UCR Math Dept Topology Qualifying Exam
September 2019

e There are three parts in this exam and each part has three problems. You
should complete two (and only two) problems of your choice in each part. Each
problem is worth 10 points.

e Support each answer with a complete argument. State completely any defini-
tions and basic theorems that you use.

e This is a closed book test. You may only use the test, something to write with,
and the paper provided. All other material is prohibited. Write each of your
solutions on separate sheets. Write your ID number on every sheet you use.

e The time for the exam is 3 hours.

Part 1

1. Let X be a topological space. An equivalence relation ~ on X is called open if the
associated quotient map

T: X — X/~
is open, when X/~ is endowed with the quotient topology. Let ~ be an open equivalence

relation.
Show that X/~ is Hausdorff if and only if

R:={(x,y) | z~y}lC X xX
is closed in the product topology of X x X.

2. Let X be a topological space, and C, C X, € A, be a locally finite family of closed sets.
(a) Show that | J,c4 Coa C X is closed.

(b) Show that this property may fail without the assumption of local finiteness.

3. A topological space X is normal if given any two disjoint closed subsets C', D C X there
exist two disjoint open sets U D C,V D D. Prove that a compact Hausdorff space is normal.



Part 11

4. Let X be a nonempty space which is Hausdorff, connected, simply connected, and locally
path connected. Prove that every continuous mapping f : X — S! is homotopic to a
constant map.

5. Suppose that @ is a solid square in R? with vertices A, B,C, D, let E denote the center
point of (), and consider the graph X whose edges are the boundary of () plus the segments
joining the vertices of () to E. If Y C X is the subgraph given by the boundary of (), show
that Y is not a deformation retract of X. [Hint: What are the fundamental groups?|

6. If F is a topological space with e € E, then the local homology groups of £ at e are
defined by Hy(E, E — {e}). Show that if f: X — Y is a homeomorphism and z € X, then
f induces an isomorphism from Hy(X, X — {z}) to H(Y,Y — {f(x)}) for every integer k.
[Hint: What is f[X — {z}]?]



Part 111

7. Give an example of a smooth map F': M — N and a smooth vector field X on M that
is not F-related to any vector field on N.

8. Suppose M C R" is an embedded m-dimensional submanifold, and let UM C TR" be
the set of all unit vectors tangent to M :

UM :={(z,v) e TR" | z € M,v € T, M, |v| =1}.

It is called the unit tangent bundle of M. Prove that UM is an embedded (2m — 1)—
dimensional submanifold of TR" ~ R" x R".

9. Show that S™ x R is parallelizable for all n > 1.



UCR Math Dept Topology Qualifying Exam
September 2018

¢ There are three parts in this exam and each part has three
problems. You should complete two (and only two) problems
of your choice in each part. Each problem is worth 10 points.

¢ Support each answer with a complete argument. State com-
pletely any definitions and basic theorems that you use.

¢ This is a closed book test. You may only use the test, some-
thing to write with, and the paper provided. All other ma-
terial is prohibited. Write each of your solutions on separate
sheets. Write your IID number on every sheet you use.

¢ The time for the exam is 3 hours. '

Part 1

1. Let
P (E: 6{}) e (Bab{})
be a covering map of pointed spaces, Show that
Dy 1ML (Ene()) — T (Ba bo)

is injective. Here p, is the map that p induces my (E, eq) — w1 (B, by) .

2. Let h: 8 — 5! be nullhomotopic.
(a) Show that A has a fixed point.

(b) Show that A maps some point z to its antipode —z.




2

3. Let X be a compact metric space. Let
013023033"'

be an infinite sequence of closed, nonempty subsets. Prove that

(G #0
i=1

Part 11

4. Suppose that X is a connected, locally arcwise connected, Hausdorff
space and f : X — S' is a continuous map such that f (zg) =1 for
some zg € X. Prove that f is homotopic to a constant map if and only
if the induced map of fundamental groups from 1 (X, zg) to 71 (S*, 1)
is trivial.

5. Let A be a simplex in R™ for some n, and let B C A be a union of
faces in A. Prove that the homology groups H, (B) are isomorphic to
the homology groups Hyyy (A, B} for all ¢ > 0. Give a counterexample
to the corresponding statement if ¢ = 0 and A is a 1-simplex.

6. Prove that if f: 8" — 5" is continuous and 1 — 1, then f is a
homeomorphism using Invariance of Domain. Also prove that if m > n,
then there is no continuous 1 — 1 mapping from S™ to S™.




Part 111
7. Consider the map
z (cost)z — (sint}y
b :RE R [y — | (sind)z+ (cost)y
Z z

a. Let §2 C 3 be the unit sphere: show that ¢,, when restricted to 5%,
defines a one-parameter family of diffeomorphisms. (Note: this entails
showing that for a fized t cach ¢, is 1. bijective in S5%; 2. smooth with
smooth inverse; 3. ¢, © ¢, = ¢,,;.)

b. Determine the vector field generating this one-parameter family of
diffeormorphisms.

8. Show that the subset of R? defined by the equation
(1 =25 +y) =1

is a smooth manifold.

0, Let F'; R? — R? be defined as
F(z,y) = (@ +3°,2%).

Denoting by u,v the Cartesian coordinates of the target, determine
F*(vdu + dv).




UCR Math Dept Topology Qualifying Exam
September 2017

e There are three parts in this exam and each part has three
problems. You should complete two (and only two) problems
of your choice in each part. Each problem is worth 10 points.

e Support each answer with a complete argument. State com-
pletely any definitions and basic theorems that you use.

e This is a closed book test. You may only use the test, some-
thing to write with, and the paper provided. All other ma-
terial is prohibited. Write each of your solutions on separate
sheets. Write your ID number on every sheet you use.

e The time for the exam is 3 hours.

Part 1

1. Let p : X — Y be a surjective local homeomorphism from a
compact Hausdorff space X to a Hausdorff space Y. Show that p is a
covering map.

2. Let X be a compact metric space. Prove that X is separable. That
is prove that X contains a countable dense subset.

3. Let D be the unit disk in the plane, and f : D — D a homeomor-
phism. Show that f sends the unit circle S* C D into itself.



Part 11

4. Let S be a closed orientable surface of genus 2. Let C' be a circle
in S that bounds a 2-disk, and let X be the space obtained from S
by attaching a Mobius band via a homeomorphism from the boundary
circle of the Mébius band to C.

