion 1/2 on {2 :1 < |2 < 2}7 Justify your answer.

1. Let a > 0. Find

3. Let f be an analytic functionon B = {z € C: |z] < 1}. Suppose that
Re(f (z)) # 0 whenever 0 < |2| < 1. Prove that Re(f(0)) # 0.

4. Find an explicit conformal transformation of an open set
= {211 > 1\(~o0,~1]
to the unit disc.
5. Let p(z) be a polynomial of degree d > 2, with distinct roots ay,....aq.

Show that

.
L ﬂ’(a ) e

6. Let u be a positive harmomc function over the punctured complex plane
C\{0}. Show that « must be a constant function.

7. Let F C H(G) be a locally bounded family, H(G) = {g : G — C analytic},G
is a region in the complex plane C. Prove that F is equicontinuous at each point
of G. (Montel's Theorem is not allowed to apply}).

8§ Let B={z€C:|z]<1}and B> ={z€C:0 < |z] <1}. Suppose that
u: B — I be a continuous function such that it is harmonic on B*. Prove that

there exists a hoarmonic function % : B — & such that its restriction on B* is
ewual o u.

9. Evaluate the integral

where o € C, R is a positive real number, and |a] < K.

~ — END —



Qualifying Examination: Complex Analysis
10:00am-01:00pm, Juxne 4, 2016

Instruction: Answer any eight questions from the following ten problems.
Clircle the problem numbers to be graded. Show your work.

Question 1. Denote by B(a; R) the open disc with center ¢ and radius R.
Let D = B(1;1)\B(s;;1). Find a one-to-one conformal mapping from D onto
B(0;1).

Question 2. State and prove the Morera Theorem.

Question 3. Suppose that the radius of convergence of

& =Y anz

n=0

is R. (a) Prove that the radius of convergence of

6
o 1
q(;) = z:[)n+1an:n+1

is equal to R. (b) On B(0; R), ¢'(z) = f(=).

Question 4. Evaluate the integral f,y f where (1) = e, for 0 < t < 2% and

f(z)=In i;g: Choose your definition of logarithm, and show your work.

Question 5. Let {f,} be a sequence of functions analytic on a region G,
Suppose that this sequence converges to a function f uniformly. (a) Prove that
f is analytic in G. (b) Let f,(,k) and f) be the k-th derivatives of f, and f
respectively. On every closed disk B(a; R) contained in G. for any k£ > 1. show

that the sequence { f,ﬁk)} converges to f*) uniformly on B(a; R).

Question 8. Let f : D — C be a non-constant analytic map. D =
{z € C:|z| < 1}, such that f(0) = 1,Re f(z) > 0. Prove that

14|z
1~ |z

=)<
for all |2] < 1.
Question 7. Let G be a simply connected region that is not the entire

complex plane. Without applying the Riemann Mapping Theorem. prove that
there exists a non-constant bounded analytic function f: G — C.



Question 8. Let u : G — R be a real-value continuous function satisfying
the mean value property. Prove that w is harmonic, meaning it satisfies the
equation:

Pu  Pv 0
o2 + o2

Question 9. Find the Laurent series of the function

(:-1)
(z—2)(z—3)

in the power series of z within the region {z € C: 2 < |z] < 3} centered at z = 0.

1) =

Question 10. Let f be an entire function such that |f(z)| = |f(1/2)] when-
ever z is nonzero. Prove that f is constant.

— END —

R



Qualifying Examination: Complex Analysis
10:00am - 01:00pm, June 6, 2015

Instruction: Answer any eight questions from the following ten problems.
Circle the problem numbers to be graded. Show your work.

Problem 1 State and prove the Harnack’s Inequality for harmonic functions
Problem 2 State and prove the Rouche’s Theorem

Problem 3 Let {f,} be a sequence of analytic functions on a region G such
that {fn} — f uniformly on compact subsets, and a € G. Suppose that each f,
is one-to-one and f' (a) > 0. Show that f is one-to-one and f/,(a) is non-zero
for sufficiently large n.

Problem 4 FEvaluate the integral

< 1
—dx.
/0 A1

Problem 5 Without using the Montel’s Theorem prove directly that a family
of locally bounded analytic functions are equicontinuous on any compact subset
of the domain of definition.

Problem 6 FEvaluate f7 Zlffgzs dz, where v parametrizes 0B(4;2) once counter-

clockwisely, where log z is the principal branch of logarithm.

Problem 7 Let v C C be a piecewise differentiable curve, and let 4 be the
image of v under the map z — z. Show:

a. If f is continuous on v, then z — f (Z) is continuous, and

/Wf(z)dz/ﬁf(z)dz

b. As an application of (a), show that if v is the positively oriented unit circle,

then J
——dz
/|z|—1 f(2)de = — /|z|—1 F&%

Problem 8 Let D C C be an open, connected subset of C. Further, let f,g
be holomorphic functions, defined on D so that f(z) # 0 # g(z) for all z €
D, and let (ay,),~, be a convergent sequence of numbers a, € D so that a =
lim,,—o0 an € D and a, # a for all n. Show: If

f/ (a'n) g/ (a'n)

f(an) g9(an)
for all n, then there is a constant ¢ € C so that f (z) = cg (z) for all z € D.



Problem 9 Let f(z) be a holomorphic function, defined on the disk |z| < R.
For 0 <7 < R we define
M ()= sup |7 (2)

Show:

a. M (r) is a continuous, non-decreasing function of r.

b. If f(2) is not a constant function, then M (r) is strictly increasing.

Problem 10 Let f(z) be an entire function. Furthermore, let n > 0 be a
positive integer, and let 0 < M, R be two positive constants. Show: If

[f (2)] < M|z[" for all |2 = R,

then f(2) is a polynomial of degree at most n.

END



Qualifying Examination: Complex Analysis

10:00am - 1:00pm, June 7, 2014

Instruction: Answer any eight questions from the following ten problems.
Show your work to get credits. Put your name on all answer sheet.

Circle the numbers of the eight problems you choose to be graded:
Problem 1 2 3 4 ) 6 7 8 9 10

Score

Problem 1 Using contour integration, find the value of

/2# dt
o cos(t)—2°

Problem 2 Let f be an entire function such that |f(z)] < M |z|* for all z € C
with |z| > R, where M, R and « are constants with 0 < a < 1. Prove that f is
a constant function.

Problem 3 Show that all the roots of the equation e* = 3z in the unit disc
{z € C:|z| <1} are real.

Problem 4 Let f(z) be an entire function. Suppose in addition that f(z) =
f(%) for all z # 0, prove that f is a constant function.

Problem 5 (a) Determine a Mdobius transformation that maps the upper half
of the unit disk onto the first quadrant. (b) Find a conformal map that maps the
unit disk in the first quadrant one-to-one and onto the upper half plane. Provide
the algebraic expression of the map.

Problem 6 Suppose that F C H(G) = {analytic functions on a region G} is a
normal family. Denote the derivative of a function f by f'. (a) Show that the
set F' ={f": f € F} is also a normal family. (b) Is the converse true? Give a
proof if your answer is affirmative. Otherwise, give a counterexample.



Problem 7 Let ) CC G be a relatively compact region, and f : 02 — C is
a continuous function. (a) Describe, without proof, the Perron’s solution for
the Dirichlet problem on Q with the boundary value f on 0Q. (b) Let Q be
the punctured disk: Q = {z € C:0 < |z| < 1|}. Find an example of a continu-
ous function f(z) on OQ such that the Dirichlet problem on Q is not solvable.
Provide a proof.

Problem 8 Let G be a simply connected region which is not the entire complex
plane. Suppose that Z € G whenever z € G. Let a € G NR and suppose that

f:G—D={zeC:|z| <1|}

is a one-to-one analytic function such that f(a) = 0, f'(a) > 0 and f(G) =
D. Let Gy = {z€ G:Imz > 0}. Show that f(Gy) must lie entirely above or
entirely below the real axis.

Problem 9 A function of two real variables uw(x,y) is harmonic if it is twice

continuously differentiable (i.e. C2), and
u 9%u
— +— =0.
o0x2 = 0y?

Prove that haromonic functions are infinitely differentiable (i.e. C>).

Problem 10 Let G be a simply connected region which is not the entire complex
plane. Without applying the Riemann Mapping Theorem, prove directly that
there exists a non-constant analytic mapping f : G — C such that C\ f(G)
contains a non-empty open set.

END



Qualifying Examination: Complex Analysis
10:00am - 01:00pm, June 8, 2013

Instruction: Answer any eight questions from the following ten problems.
Circle the problem numbers to be graded. Show your work.

Problem 1 Determine a branch cul for the function f(z) = V22 —1. De-
termine the radius of convergence for the power series representation of f(z)
cenlered al z = 1.

Problem 2 State and prove the Morera Theorem

Problem 3 Suppose that ¢(z) is analytic in a domain D. Let a € D. Prove
that there exists a unique function f(z) analytic on D such that on D\ {a},

f(Z) - c;u(z) — go(a)

z—a

Problem 4 Let p(z) be a polynomial. Show that
f p(2)dz = —2miR?*p'(0),
c

where C' deontes the circle |z| = R winding counter-clockwisely once.

Problem 5 Fuvaluate the integral

* xsinz
5 5 dz
o Z+a

where a is a real number.
Problem 6 State and prove the Argument Principle.

Problem 7 Prove that a non-constant harmonic function on a region in R? is
an open map.

Problem 8 Part A. State the Mazimum Modulus Principle for an analytic
fuention. Part B. State the classical Schwarz’s Lemma for an analytic function
f: A — A, where A is the unit disk, f(0) = 0. Give a proof using Part A.
Part C. Prove the uniqueness part of the Riemann Mapping Theorem.



Problem 9 Let G be a region and M be a fized real number. Define
H(G)={g: G — C: g is analytic}
and
F=<{ge H(G): /:/ l9(2)|"® dzdy < M
G
Show that F is a normal family.

Problem 10 Stale and prove the Harnack’s Inequality for harmonic functions.

END



Qualifying Examination: Complex Analysis
10:00am - 1:00pm, June 2, 2012 -

Axnswer any eight from the following problems. Show your work.

Problem 1 (o) Determine o branch for the funciion f(3) = In £ so that f(z)
is anolytic in a neighborhood z = 0. (b) Determine the radius of convergence of
the power series expansion for f(z) with center af =z =

Problem 2 (a} State the Cauchy Theorem on a simply connected region. {b)
Suppose that G is simply connected and f is anolytic on G. Show that fhere is
an analytic funcitn F on G such that ‘“: I

Problem 3 Show that 2* + 62% — 10 has ezactly two zeros, counting multiplic-
ities, in the annulus 2 < |3| < 3.

Problem 4 Assume that f(2) is holomorphic for {z| < R, where R > 1. Prove

2ar
/ F(e*) cos? ;dt =7 f(0) + Ef" (0).
A 2 2

/D " F(e™) sin? %dt =7 F(0) — 323 F1(0).