Compute the homology groups of X.

5. Let I be the free group on two generators F' = (a,b). Consider the
homomorphism ¢ : F' — Z/3 that sends a to 2 and b to 1. Give a set
of free generators for the kernel of ¢.

Hint: Construct an appropriate covering space.

6. The suspension of RP? is defined as the quotient space obtained
from RP? x [0, 1] by collapsing each ‘end’ RP? x {0} and RP? x {1}
to a point.

a. Compute the fundamental group of the suspension of RP?2.

b. Compute the homology groups of the suspension of RP?2.



Part 111

7. Let V,W be the following vector fields on R3:
9, 9, 9, 9, a 0
v il w8 2
8az+x8y+yaz’ Y x+z +

a. Find the flowline ¢(t) of [V, W] such that ¢(0) = (1, 1,1).

b. Decide whether there exists a choice of coordinates (2’,¢',7') in a
neighborhood of (1,1, 1) such that
0 0

et Ve

8. Consider the subset ¥ of C3? given by the intersection of the sphere
|21 4 [22]” + |28 = 1
and the cone
2+ a=1
Prove that 3 is a smooth submanifold of C?* by showing that it is the

level set of a regular value of a suitable map of C?. (Remark: recall
that if 2 = x +iy € C, |2 = 2% + y? and 2% = 22 — y? + 2ixy.)

9. Show with an example that there exist smooth maps F': M — N,
G : N — P between manifold that have constant rank, but whose
composition G o F' : M — P doesn’t have constant rank. (Remark:
there exist examples with M =R, N =R? P =R.)



UCR Math Dept Topology Qualifying Exam
December 2015

e There are three parts in this exam and each part has three problems. You
should complete two (and only two) problems of your choice in each part.
Each problem is worth 10 points.

e Support each answer with a complete argument. State completely any
definitions and basic theorems that you use.

e This is a closed book test. You may only use the test, something to write
with, and the paper provided. All other material is prohibited. Write each
of your solutions on separate sheets. Write your ID number on every sheet
you use.

e The time for the exam is 3 hours.

Part 1

1. (a) State whether the following is true or false, and give reasons for your answer: If
U and V are disjoint open subsets of a topological space X, then their closures are also
disjoint.

(b) Let R have the Euclidean topology, and let X be connected. Suppose that f: X —
R is continuous and locally constant, that is, every point has an open neighborhood on
which f is constant. Prove that f is constant. Show that the statement is false if X is
not connected.

2. Suppose that X is a compact metric space, Y is a metric space, and f: X — Y is
continuous and onto. Prove that f is a quotient map.
3. (a) Prove that S' x S! is not a retract of D? x D2

(b) Let X and Y be Hausdorff, and let Y be connected. Suppose that p: X — Y is a
covering map, and the fiber p~ [{yo}] consists of 2 points for some yy € X. Prove that
for every y € Y, the fiber p~! [{y}] consists of 2 points.



Part 11

4. (a) (4 pts) Show that S* x S' and (S*V S') Vv S? have isomorphic homologies in all
dimensions, but their universal covers do not.

(b) (3 pts) Show that any continuous map S? — S* x S! is nullhomotopic.

(c) (3 pts) Find a continuous map S? — (S* v S') v S? that is not nullhomotopic.

5. Recall that a topological manifold is a second countable, locally Euclidean, Hausdorff
space.
Let X be a topological manifold. Calculate

H, (X, X\ {z})
for all z in X.

6. Let X be a path connected, semilocally simply connected topological space whose
fundamental group is finite of odd order.

(a) Prove that X cannot have any connected 2-sheeted covering spaces.

(b) Provide an example of a space X whose fundamental group has odd finite order.



Part 111

Ta. Let M and N be smooth manifolds and 7: M — N a smooth submersion. Prove
that 7 is an open map, and that it is a quotient map if 7 is surjective.

b. Let M be a compact smooth manifold. Prove that there exists no smooth submersion
M — RF for any k > 1.

8. Let M be an embedded m-dimensional smooth submanifold of R", and let
UM = {(z,v) e TR" | x € M,v € T, M, |v| = 1},
the set of all unit tangent vectors to M, called the unit tangent bundle of M. Prove

that UM is an embedded (2m — 1)-dimensional submanifold of TR".
9. Let G be a Lie group.

a. Prove that the identity component G is the only connected open subgroup of GG, and
that every connected component of G is diffeomorphic to Gg.

b. Let U be any neighborhood of the identity element e. Prove that there exists a
neighborhood V' C U of e such that gh™ € U whenever g,h € V.



UCR Math Dept Topology Qualifying Exam
December 2014

e There are three parts in this exam and each part has
three problems. You should complete two (and only
two) problems of your choice in each part. If three
problems are turned in for a single part, only the first
two will be graded. Each problem is worth 10 points.

e Support each answer with a complete argument. State
completely any definitions and basic theorems that you
use.

e This is a closed book test. You may only use the test,
something to write with, and the paper provided. All
other material is prohibited. Write each of your so-
lutions on separate sheets. Write your ID number on
every sheet you use. Please do not write your name on
the exam.

e The time for the exam is 3 hours.

Part 1

(1) (a) Prove that every closed subspace of a compact space is
compact.
(b) Prove that every compact subspace of a Hausdorff space is
closed.
(2) Let X and Y be topological spaces, and recall that [X,Y] de-
notes the set of homotopy classes of maps X — Y.
(a) Prove that every contractible space is path-connected.
(b) Prove that if Y is contractible, then [X,Y] has a single
element.
(c) Prove that if X is contractible and Y is path-connected,
then [X, Y] has a single element.
(3) Recall that RP? is defined to be the quotient space obtained
by identifying antipodal points of S2.
(a) Compute the fundamental group of RP?2.
(b) Let X be the quotient space obtained from D? by identi-
fying antipodal points of the boundary S'. Prove that X
is homeomorphic to RP2.



Part 11

(4) (a) Suppose that p: (F,e) — (B,b) is a basepoint preserving
covering space projection where E is path-connected, and
that f: (X,z) — (B,b) is basepoint preservingly homo-
topic to a constant map where X is also path-connected.
Prove that there is a continuous lifting g: (X, z) — (E,e)
such that f = pg.

(b) Suppose that (B,b) is a path-connected space with base-
point such that 7 (B,b) is cyclic of order 4. Prove that,
up to equivalence of covering spaces, there is exactly one
connected covering space p: (E,e) — (B,b) such that p is
not a homeomorphism and F is not simply connected.