Problem 5 Let F(z) be an entire function. Assume that there is a natural
number n and real numbers B, M > 0 such that

[Fl) < Mls"
for all |z{ > R. Prove that f(=) is a polynomial of degree n or less.
Problem 6 Let f = 4 + v be an analytic function on 0 < |z| < 210 such that
' 2011 < w < 2012.
Prove that f can be analytically extended to {z € C: |z| < 210}.

Problem 7 Let w : &G — R be a continuous function in a region G C R?
sotisfiying the mean value property. Prove that u is harmonic {i.e. Au =19).

Problem 8 Let G be a simply connected region which is not the whole plane.
Without applying the Riemann maopping theorem, prove directly that there exisis
o non-constant andlytic map f: G — D, the unit disk.

Problem 9 If f(z) is an entire function such that z7' Re(f(2)) — 0 when
-z — co. Show that f(z) is a constant function. :

'Probiem 10 State and prove the Jensen s fomula
. Hmt you can asswine the fact

’ 27

log |1 - e=9|_de




Qualifying Examination: Complex Analysis
18:00am - 1:00pm, June 4, 2011

Answer any eight from the following ten problems. Show your work.

cosz
sinz’

Problem 1 Find the poles and residues of

X 1 Cn S T T
2 rUDICHD & 00T e JunCHON

z—1
Vzr1 _
(a) determine the domain of its principal branch. () For the principal branch,
determine the radius of covergence of its power series representation af z = 1.

Problem 3 Fet
dw

L f flw)
e
be the winding number of a closed contour v aboul a point z not on v. Prove

that this is a constant function in the variable x on_ecoch_connected component

of C\{~}.

Problem 4 Let G C C be an open region, and let {fatas1 Be o sequence of
analytic functions defined on G. Show that the sequence { fnt,m: comverges
uniformly on compact subsets of G if and only if for each piecewise differentiable
curve vy, the sequence of complez numbers

{ f7 fn(c,*}dq}n>-l- e

is @ Cauchy sequence in C.

Problem 5 Prove that

% gin? ¢ T
de = —.
0 2 2

Problem 6 Let a > 0 be o fized real number. Compute the line integral

/ ds
3 FE
4 22+ y? — 20z +a

where 7y is the circle with radius p > o around the origin, oriented counter-
clockwisely, and s =arc-length.

Problem 7 Suppose that o functi.on f is analytic inside and on « positively
oriented simple closed contour vy, and that f has no zero on . Show that if f
has n zeroes {2}, | inside vy, and the multiplicity of zy, is mpg, then

2f(2) = Zmi nmz
e dz =2 (; H)




Problem 8 Find the Laurent series of

1
&= mmheTy

about the origin in {z:1 < |2 < 3},

Problem 9 (o} State the Rouché’s Theorem. (b) Give a proof of the Fundo-

mental Theorem of Algebra using the Houché’s Theorem.

Problem 10 Let u and v be two harmonic functions defined on the whole R2
such that
u(z,y) = v(z,y)
Jor all (z,y) € R2. Prove that there exists a constant c such that for all {z,y) €
R2,
u(e,) = vlm,y) + .




University of California at Riverside
Department of Mathematics
Spring 2010

Complex Analysis
Quahfymg Exannnatlon

Choose 8 of the following 10 problems:

1.
2.

Show that fm Endr = %g

Let n > 1 be an integer, and let f(z) be an entire function so that |f (z)] < [z|™ for
all z € C.Prove that there is a constant ¢ so that f (2) = ez

Let D) be an open, connected region so that z ¢ D implies that also 7 € D, and let
f: D — C be a holomorphic function.

(a) Show that the function g: D — C defined by

g(2)=f(2)

is also hoIomorphié.
(b) Prove: If f (r) € R for each r € DNR, then f (2) = f (z) for all z € D.

Find explicitly a holomorphic bijection between G = {z izl < 1and Re(z) > 0} and
the open unit disk D = {z: |z| < 1}.

Let G be a region in C and let (ax),,, be a sequence of distinct points in G without
limit points in . Show that for an arbitrary sequence of complex numbers (w;ﬂ}‘,c>1
there exists an analytic function f on & such that

flag) = wy
for all points oy in the sequence.

Let G be an open subset of the complex plane and £, : G — C be analytic functions.

Show that if -
Z In (Z )
n=1

converges uniformly on compact subsets of G to f then f is analytic on G and

) =>" filz).




10.

Let B (a, R) be the open ball with center a and radius R, and let B(a, R) be the closure
of B{a, R). Let u : B(a, R) — R be a-continuous function satisfying u(z) > 0 for all z .
Show that if « is harmonic in B(a, R) then for § < r < R and all 8 we have:

R—r
R4+

u(a) < ula +re’) < g

]

i—:u(a) :

- Let a be a zero of the Riemann zeta-function ¢ in the critical strip

0<Re(z) <1,
Prove that @, 1 — a, and 1 — @ are also zeros of (.

State the open mapping theorem and sketch a proof of this theorem.

Let G be an open domain, let f : @ — C be a holomorphic functions and let F be a
family of holomorphic functions, defined on G. Let A a closed, bounded disk of radius
R and center zp, and assume that A C G.

(a) Prove that |z — z| < R implies that

1 2 ]
(&) < ﬁfo |f (Zo-{-RemHRda

(b) Prove that |z — z| < 1R implies that

£ = [ [ir©lda

(Hint: Express [ [, [f (¢)|dA in polar coordinates).

(c) Let M > 0 be a fixed constant, and assume that [ [, 1f(¢)]dA < M for each
f € F and each compact subset A C G. Use Montel’s theorem to prove that £ is
pre-compact in H (G}, where H (&) is the space of all holomorphic functions on
G, equipped with the topology of uniform convergence on compact sets.




Spring 2009 Comp!éx Analysis Qualifying Exam

_ Directions: Complete 4 problems from Part A and 4 problems from Part B. Show
all work. Indicate clearly on your paper which problems you have chosen. All
problems have the same value.

Student ID Number:




Part A. Complete four problems from this part. Circle the problem numbers
of your choice.

Problem 1. {(a) Let + be a closed rectifiable path in C. Show that the
winding number n{y;a} := 7 . —L-dz is a contiruous function on ecach con-
nected component of C\ {<}. (b) Show that n(vy;a) = 0 if o in the unbounded

companent, of CY {v}. .

Problem 2. (a) Show that if f : C — C is analytic, then f is a conformal
map at zp if /() # 0. (b) Construct explicitly a conformal map from the (open}
first quadrant to the interior of the disk centered at the origin with radius 2.

Problem 3. Let fi be a sequence of functions analyiic on a region G.
Suppose that this sequence converges uniformly to a function f on G. Show

that (a)
jim [ 5= [ 1

for any closed rectifiable path v in &, and (b) f is analytic. -

Problem 4. Evaluate the integral

1/m
/ 2 g,
Y (z-1™

where (t) = 1+ -é—eit and m is a positive integer.

Problem 5. fis an analytic function in a region G, and z € G. Show
that there exists a unique analylic funciion g on G such that for all z € G\ {}
_ f) =7l
9(z) = === .




Part B. Complete four problems from this part. Circle the problem numbers
of your choice.

Problem 8. Let f: C — C be a non-constant analytic function. Prove
that M(r) is an increasing function in r and lim, . M {r) = oo, where M (r) =
max{|f(z)]: 2| <r},re R

Problem 7. Determine the number of solutions of the equation e? —52* +
2 = () inside the unit circle. Give reasons for your answer and show your method.

Problem 8. Let f: A — € be a non-constant analytic function defined
on the unit disc A such that Re f(z) > 0 and f(0) = 1. Prove that |f(2)] <
Lzl g all z € A. What can you say about f if there exists one point 75 € A,

IR
zg # 0, which satisfles the equality |f{z)] = i—f};—‘;!{? Give a proof of your

ansSwer.

Problem 9. Determine whether there exists a one-to-one, onto analytic
mapping between the pair of domains A and B of C in (a), (b), (¢), (d) respec-
tively. Give reasons for your answers.

(a) A = C, the whole complex plane. B ={ze& C:|z| < 100}.
(b) A={zeC:|z <1}, B={z+iy:z,ye R |z <1yl <2}.
(@ A=C\{0}, B=C\{1,2}. |

(dy A={zeC:lzl<1}, B=C\{z+iwy:ycRz=0y>0}.

Problem 10. (a) Let f be a continuous functionor A = {z € C: |z] = 1}.
Write explicitly a harmonic function u on A = {z € C: [2| < 1} with boundary
values f. No proof is needed.

(b) Fwvaluate the integral jiﬂ=1 —f%—;, z=1¢%, 0¢[0,2x).
(¢)  Prove that a continuous function satisfying the mean-value equal-
ity must he harmonic.




,\"3{

SPRING 2008 COMPLEX ANALYSIS QUALIFYING EXAM

Directions: Complete 12 of the following 13 problems. Show all work. Indicate clearly on your paper

which problems you have chosen. All problems have the same value.

Problem 1 (a) Define radius of convergence for a power series Do 0 an(z —
a)®. (b) Let R be the radius of convergence for the given power series and 0 <

r< R, thenévthe series converges uniformly on {z |z —a| < r}.
S0

Problem 2 (a) Determine a branch for the function f(z) = In 21 50 that f(2)

is analytic in o neighborhood z = G. (b) Determine the radius of convergence of
the power series expansion for f(z) with center at z — (.

Problem 3 Prove thot if a complez-valued function is differentiable then it is
anolytic.

Problem 4 Prove that if e function is continuous on a region G and analytic
on G\{a}, then it is analytic throughout G.

Problem 5 (a) State the Cauchy Theorem on a simply connected region. (b)
Suppose that G is simply connected and f is anclytic on (. Show that there is
an analytic fyactes F on G such that i‘g- = f.

Problem 6 Consider the function f(z) = z3. Plot the images of the Sfollowing
Jour objects on the same complex plane: (a) the point z =0, (b) the point z = 1,
(c) the point = = =1, and (d) the curve given below. Justify your answer.

TS




Problem 7 f(z) is entire and | f(z)| < e* throughout the plane. What can be said about f{z)?

Problem 8 Consider the polynomials of degreen, P(z) = 2" + a,z2" ' + -+ a,, and
let Mp = max <1 |P(2)| . For which P is Mp a minimum? Why?

Problem 9 Show that the infinite product

[#0]

1_[(1 —nz")

n=1

converges in [|z| < 1] and represents there an analytic function f{z). Show that the zeros of fiz) have all
points on [|z| = 1] as accumulation points.

Problem 10 A function w(z) is analytic in a convex domain D and Re w'(z) > 0 in D.
a) Prove that w(z) is I-1'in D.
b) Using a), prove that, if w(z) = z+ Yp=n @z in[|z|<I] and Yg—pn|ay,| < 1, then w(z) is

1—1in[lz<1].