(5) Let X be a graph with vertices A, B,C, D, E, F and edges AB,
AC, BC, BD, BE, CE, CF, DFE and EF.

(a) Draw a sketch of X, and find a maximal tree in X. [Hint:
Put A at the top, with B and C on the next line and
D, E, F on the third line.]

(b) If Y — X is a connected 3-sheeted covering space, find the
nonnegative integer m such that the fundamental group of
Y is free on m generators.

(6) One can use Mayer-Vietoris sequences and homotopy invariance
in (a) singular homology theory to prove the following formula,
in which n is a positive integer and X is an arbitrary nonempty
space:

H(S" % X) = H(X) & Hyn(X)

Use this formula to compute the homology groups of S? x
52, and explain why this shows that S? x S? and S* are not
homeomorphic (or even homotopy equivalent).

Part 111

(7) Consider the function ®: R* — R? defined by
O(z,y,2,t) = (x+y,x+y> + 22+ 2 +y).

Prove that (0,1) is a regular value, and show that ®=1(0, 1) is
diffeomorphic to S2.

(8) Let ¢ € R and let f: R"\ {0} — R be a function that is
positively homogeneous of degree c, i.e., such that for all A > 0,



x € R"\ {0},
JOx) = X (x).
Show that
Ef =cf,
where F is the vector field whose value at x = (z1,...,x,) €

R™\ {0} is given by

- 0
Ex - i~ -
(9) Recall that
SL,(R)={A e GL,(R) | detA = 1}.

(a) Prove that d(det);: T;GL,(R) — TR is onto.
(b) Prove that d(det);: T/GL,(R) — T1R is onto implies that
for all A € SL,(R), d(det)s: T1GL,(R) — T1R is onto.



UCR Math Dept Topology Qualifying Exam
November 2013

e There are three parts in this exam and each part has
three problems. You should complete two (and only
two) problems of your choice in each part. If three
problems are turned in for a single part, only the first
two will be graded. Each problem is worth 10 points.

e Support each answer with a complete argument. State
completely any definitions and basic theorems that you
use.

e This is a closed book test. You may only use the test,
something to write with, and the paper provided. All
other material is prohibited. Write each of your so-
lutions on separate sheets. Write your ID number on
every sheet you use. Please do not write your name on
the exam.

e The time for the exam is 3 hours.

Part [

(1) (a) Show that there exists a homeomorphism f: S\ {p} — R,
where p € S*.
(b) Prove that no homeomorphism f: S'\ {p} — R can be
extended to a continuous map f ST = R
(c) Prove that no continuous map g: S — R can be injective.
(2) Consider the interval [0, 1] endowed of the following topology:
U C [0,1] is open if either (0,1) C U or 5 ¢ U.
(a) Is this topology comparable with the standard topology?
(b) What is the closure of {1}?
(c) What is the closure of {{}7
(3) Let f: X — Y be a continuous map between Hausdorff spaces,
and let U C X be an open subset.
(a) Give an example of the situation above where the closure
of f(U) in Y fails to be compact.
(b) Prove that if we assume furthermore that U is contained
in a compact subset K C X, then the closure of f(U) in
Y is compact.



Part 11

(4) Prove that if p: X — B is a regular covering map and G is its
group of covering transformations, then there is a homeomor-
phism k: X/G — B such that p = k o7, where 7: X — X/G
is the projection.

(5) Let f: (X, A) — (Y, B) be a map of pairs of spaces such that
both f: X — Y and its restriction to A — B are homotopy
equivalences.

(a) Prove that f.: H,(X,A) — H,(Y,B) is an isomorphism
for every n > 0.

(b) Prove that f need not be a homotopy equivalence of pairs,
in that there need not be a map g: (Y, B) — (X, A) such
that fg and gf are homotopic to the identity via maps of
pairs. (Hint: Consider the inclusion
(D", 571) — (D", D"\ {0}).)

(6) (a) Take the quotient map 72 — S? by collapsing the sub-
space S'V S1. Use homology to prove that this map is not
nullhomotopic.

(b) Use covering spaces to prove that, on the other hand, any
map S? — T? is nullhomotopic.

Part II1

(7) Regarding S* as the equator of S?, we obtain RP! as a sub-
manifold of RP2?. Show that RP! is not a regular level surface
of any C! map RP? — R. (Hint: no connected neighborhood
of RP! in RP? is separated by RP!.)

(8) Let M be a compact, smooth embedded submanifold of R¥.
Show that M has a tubular neighborhood. That is, there is a
neighborhood N of M and a smooth deformation retraction of
N onto M. You may assume that the normal bundle of M is a
smooth embedded submanifold of R* x RF.

(9) (a) If F: M — N is a smooth map, ¢ € N, and F~!(c) is an
embedded submanifold whose codimension is equal to the
dimension of N, must ¢ be a regular value of F'? Give a
proof or provide a counterexample.

(b) Suppose that 7: M — N is a smooth map such that every
point of M is the image of a smooth section of 7. Show
that 7 is a submersion.



UCR Math Dept Topology Qualifying Exam
December 2012

e There are three parts in this exam and each part has three
problems. You should complete two (and only two) problems
of your choice in each part. Each problem is worth 10 points.

e Support each answer with a complete argument. State com-
pletely any definitions and basic theorems that you use.

e This is a closed book test. You may only use the test, some-
thing to write with, and the paper provided. All other ma-
terial is prohibited. Write each of your solutions on separate
sheets. Write your ID number on every sheet you use.

e The time for the exam is 3 hours.

Paxt. 1

L. Let (X,d) a metric space endowed with the metric topology. Prove
or disprove the following statement: for all € R, € > 0, the “closed
ball"

By(z,€) = {y € X|d(z,y) < €}
is the closure of the “open ball"

By(z,e) = {y € X|d(z,y) < €}.

2. Let X be a compact topological space; let 4; O Az D Az D ... be
an (infinite) nested sequence of closed, nonempty subsets. Prove that

N, A; # 0.

3. Endow R™ with the standard (Euclidean) metric d. Let A a closed
subset; show that for each z € R", there exist a point y € A of
minimum distance from z (i.e. the continuous function d(-,z) : A — R.
attains minimum value for some at y € A). (Note: A is not assumed
to be bounded.)