Problem 11 Jj‘ W(z) is an entire function and p(z) is a polynomial such that \w(z)|<|p(z)| for all ze €,
show that w(z) is a constant multiple of p(z).

Problem 12 g} Show that every conformal (1-1) map w(z) of the unit disk [|z|<I] onto itself is a linear
Jractional transformation. Assume the fact that w(z) must extend continuously to the boundary z|=1, on
which jw] =

b) Show that there is no conformal map of € onto [|z}<1].

Problem 13 Find the most general harmonic polynomial of the form ax’+bx’y+cxy’+dy’. Determine the
conjugate harmonic function, and the corresponding analytic function of z=x+iy.



Complex Analysis
Sylabus for the qualifying examination

1. Undergraduate material.

a) Complex numbers and their geometry
b) The Riemann-Stieltjes integral (chapter 6 in ref. 5)
c) Green’s formula in two dimensions

d) Uniform convergence and equicontinuity of sequences of functions {chapter 7 in ref.
5); integrals of functions depending on parameters.

2. Elementary analytic functions and their mapping properties.

a) Linear fractional transformations and the Riemann sphere
b) Cross-ratio

¢) The exponential and the logarithm
d) Trigonometric functions

3. The Cauchy-Riemann equations.

a) The operators 8 and & in Cartesian and polar coordinates

b) The homogeneous equation 5u_= 0; properties of Re(u) and Im(u).
¢) The inhomogeneous equation du = f.

. Cauchy theorem and its consequences.

a) Proofs and Cauchy’s formula

b) Cauchy’s inequalities

¢) The uniqueness principle

d) The maximum modulus principle and Schwarz lemma

¢) The open mapping principle

f) Liouville’s theorem and the fundamental theorem of algebra

g) Winding numbers, the argument principle and Rouche’s theorem

5. Singularities of analytic functions..

a) Classification of singularities,
b) Casorati-Weierstrass theorem,
¢) Residue theorem,

d) Computation of definite integrals.




6. Taylor and Laurent series.

a) Cauchy-Hadamard formula for the radius of convergence,

b) Abel’s theorem,
¢} Laurent series,

d) Infinite products,

e) The expansions of elementary functions in infinite series and in infinite products.

7. Conformal transformations.

a) Riemann’s mapping theorem,
b} The reflection principle,
¢) Elementary conformal transformations.

8. Harmonic functions.

a) Maximum principle,
b} Mean value theorem,

¢) Poisson and Jensen formulae,
d) Dirichlet problem,

e) Subharmonic functions.

References.

1) L. Ahlfors, Complex Analysis, McGraw-Hill

2) J. Conway, Functions of One Complex Variable, 2nd edition, Springer.

3) K. Knopp, Theory of Functions, Parts I and II; Problem Book, Vol. I and II, Dover.
4) R. Narasimhan, Complex Analysis in One Variable, Birkhauser.

5) W. Rudin, Principles of Mathematical Analysis, 3d. edition, McGraw-Hiil (under-
graduate material, only chapters 6 and 7)

8) S. Saks and A. Zygmund, Analytic Functions, Warsaw.
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Qualifying Examination: Complex Analysis
June 2, 2007.

This is a closed book test. Please choose any eight questions to answer. If
a problem has two parts, the weight of Part (a) and Part (b} are 20% and 80%
respectively.

Question 1 (o) State the Schwarz Lemma. (b) Let f{z) be analytic in |z] <1
and suppose |F(2)} < 1 there. Suppose further that f(0) = f/(0) = 0. Prove
|f(2)] < |22 in [iz] < 1] unless f(2) = e**z%.

Question 2 Compute the following integral by using residue theorems:

["O dr
oo @24 (22 3)

Question 3 Consider the polynomials of degreen, P{z) = z™+a, 2" 1+« +a,,
and let Mp = max, <1 |P(z)|. For which P is Mp a minimum? Why?

Question 4 (a) State the Liouville’s Theorem. (b} f(z) is entire and |f(2)] <
e® throughout the plane. What can be said about f(z}?

Question & Find the central three terms (c_1, co, €1) of the Laurent exponsion
of f(2) = z(:‘,—_lﬁm valid in the annulus % <lz— 1| < 1. Is the coefficient
of c_q the residue of f{z) at one of its poles? Why?

Question 8 Find the number of zeros for the function
225 ~ 622 +24+1=0
in the annulus 1 < |2 < 2.

Question 7 Prove that a continucus funclion on ¢ domain is harmenic if and
only if it satisfies the mean value property.

Question 8 (a) State the Hurwitz’s Theorem. (b) Let {f.} be a sequence of
enalytic functions on a region G such that f, — f in H(G), ond a € G. Suppose
that each f, is one-to-one and

fnla)=0, fi(a)>0.
Show that f is one-te-one and f'(a) > 0.

Question 9 (a) State the Riemann Mapping Theorem. (b) Explain why the
conclusion in Riemann Mapping Theorem is not applicable to the complex plane
C and the punctured disk B{0;1)\{0}.

Question 10 Show that if T132; (1 + w,) converges, then limn..,o0 wy, = 0.



Qualifying Examination: Complex Analysis
June 4, 2005. 2:30pm to 5:30pi

This is a closed book test. You choose three questions from Part A and
three questions from Part B to answer. On this cover sheet below, please mark
clearly your selection. '

Name:
Student ID Number:

Selection from Part A

Section from Part B

1 Part A

Instruction: Choose three guestions from Part A to AlSWeT.