Part 11

4. Recall that a continuous mapping ¢ : X — Y is a retract if there
Is a continuous mapping 7 : Y — X such that 7 o g is the identity.
(a) Prove that if g is a retract, then ¢ induces an 1 — 1 homomorphism

of fundamental groups.

(b) Let W € S' x S* be the union of the circles S* x {1} and {1} x S
Prove that the inclusion of W in St x S? is not a retract.

9. Let Y be the complete graph on 5 vertices; i.e., Y has 5 vertices and
for each pair of vertices there is a unique edge joining them. Suppose
that X is a 5-sheeted covering space of ¥. Compute the fundamental
groups of ¥ and X. [Hint: Both are free groups on some finite number
of generators. What are these mumbers?]

6. Let M be a topological space whose fundamental group is finite of
odd order.

(a) Prove that M cannot have any connected 2-sheeted covering spaces.

(0) Giave a counterexample to the preceding statement if we drop the
connectedness assumption.



Part 111
7. Let M be a manifold with boundary, and let
H" = {(21,...,%:) € R"| 2, > 0},
OH" = {(=1,...,2,) € R"|z, =0}, and

IntH? = {(®i)... ;2y) € R, >0},
Recall that
OM = {p € M| there is a coordinate chart ¢ : U — H" with p € U and ¢ (p) € dH"}
and
IntM = {p € M| there is a coordinate chart ¢ : U — H" with p € U and ¢ (p) € IntH i
Show that OM NIntM = @.

8. Show that 5™ x R is parallelizable for all n > 1.

9. Let M be a smooth compact manifold. Show there is no submersion
F: M — R* for any k > 0.




UC Riverside Mathematics Department —
Mathematics 205 Qualifying Exam

December 2011

e There are three parts in this exam and each part has three problems. You should complete two
(and only two) problems of your choice in each part. Each problem is worth 10 points.

o Support each answer with a complete argument. State completely any definitions and basic theorems
that you use.

e This is a closed book test. You may only use the test, something to write with, and the paper
provided. Write each of your solutions on separate sheets. Write your ID number on every sheet that
you use. Please do not write your name on the exam.

e The default time for the examination is 3 hours.

Part I

1. Let f: X =Y and g: Y — X be continuous maps between the topological spaces X and
Y. Suppose f(g(y)) =y forally €Y.

(a) Prove that if Y is connected, and f~!(y) is connected for all y € Y, then X is connected.

(b) Prove that if Y is arcwise connected, and f~!(y) is arcwise connected for all y € Y, then
X is arcwise connected.
2. Let X and Y be topological spaces, and X x Y their product. Assume that Y is compact.

(a) Prove that the projection map

px X XY —>X: (z,y)—z

is closed.

(b) Let f: X — Y be a function. Let

Z ={(z,y) e X xY |y = f(z)}.

Suppose that Z is closed in X x Y. Prove that f is continuous.
3. (a) Let A be a subspace of a Hausdorff space X. Suppose there is a continuous map
f: X — Asuch that f(a) = a for all @ € A. Prove that A is closed in X.

(b) Let X be a compact Hausdorff space. Let C' be a nonempty closed subset of X, and
U={zeX|xz¢ C}. Provethat the quotient space X/C is homeomorphic to the one-point
compactification of U.



Part 11

4. Let p : E — B be a covering map over a connected space B. Assume that for some by € B,
p~1(bo) has exactly k elements. Prove that for all b € B, p~!(b) has exactly k elements.
5.

(a) Let M be a smooth manifold, and let
f:M—R
be a smooth map. Assume that ¢t € R is a regular value. Show that for all x € ¥ := f~1(t) we
can identify T, Y with the kernel of df,, where
dfy :TyM — R
is the differential map.

(b) Using the above result, show that the submanifolds of R? defined by the equations z? +
y?2 + 22 =1 and 2 — 22 — y? = 0 intersect transversally.

6. Let p : E — B be a covering map over a compact space B. Assume that for all b € B,
p~1(b) is finite. Show that E is compact.

Part II1

Default hypothesis: Unless explicitly stated otherwise, all spaces in the problems below
are assumed to be Hausdorff and locally arcwise connected.

7. Suppose that (X, zg) and (Y,yo) are connected and locally simply connected pointed
spaces and f : (X, z0) — (Y, yo) is continuous and basepoint preserving. Let p : (X, ) — (X, z0)
and q : (17, n) — (Y, y0) be universal covering space projections. Prove that there is a unique
lifting of f to a basepoint preserving map F : ()Z', &) — (SN/, 7) in the sense that g°F' = fep. Also
prove that if g is basepoint preservingly homotopic to f and G is the corresponding lifting of g,
then F' and G are basepoint preservingly homotopic.

8. (a) Let G be a finite abelian group. Give an example of an arcwise connected space with
basepoint (X, xg) such that 71 (X, z¢) & G.

(b) Suppose that X is the union of the open arcwise connected subsets U and V', and assume
that UNV is simply connected. Prove that 71 (X) is abelian if and only if both 71 (U) and 71 (V)
are AND one of them is trivial.

9. (a) Let p: X — Y be a finite covering of (arcwise) connected spaces, where Y and X
are locally simply connected. Prove that there is a finite covering space projection W — X such
that W is connected and the composite W — X — Y is a regular covering space projection.

(b) Suppose that p : X — Y is a covering space projection such that X and Y are finite graph
complexes, so that 71 (X) and 71 (Y") are free groups on gx and gy generators respectively. Given
that the covering is n-sheeted, derive an equation expressing ¢gx in terms of n and gy .



UCR Math Dept Topology Qualifying Exam
December 2010

e There are three parts in this exam and each part has
three problems. You should complete two (and only
two) problems of your choice in each part. Each prob-
lem is worth 10 points. '

Support each answer with a complete argument. State
completely any definitions and basic theorems that you
use.

e This is a closed book test. You may only use the test,
something to write with, and the paper provided. All
other material is prohibited. Write each of your so-
lutions on separate sheets. Write your ID number on
every sheet you use. Please do not write your name on
the exam.

The time for the exam is 3 hours.

Part 1

(1) Let A, B and A, be subsets of a topological space X. Determine
if the following equalities hold true and, if not, determine if any
inclusion holds true.

(a) NAq =NA,
(b) A-B=A-B.

(2) Let f : X — Y be a closed surjective function between two
topological spaces, and let g : Y — Z be a function to a third
topological space such that go f: X — Z is continuous. Show
that g is continuous.