Question 1 (a) Define winding number of a closed rectifiable curve about a
point on the compler plane. .

b) Suppose that v is a closed rectifiable curve on the complex plane. Show
that if a and b are in the same path-connected component of C\{v}, then the
winding numbers n(v; a) and n(v;b) are equal.

Question 2 (a) For a given power series Y omeg 0n2™, define the number R,
0 < R<o, by ,

1_ limsup |a,;|*/".

R
Show that if |2| < R, the series converges absolutely.

(6) Find the lurgest disk centered at 07 on which the power series 3 - 2™
s an analytic function.
’ / z iy
'y

where 7y 4s the straight line from +1 to —i. then from —i to —1.

Question 3 Caleulaie

Question 4 Determine the largest disk about the origin whose image under the
Junction f(z) = 2° + iz — 1 is one-to-one.



2 Part B

Instruction: Choose three questions from Part B to answer.

Question 5 (a) State the Montel’s Theorem. (b) Let Q be o region in C and
F=Af e HQ) : [ [,1fz))dedy < 10}, H() = family of all analytic
Junctions on (1. Prove that F s a normal Sfamaily.

Question 6 (a) Siate the Riemann Mapping Theorem. (8) Prove the unique-
ness parl of the Riemann Mapping Theorem. (c} Describe the Riemann mapping
frlH -0, H=A{z+iy:x >0}, A={zeC:lz} <1}, such that (1} = 0.

Question 7 Evaluate the integral

/m dx
o G

Question 8 Suppose that §) is a bounded region in C. Let fF:Q—=Rbea
continuous function on §) satisfying the mean-valued equolity

27

10 =5 [ o+ peiyan,

for all zo € Q0 and p > 0 with B(z,p) = {z : |z - 29| < p} C LU Give 4 direct
vroof of the stalement lhal if [ assumes the value M = maxzen f(2) al an
interior point of 1, then it must be o constant Sunction.

End



Complex Analysis Qualifying Examination 2004

® In each problem, please show all your work (i.e., every step of your caleulation).
Each problem is worth 20 points for o fotal of 200 points.

1. Find the most general harmonic polynomial of the form
az® + by + ezy® + dy®.

Determine the conjugate harmonic function, and the corresponding analytic func-
tion of z = 5 + ¢y,
2. Compute the Laurent expansion of "{'z-T)I(;:ﬁj valid in the anaulus [1 < [z] < 2].
3: Use contour integrals to prove

Dal.a—l . -
- dr = 0<a<?2.
fo 2417 T gepam U

4. Show that al! zeroes of
S plz) =7 +62+3

lie inside the circle .]z! = 2.

5.. Find a conformal mapping from the first quarter of the unit disk to the unit
disk.

6. (1) State and jarove the Schwarz Lemma.

(2) Use the lemma to show that every one-to-one conformal mapping of a disk
onto itself is given by a linear transformation.®

7. State and prove the maximum-moduylus Theorem for analytic functiqns.

8. Consider the function w(z) = [] {1+ T )
(2) Show that w(z) is an entire function.

(b} Determine all the zeroes of w(z) and justify your answer.
(c) Devermine explicitly w(1].

9. Let f(2) = Ef: _y tn2"™, where M and N are nonnegative iniegers.

(a) Show that ¢ = 51 f,y'%?%}dw, where v :=re'®, 0 < ¢ < 27 and r > 0.

(b) Show that ¢ = rdos [27 f(2)](5+N) [2=0.

10. Consider the function f{z) = Soeo 2

(a) Show that f(z) is one-to-one in 1) .— 2] < 1}.

(b) Determine the image f(D). (Hint: Show that fle¥) =—1esc? )
(c) For any 29 € D find the angle at zp between the two curves given hy

fle (f(z) = f(z0)) = Im (§(z) ~ f(25)) and 7(2) — f(z0) > 0.




Complex Analysis Qualifying Examinaticn 26023

- e In each problem, please show all your work {i.e., every step of your colculation).

- Each problem is worth 25 points for a total of 200 points.

1. For which values of the real mumbers @, f, v, 4, ¢, is the function dy® + az® +
¥ + ifzy + iyy? + iez® an analytic function of z = z + g7 -
2. Determine the first three non—i’anishing. terms of the Laurent expansion of w(z) =

1 _ . .
N PR ey about z = 0 and 1ts-_ domain of convergence.

183

3. Evaluate the integral f,? =23 for the following curves described counterclock-

wise: '
(a) v is the circle [ |2} = 1]

(b} s the circle [ |z| = 2]

" 4. For all pairs of real numbers r and s, find the angle between the two curves

[Ree” =71} and [Ime® =) lying in [0 < Imz < 27]. Why? |

5. Let f = u + 4v be & holemorphic function on 0 < [2| < 2 such that —3 < u < 3.
Prove that we can extend u to D = {z] < 2}.

w—3

6. Let f = %—i— l1+z Fmd f; (z) = 5% f,), L) oy for » inside 2 simple closed curve
vy which goes around 0 counterclockwise and prove that /1 does not depend on .

7. Find the Taylor series of the function arcta.ﬁ(z)s

8. We say a family of functions on £ has locally bounded integrals if for any p € )
there s a disk D = {|z — p| < 7} and a number C such that S plf(a)idd < C.
Prove that a family of holomorphic functions with locally bounded integrals is
normal.




Complex Analysis Qualifier Examination
June 24, 2000

Do any 7 of the following 8 problems.

1. Use contour integral methods to evaluate
/ ® cosz
feo 241

oc

tanz = E an2"

n=y_

for all z € C with |z} sufficiently small. Prove that

2. Suppose

2
lim sup jan '™ = =.
n—o0 m

3. (a) State the general Cauchy Theorem.

_ (b) Prove that if f(z) is analytic and # 0 in a simply connected open set
Q) C C, then there exists an analytic function F: Q2 — C such that

rio- 14

in €2.

4. Let {fu} be a sequence of analytic functions defined on an open set 2 C C.
_Suppose that the functions f, converge to the function f:Q — C, uniformly on every
compact subset of Q0. Prove that f is an analytic function on Q.

5. Suppose that f is an analytic function on an open set Q C C satisfying the
inequality | f(z) — 1| < 1. Prove that

[,J;((z))dz =0

6. (a) State the Riemann Mapping Theorem.

(b) Find a domain for which Riemann Mapping Theorem does not hold.
Justify vour choice.

for any closed curve «y in €.



The following problems are examples of how you can learn a lot about an entire
function from seemingly very little information.

7. Suppose f:C -+ C is an entire function and

FE)=sin(2)

HLs T

for all m = 1,2,3,... What can you conclude about the function f, and why do you
know this?

8. Suppose f: C — C is an entire function and

|£(0)} = sup |£(2)]-

|zl=1

What can vou conclude about the function f, and why do you know this?



Qualifying exam for Complex Analysis
(3 hrs. exam, answer any seven questions)
June 28, 1999

. State the general Cauchy’s theorem and sketch a proof.
. o0 2
. Evaluate the integral [ s7—dz.

. Let f : C -» C be an analytic function such that f’(a) # 0 at a point @ € C.
(A) Consider f as a mapping from R? to R%. Prove that the Jacobian
matrix Jf(a) of f at a is equal to AA, where A is a positive number

and A is a two by two orthogonal matrix.
(B) If f(z) = 22 + 1 and a = (1,0). Compute A and A

. Find a conformal map from the domain A = {z eCl0 <argz < %} onto
the domain B = {z € C||2| > 1}.

. Suppose f(z) is an entire function. Prove that if there exist positive numbers
R, K and a positive integer n such that |f(z)| < K|z|" for all |z} > R, then
f(z) is a polynomial.

. Find the Laurent series of the function f(z) = (z—f%_(?Tﬁ) in the power of z
within the region {z € C|4 < |z| < 5}.
. Prove that there exists no non-constant positive harmonic function on R2,

. {(a) State the Riemann mapping theorem.

(b) Let £ be a bounded simply connected domain in C and @ € £ be any
fixed point. Support f: Q — Q is an analytic function such that f(a)} =a
and |f'(a)| = 1. Prove that f is one-to-one and on-to.
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Qualifying Examination in
Complex Analysis
(Spring, 1997)

. Prove using complex numbers that the medians lying inside a triangle are

concurrent.

. Let f{z) be an analytic function in the unit disk |z| < 1. Prove or disprove

by examples each of the following statements:

[ is continuous in {z] < 1;

[ is uniformly continuous in |z| < 1;

Re f is indefinitely differentiable in |z| < 1;

51—% f(z) exists;

Elﬂni Jizj=r f(2)dz exists.

Let fr(2) be a uniformly bounded sequence of analytic function in the disk

|z| < 1. Suppose that lim f,(z) =0 for every |{z] < ;i. Prove that, for any
—r00

0 < r < 1, the sequence f,(z) converges uniformly to 0 for |2| < r .

. Let f(z) be an entire function with the property that f(z) € R for |z| = 1.

Prove that f(z) is constant.

Let f and g be two analytic functions from a region {2 into the unit disk
such that

f and g are one-to-one and on-to.
f(p) =0 and g{p) =0 for a given p € )
f'{p) = g'(p) Prove that f = g.

. a. State Rouche’s theorem.

b. Use Rouch&’s theorem to give a proof of the fundamental theorem of
algebra.

Evaluate the integral [*°° 2 dy

oo 14zt

Prove that a continuous function satisfying the mean-valued inequality must
satisfy the maximum principle.

Joted @ 8o pots

Tvpeset by AaS-TrX
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Com;ﬂex Analysis Qualifying Examination-Fall 1996

Answer any 8 problems:

. Let f,,n > 1, be a sequence of analytic functions defined in a domain Q of the

complex plane. Suppose that the sequence f, converges uniformiy on compact

subsets of 2 to a function f. Prove that: '

a. The function f is analytic in €;

b. (Hurwitz Theorem) -Let p be a fixed positive integer. If each f,,n > 1, has
at most p zeroes in €, then either f is identically equal to zero, or f has at
most p zeroes in 2.

Find the general form of a fractionar linear transformation with two distinct

fixed points. Identify the group formed by these transformations, corresponding

to two prescribed fixed points.

Compute the first five coefficients of the power series at 0 of the function (cos z)%/2.

4. Let «v z£ 0 and A be real numbers. Prove that there exists an entire function

f(2) =307, an2™ with rationnal coefficients a,,n > 0, such that f(a) = 3.

. Find a conformal map between the sector {z| < 1; Re(z) > 0, Im(z) > 0} and

the unit disk.

6. State and prove Schwarz lemma.

7. Let u(z,y) be a harmonic function in the unit disk: |z| < 1,2 = z + 4y. Which

10.
11.

of the following sets can coincide with the set of zeroes of u:

1. {0};

2. {z=0}u{y=0}

3. {z=0}u{z =9}

4. {z =0} n{y > 0}, and why?