(3) Let f:S' — R be a continuous function.

(a) Prove that f cannot be surjective.
(b) Prove that f(S?) is a closed, finite interval.
(c) Prove that f cannot be injective.



Part 11

(4) If M is a compact n—manifold without boundary, show it admits
a smooth immersion into R,

(5) Show that a connected smooth manifold is “smoothly homoge-
neous” in the sense that given any p,q € M there is a diffeo-

morphism
O M—M

so that @ (p) = gq.

You may assume that any two points p, g € M can be connected
by a smooth embedded curve, 7, and that a vector field with
compact support is “complete” in the sense that it generates a
global flow. _

(6) Recall that the mapping cone of a map f: X — Y is the quo-
tient space of (X x I)II'Y given by identifying each point
(z,1) € X x I to f(z) € Y, and, for all z € X, identifying
all (z,0) to a single point. Recall also that RP™ is S™/Z, where
the Zy-action is by the antipodal map. Let p : S™ — RP™ be
the corresponding quotient map.

Show that RP™*! is homeomorphic to the mapping cone of p.

Part III

(7) Consider the space \/2.3:1 S}, the wedge of three circles at a com-

mon basepoint.

(a) Describe its universal cover.

(b) Describe one other covering space of this space.
(c) Compute its fundamental group.

(8) Suppose that any map X — X has a fixed point, and that
A C X is a retract of X. Prove that any map A — A has a
fixed point.

(9) Recall that the suspension of a space X is the quotient space of
X x I given by identifying X x {0} to a point and X x {1} to
a point. Prove that if X is path-connected, then SX is simply
connected.



UCR Math Dept Topology Qualifying Exam
December 2009

¢ There are three parts in this exam and each part has three problems.
You should complete two (and only two) problems of your choice in each
part. Each problem is worth 10 points.

¢ Support each answer with a complete argument. State completely any
definitions and basic theorems that you use.

e This is a closed book test. You may only use the test, something to
write with, and the paper proviede. All other material is prohibited.
Write each of your solutions on separate sheets. Write your ID number
on every sheet you use.

» The time for the exam is 3 hours.

Part 1

1. Let X be a compact metric space. Prove that X is separable.

2. Prove or give a counterexample to each of the following:

i: If f: X — Y is a continuous map of topological spaces, then X is compact
if and only if its image f (X)) is compact.

ii: If I and U are compact Hausdorff topologies on the same set X, then
neither one of them is properly contained in the other.

Hint: Think about the continuity of the identity map from [ X, 141) ta (X, Uz}

3. A topological space X is irreducible if whenever X is decomposed as
X=AUBE

with A and B closed subsets, then either A=X or B = X,
Prove that an irreducible Haunsdorff space consists of at most one point,




Part 11

4. Let X be the space obtained by gluing a copy of St and a copy of 5% along a
point. Compute 7, (X) and describe the {uniquely defined) n-fold cover X of X.

5..Let D be the unit disk in the plane, and f : I — D a homeomorphism. Show
that f sends the unit circle S' C D into itself.

Hint: Assume, by contradiction, that there is a point p € S that is sent in the
interior of D. Consider then the map f restricted to D?\ {p}.

6. Denote by T' a torus with one disk removed. Let C be the bouadary circle.
Prove that T cannot retract to C.
Hint: In the free group G generated by a,b, let H be the subgroup generated by
aba~tb~1, Can we extend the identity map
s H — H

to a group homemorphism G — H?




Part T11

7. Let M be a compact n—manifold and f : M — R™* differentiable with
0¢ f(M).

Show that there’s a line through the origin of R™*? that meets only finitely many
points of f{M).

8. Let M and N be smooth n-manifolds. If M is compact, show that any immersion
M — N is a cover.

9. Suppose that f is a smooth function defined on an open subset U of R™. Recall
that the gradient of f is the vector field

. a a a .,
Vfiipr— (%ﬂgx_ﬂﬁ---,aﬂf)

Assume that Vf is never 0.

(1): Prove that a smooth vector field Z on U is perpendicular to Vf if and
only if the directional derivative Z {f) is zero.

r

(2): Suppose that X and ¥ are smooth vector fields on U which are perpen-
dicular to V. Prove that the same is true for the Lie bracket X, Y]



UCR Mathematics Department
Mathematics 205 Qualifying Examination
December 6, 2008

o There are three parts to this examination, and each part has three prob-
lems. You should complete two (and only two) problems of your choice from
each part. The point value for every problem is 10 points.

e Support each answer with a complete argument, and state completely
any definitions and basic theorems that are used.

e This is a closed book test. You may only use the test, writing instruments,
and the paper provided. All other materials are prohibited. Use a new sheet
of paper to start each problem, indicate the sequence of pages, and write your
student ID number on each page.

s The default time for this examination is 3 hours; students who have
submitted appropriate documentation will have the time period adjusted in
keeping with the instructions on these documents.




Part 1

1. Suppose that (X, d) is a metric space. Show that the topology on X determined
by the metric d is the coarsest (or smallest) of all topologies T on X such that the function
d: X x X — R is continuous, where X x X has the product topology associated to T.

2. Let X = C%R,R) be the set of continuous functions from R to itself. Given a |
continuous function g in this set and a continuous fanction : :
g:R -~ (0,00)
define
Ug)={hcC°'R,R) : I|h(z) g(z)| <elz) forall zcR}.

(a) Show that the collection of all such sets U (g) forms a basis for a topology on X
{this topology is called the fine C%topology.)

(b) Show that the fine CP-topology is not first countable, and explain why it is also
not metrizable.
3. (a) [1 point] State the definition of an open map.

(b} [1 point] State the definition of a closed map.

(¢} [2 points] State the definition of a quotient map.

(d) [3 points] Show that a surjective (onto) open map is a quotient map.

(e} [3 points] Is the converse true? As always you must justify your answer.




Part 11

GENERAL CONDITIONS: In working the problems below, assume that all
spaces in the statements of the problems are Hausdorff, connected and locally arcwise
connected. '

1. (a) Suppose that p: £ — B is a covering space prbjection (covering map), where F
is compact and simply connected, and let b € B. Prove that =1({B,b) is finite.

(b) Given an example of a covering space projection as in (a} such that p is not a
homeomorphism.

2.  (a) Given an example of two subsets K C U in R? such that K is compact, U is
open, and K is a deformation retract of U.