Compute lei:n tan(wz)dz for every positive integer n.

State and prove the fundamental theorem of Algebra.

Find the harmonic conjugate of u(z,y) = =% — 3zy? + 2z + 1

Let f: C — C be an analytic function and it satisfies |f(z)| < |2|", for some n

and all large |z|. Prove that f must be a polynomial.



Complex Analysis Qualifying Examination-Spring 1996

1. a). Find the harmonic conjugate of the function u(z,y) = z* — 3zy?
in the complex plane.

b). Prove that the function u(z,y) = in(z? + y?) is harmonic in the
domain G = C\ {0}; can one find its harmonic conjugate in G? Give reasons.

2. Can the successive derivatives of an analytic function f{z) at a point
a satisfy the inequalities:

™ (a)| > nin™?

Prove your answer.

3. Find the Laurent series of the function f(z) = (zT)l(:.—'ET around the
origin, in the annulus 4 = {z;1 < |z| < 3}.

4. Let A denote the unit disk in the complex plane.

a). Does there exist an analytic function f: A — A with f{1/2) = 3/4
and f'(1/2) = 2/37 Give reasons.

b). Is there an analytic function f : A — A so that f(0) = 2/3 and
F1(0) = 3/47 Is f unique, if it exists?

5. Let 2 be a bounded domain of the complex plane and let n be a
positive integer. Define:

F={"+a2" ' +.. . +a;2€Q e <51<j<n}
7

Prove that F is a normal family and find all its limit points in the topology
of uniform convergence on compact subsets of Q.

6. State and prove Rouché’s Theorem. Give a significant application of
this theorem.
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.:Calculate /

June 4, 1994

Qualifying Exam in Complex Analysis

- .
ztdz

1+t

Calculate the residues of the meromorphic function
= 2z
f(Z) — Tg zz _ 7’!2
at its poles.
" |

Qo
Show that ‘-~ is an analytic function in theset fz e C: |z] < 11,

n=]1

a) State the Riemann mapping theorem and prove its uniqueness part.

b) Let U = {z € C; I'm(2) > 0}. Pind a function f which is continuous on the

closure of I/, analytic on I/, maps &7 one %o one onto {z € C;|z| < 1} and satisfies

F+9)=0,f(-1)=1.

Show that when f(z) is an analytic function in 2 simply connected domain
and f(z) # 0 for all z € O, then there is an analytic function g(z) on 0 such

_ that f(2) = 9.

Use the Cauchy integral formula to show that if a function is analytic on the

~ complex plane and bounded, then the function is constant.

Use Green’s Theorem to prove the following special case of the Cauchy integral
theorem. If f(z) is analytic on |z| < 1 and 7 is the curve |2} =1, then f_y J(z)dz =

0.

a.) Evaluate f z d# where v is the line segment beginning at 1 and ending at
e ) .

244,

) Find an upper bound for , f e /z dzl where + is the curve described in a) and
justify your answer.

- Suppose that D is a domain, a € D, f is an analytic function on D\{a} (D less

1




10,

Complex Analysis Qualifying Exam June 4, 1994
the set {a}) and lim(z — a}f(z) = 0. Show that f has an analytic extension

T
defined on all of . Hint. Apply the Cauchy integral formula to an annulus
centered at q.

Show that there does not exist an analytic function f(2) on the annulus 1 <
[z] < 3 such that ef(? = ;. Hint. Show that f'(z) = 1/z and consider the

.iﬁi;egral f,r 1/z dz where 7y is the circle [z] = 2.




COMPLEX ANALYSIS QUALIFYING EXAM
June 5, 1893

1. (a) State two definitions of analytic functions.
(b) Suppose f and ¢ are both non-constant analytic functions on a region G. Is

f - g analytic in G? Prove your answer.

2. {a) Write down the power series expansion of \/z at 2 = 1 and find its radius of
convergence.
(b) f(z) = Zﬁﬂlﬁr’ find the Laurent expansion of f(z) in the annulus A =
{z]1 < |#| < 2} with center at the origin.

3. (a) State the Cauchy’s integral formula.
(b) Evaluate the line integral f_y mﬁ:?brdz, where + is the closed path shown

in the diagram.

(c) Evaluate 5 1%,}dz, where v(t) =1 + %e“, 0<t<2r



Page 2 COMPLEX ANALYSIS QUALIFYING EXAM - June 5, 1993

4. (a) State the Schwarz’s lemma.
(b) Write down the automorphism ¢, of the unit disc A = {z“z| <1}, a €A,
which brings a to the origin. Write down the inverse of ¢, also.
(c) Does there exist an analytic function f : A — A with f(3) = % and f'(}) =

g—? Prove your answer.

5. Let f be an analytic function in the right half-plane C, = {z# € C; Rez > 0},
and let a1,as,... devote the zeroes of f. Suppose that |f(2)] < M for z € Cs..
a) Prove that for any n € N:

a4y —2 G — 2
a; +z ap + 2

1f(2)] < |

{M , 2 €& (C+
b) Prove that, if f is not identically zero, then
o0
1
> e (o)
Qn
is a convergent series.

6. Prove the fundamental theorem of algebra.

7. Let 2 C C be the domain defined by:
R={ze€C: Rez< 0, Imze€(0,2r)}

Describe all conformal maps from the unit disk onto R.

8. State the symmetry principle and give an application of it to a concrete problem.



I COMPLEX ANALYSIS QUALIFYING EXAM
June 5, 1892
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