{b) Suppose that X is a space such that z € X and m(X,z) is generated by two
elements. Let E be the Figure 8 space AU B where A and B are homeomorphic to the
circle and AN B = {¢} (one point). Prove that there is a continuous basepoint preserving
function f : (E,e) — (X, z) such that the associated homomorphism of fundamental
groups is surjective.

3. (a) Prove that the Cartesian product of two covering space projections is a covering
space projection.

Definition:  Given two spaces with base points (X, z) and (Y,y), a base point
preserving continuous map f : (X,z) — (¥,y) is said to be a homotopy equivalence of
pointed spaces if there is a base point preserving continuous map f' : (Y,y) — (X, z) such
that the composites f'°f and f°f’ are base point preservingly homotopic to the identity
maps on (X, z) and (Y, y) respectively; the map f' is said to be a pointed homotopy inverse
to f.

(b) Suppose that we are given basepoint preserving continuous maps f : (X,z) —
(Y,y) and g : (Y,y) — (Z,z) such that g and g° f are homotopy equivalences of pointed
spaces. Prove that f is also a homotopy equivalence of pointed spaces. [Hint: Let h and
k be pointed homotopy inverses to g°f and g, show that both k and f°h are basepoint
preservingly homotopic to kegefeh, and finally show that heg is a pointed homotopy
inverse to f.]




Part II1

1. Consider the space GL,(R) of real n x n invertible matrices. Give the definition of
left-invariant vector field on GL,(R). Show that the space of left-invariant vector fields can
be identified with M(n), the space of all n X n matrices. [Hint: Prove that a left-invariant
vector fleld is determined by its value at the identity matrix I € GL,(R).]

2. (a) De(nde whether the set of points in R® that satisfy the system of equatlons
B2y +22=1, 22+9y?—22=0 isasmooth submanifold of R?.

(b) Decide whether the set of points in R* that satisfy the equation z2 + 32 — 22 = 0
is a smooth submanifold of R®. [Hint: Every point of a submanifold must have an open
neighborhood such that ... |

3. Consider the following vector fields on R
d d a
X =y ——4z— Y=oy —
Vor Py W oz

(a) Compute the Lie derivative Ly X = [Y, X].

(b) Write, in parametric form, the integral curve (z(t), y(t)) to X passing through
{1,0) at £t = 0.




UC Riverside Mathematics Department — Mathematics 205 Qualifying Exam
January 2008

e There are three parts in this exam and each part has three problems. You should
complete two (and only two) problems of your choice in each part. Each problem is
worth 10 points.

s Support each answer with a complete argument. State completely any definitions
and basic theorems that you use.

e This is a closed book test. You may only use the test, something to write with,
and the blue books (or approved substitutes). All other material is prohibited.
Write each of your solutions in a separate blue book (or alternative). Write your ID
number on the cover of every blue book or alternative that you use.

o The time for the examination is 3 hours.

Part [

1. Let X be a compact metric space, and let L{ be an open covering of X. Prove that there is
a positive real number 7 such that if y, z € X satisfy d(y, 2) < 7, then there is an open subset in
- U{ which contains both 3 and z. '

2.  (7) Let X be a topological space. Prove that X is Hausdorff if and ounly if the diagonal in
X x X (all points of the form (z, z) for some x € X)) is a closed subset in the product topology.

(#4) Let f: X — Y be a continuous 1-1 onto map of compact Hausdorff spaces. Prove that
f is a homeomorphism, and give a counterexample to this result if the compactness assumption
on X is dropped.

3. (i) Let X and Y be topological spaces, take the product topology on X x Y, and let
g: X x Y — X denote projection onto the first coordinate. Prove that g is an open mapping,
and given an example to show that ¢ is not necessarily a closed mapping.

Part I

4.  Let T? = 8! % S! be the torus with its usual topology. Let X C T? be the subset 5! x {*},
where * € S! is any point.

(i) Is X a retract of T?7 Prove your answer.

(i1) Is X is a deformation retract of 727 Prove your answer.
5. (i) Thinking of S as the unit circle in the complex plane, show that the map f: R — §*
given by f(z) = exp{izx) is a covering map.

{i1) Prove that the plane R? is not homeomorphic to the cylinder R x § L

6. Compute the fundamental group of §% with n points removed.




Part 111

7. Let M,(C) be the space of n X n matrices with complex entries.

(i) Show that M, (C) can be identified with a real vector space, and determine its (real)
dimension.

(i7) Denote by GL,(C) the subspace of invertible matrices. Prove that it is an open subset of
M,(C). :

(#ii) On M, (C) we can naturally define the determinant map det : M, (C) — C. Let §L,(C) =
det 1(1); show that it is a smooth submanifold of GL,(C), and compute its {real) dimension.

8. Consider the following vector fields on R?:
8 d a 7
Xi= — —y=—, Yi=y—+4z—.
Oz yay’ y6m+ mc")y

(¢) Compute the Lie derivative LxY.
(1) Write in parametric form the integral curve (z(t), y(t)) to ¥ passing through the point
(1,1)at t =0
9. Show that the set of points of R? that satisfy the equations
P ryf -2 =1, zty=1

is a smooth submanifold of R3.




UC Riverside Mathematics Department — 205 Qualifying Exam
February 2007

» There are three parts in this exam and each part has three problems. You should
complete two (and only two) problems of your choice in each part. Each problem is
worth 10 points.

¢ Support each answer with a complete argument. State completely any definitions
and basic theorems that you use.

o This is a closed book test. You may only use the test, something to write with,
and the blue books. All other material is prohibited. Write each of your solutions
in a separate blue book. Write your ID number on the cover of every blue book
that you use.

® The time for the exam is 3 hours.

Part I

1. (i) Let X be a topological space that is expressible as a union AU B U C, where A, B and ¢
are connected subsets such that ANB and BN C are nonempty (but AN C might be empty).
Prove that X is connected.

(#i) Let X be a metric space and let € X. Prove that {z} is nowhere dense in X if and only if
{z} is not open in X (hence z is not isolated in X).

(#i1) Let X be a countable complete metric space. Prove that X has at least one isolated point.

2. (i) Let X be the unit interval [0,1] with the usual topology, and let £ be the equivalence
relation given by s = ¢ if and only if s and ¢ are nonzero multiples of each other, Show that
the quotient space X/£ has only finitely many equivalence classes, describe the open subsets of
X/€ in the quotient topology explicitly, and use the latter to explain why X/£ with the quotient
topology is not Hausdorff.

(#) Suppose that X is a separable metric space and A is a subspace of X. Prove that A4 is
separable.

3. (i) Let X be a topological space, let A C B C X , and suppose that B is dense in X. Prove
that A is dense in X if A is dense in B,

(4%) Suppose that X is a compact metric space. Prove that X is complete with respect to the
given metric.

{i#i) Given a metric space (X, d), the diameter d{X) of X is defined to be the least upper bound
of the distances d(y, z), where y and z run through all the points of X, if this set of distances is
bounded and oo otherwise. If X is compact, prove that d(X) # oo and that there exists a pair
of points u,v € X such that d(u,v) = d(X).




Part I

4. Show that S5 and $* are not homeomorphic if » > 2.

5. Let X be a topological space with finite fundamental group. Show that every map f: X — §1
is homotopic to a constant map.

6. Let X be the topological space obtained by attaching the M&bius band M along its boundary
8M to a torus ' x S* with attaching map ¢ : @M — &' x S!. Determine the fundamental
group of Xy when:

- ¢ is nullhomotopic;
- ¢ identifies IM with a circle St x {yg}.

Part 111

7. The Hopf fibration  : §% — 82 is defined by
h(a, ) = (o7 laf” - |of?),

where 9% is the unit sphere in C& C and $? is the unit sphere in C @ R. The Hopf fibration
extends to a map i : (C® C)\ {0} — 52 by setting h(v) = (lwi™t ). The Canonical Line
Bundle over CP! = 52 is defined to be

E= {(p,v) €S?x (C@C) | eitherv=0or fz(v):p}
and the complex projective plane CP? is the guotient of the circle action on S5, sending

w,(a,b,c)) € 8 x 8 to (wa,wd, we), or equivalently it is the quotient of the C* action on
the space (C & C @ C)\ {0} given by (coordinatewise) scalar multiplication.

Show that CP? is homeomorphic to the one point compactification of the canonical line bundie
over CP! or equivalently that CP2\ {rt} is homeomorphic to E.

8. Let 3@5 and % be the coordinate vector fields on B2, Let

d a
X = m_a$+y—ay

(¢ g
Y = ~y6—$+$5—3}«.

Compute the Lie bracket [X, Y].

9. Suppose that m < p and f: ™ — SP is a continuous function. Show that f is homotopic to
a constant map.




MATHEMATICS 205ABC QUALIFYING EXAMINATION TOPICS
January, 2006

Background material

1. “Undergraduate material” in the syllabi for real and complex analysis

2. ltems 1-3 in the “undergraduate material” on groups in the syllabus for algebra

3. Items 1-2 in the “undergraduate material” on rings and fields in the syllabus for algebra

3. Items 1-4 in the “undergraduate material” on modules and linear algebra in the syllabus
for algebra '

4. Basics of set theory including the standard basic results on transfinite cardinal numbers (the
Axiom of Choice will be used as needed, but Zorn’s Lemma and its applications are not required).

General Topology

. Metric and topological spaces, open and closed sets

. Continuous functions, homeomorphisms, related concepts

. Constructions on spaces and mappings: Subspaces, products, quotients

. Connectedness, local connectedness and path connectedness

. Compactness (excluding Tychonoff’s Theorem)

. Countability and separation properties, specializations to metric spaces

. Local compactness, one point compactification

. Complete metric spaces, completions (no existence proofs), Baire’s Theorem

GO ~1 O O o Q0 DD =

Introduction to Algebraic Topology

Homotopy of continuous mappings, basic properties

Construction of the fundamental group, important general properties
Fundamental groups of important examples, applications

Covering spaces

The Seifert-van Kampen Theorem

Computational applications

. Lifting criterion, existence and classification of coverings

R RN S

Introduction to the theory of manifolds

. Topological manifolds, partitions of unity

. Local theory of smooth functions

. Differential manifolds, global theory of smooth functions

. Constructions on smooth manifolds

. Tangent bundles, regular mappings, diffeomorphisms

. Vector fields, integral curves, Lie brackets, completeness

Vector bundles, cross sections, constructions on vector bundles
Differential forms and exterior differential calculus (local theory)

1




UCR Mathematics Department 205 Qualifying Exam

January 2006

¢ There are three parts in this exam and each part has four problems. You should
complete two (and only two) problems of your choice in each part. Each problem is
worth 10 points.

» Support each answer with a complete argument. State completely any definitions
and basic theorems that yon use.

o This is a closed book test. You may only use the test, something to write with,
and the blue books. All other material is prohibited. Write each of your solutions
in a separate blue book. Write your IDD number on the cover of every blue book
that you use.

¢ The time for the exam is 3 hours.

Part I

1. Let X be a topological space, let p € X, and let C be the union of all connected subsets of X
containing p. Prove that ' is connected.

2. Prove that a compact metric space must be complete and bounded, and give an example of
a complete and bounded metric space that is not compact.

3. Suppose that X is a T3 (i.e., 71 and regular) space and A is a closed subset of X. Define
an equivalence relation on X whose equivalence classes are the one point subsets {x} for all
z € X\ A together with A, and let X/A be the set of all such equivalence classes with the
quotient topology. Prove that the topological space X /A is Hausdorff,

4. Let X be a set and let I/ and V be topologies on X such that U strictly contains V. Prove
the following statements:

(1) If (X, U) is compact Hausdorff then (X, V) is not Hausdorff.
(2) If (X, V) is compact Hausdorff then (X, U) is not compact.

[Hint: Consider the identity map from (X,U) to (X,V).]

Part 1T

5. Show that every finitely presented group is the fundamental group of a topological space
6. Show that if n > 2, then every continuous map f : $* -~ §! is null-homotopic.

7. Let p: (E,e0) — (B, bo) be a covering space projection. Show that p,7; (F, eo) is a normal
subgroup of my (B, bo) if and only if for every pair of points e;, es € p~! (By), there is a covering
transformation h : E — FE so that h{e;) = es.

1




2

8. Recall that X is called locally simply connected if and only if for all open subsets I/ of X and
all w € U, there is a simply connected, open set V sothat e V ¢ .
Let X be the so-called “Hawaiian Earring”. Specifically,

oo
A = U C, C R
n=1
is a subspace of B?, where O, is the circle of radius + with center (1,0). Show that the cone on
X is simply connected but not locally simply connected. Conclude that the cone on the Hawaiian
Barring is semi-locally simply connected.

Part I1I

8. Let U be an open subset of R?, and let W be an open neighborhood of I/ x {0}in U xR
Prove that there is a positive real valued smooth function h : I/ — R such that W contains the
set

{(z,t) eUxR : }t| < h(z)}.
[Hint: For each u € U there is an open neighborhood V,, of u in U such that such a function
exists.]

10. Let M and N be smooth manifolds, and let f : M — N be a smooth mapping. Define the
graph function Gy : M — M x N by the formula Gp{z) = (=, f(z)) for all z € M. Prove that
G is a smooth immersion. [Hint: Look locally, or look at the projections of 7 onto M and N |

11. Suppose that M is & smooth manifold and g and h are smooth Riemannian metrics on M.
Let u and v be smooth nonnegative functions on M such that u(z) +v(z) is positive for all z € M
(hence for each = either u(z) > 8 or v(z) > 0). Prove that the linear combination u - g-+wv-his
also a Riemannian metric on M.

12. (a) Compute the Lie bracket [X,¥] of the vector filds X and Y defined on K2, where
3] o)

X=z3"_ d V=94-"—.

T an Y 5

(b) Differential forms w and ¢ on B* are defined by the equations

w=dz; Adzs +dzz Adry

and
8 =xidzy A dzz Adzy + g dz) Adzg A dzy + zydry Adza A diry.
Compute the expression w A w — db.




UCR Math Dept Topology Qualifying Exam

Janary 2005

s There are three parts in this exam and each part has three problems,
You should complete two {(and only two) problems of your choice in each
part. Each problem is worth 10 poings.

e Support each answer with a complete arguieent. State completely any
definitions and basic theorerns that you use.

e This is a closed book test. You may only use the test, something to
write with, and the blue books. All other material is prohibited. Write
each of your solutions in a separate blue book. Write your ID number
on the cover of every blue baok that you use.

¢ The time for the exam is 3 hours.

Part I

1. (a) Let U C K be contained in a Hausdorff space X, with ¥ open and X
compact, and agsume that f : X — ¥ is a continuous map into another Hausdorff
space Y. Prove that the closure of f{U)} is a compact subset of f (K).

(b) Let f,X,Y be as in the preceding problem, and assume in addition that f is
an onto, open mapping and X is locally compact. Prove that Y is also locally
compact.

2. Let S be the set of all connected subsets of the cartesian plane. Show that the
cardinality of § is strictly greater than the cardinality of the plane. (Hint: Consider
all subsets of the form

©D?u{Bx{1}}

where B is a subset of (0,1). Under what conditions is such a subset connected?
Why?)

3. The logical implications of the statements below have the form A = B = D
and A = C = D if they are suitably labeled as A, B, C, D. Give a labeling of
the statements for which this is true.

{1} The topological space X is compact and metrizable.

{(2) The topological space X is first countable.

{3} The topological space X is metrizable.

(4) The topological space X is second countable.

Part I

4. Let F,, be the free group of rank n. Show that for all n > 2, £, contains a
subgroup isomorphic to F,.
1




2
5. Let

Y ={(#,0,0) € R3; z > 0} U{(0,,0) e R®; y > 0} U {(0,0,2) € R®; 2 > 0}
be a subset of R%. Calculate the fundamental group of X = R3\ Y.

6. Suppose that the universal covering space of X is compact, show that the
fundamental group of X is a finite group.

Part I

7. Suppaose that M is a smooth n—manifold and that
T M M
is a covering map. Show that M’ has a unigue smooth structure relative to which
7 18 locally a diffeomorphism.
8. Prove that every smooth manifold admits a Riemannian metric.

9. To define the Hopf fibration % : $* --— 52 we think of 5 as the unit sphere in
C e C and §? as the unit sphere in C @ R. With respect to these coordinates the
formula for A is

h:(a,c)m (2&6, laf® — |c{2) .
{a) Show that the image of k is indeed contained in S2.

(b) Show that I is a quotient map.
(c) Identify 8! with the unit circle in C. Consider the $'-action on 52,

H : x5 — 8,
H : (wi{e,c) — (wa,we),

where the multiplication takes place in €. Show that the orbits of this circle action
coincide with the fibers of k. (The fibers of a map are the preimages of points,)




UCR. Department of Mathematics
Topology Qualifying Exam
June 17, 2004

e There are three parts in this exam. You should complete two problems
of your choice in each part. Each problem is worth 10 points.

» Support each answer with a complete argument. State completely any
- definitions and basic theorems that you use. ‘

e This is a closed book test. You may only use the test and papers to
write on. All other material is prohibited. Write your answer to each
problem separately and write the last four digits of your ID number on
the top of the first page of each answer sheet.

s The time for the exam is 3 hours.

Part I

1. (i) Suppose that X is a set and If and V are topologies for X. Prove that 2/ NV
% is also a topology for X. o ' _

(ii) Suppose that ~ is the binary relation on R such that % ~ y if and only if

Y is a positive multiple of z. Determine whether the quotient space is Hausdorff

and prove that your conclusion is correct.

@ (i) Let X and ¥ be topological spaces, let ¢ € X and b € Y, and let A and
B be the connected components of }Aaand ,B’bm X and Y respectively. Prove that
A% B is the connected component of (a, byin X xY.

(7) Let X be a topological space and suppose that z € X is not a limit point
of X. Prove that the one point subset {r} is open in X. -

Let X be a topological space such that every point in X lies in a maximal
compact subset. Prove that X is compact. . '

- 4. (7) Suppose that X is a separable metric space and A is a subspace of X. Prove

X’L that A is also separable. _

' (%) Give an example of a topological space that is metrizable but does not have
a complete metric, and give reasons for your answer. [Hint: Lock at dense subsets
of the real numbers.| :

Part 11

5. Let B® = {(z,5,2) € R*; 2% + 142 + 22 < 1} be the 3-ball. Let & be a
x solid torus in the interior of B® obtained by revolving the disk D = {(x,0,2) ¢
R*; (z — 1/2)% + 2% < 1/9} about the z-axis. Let X = B° \ H. Calculate the
fundamental group m (X). :
1




UCR Department of Mathematics
Topology Qualifying Exam
Jannary 3, 2004

e There are three parts in this exam. You should complete
two problems of your choice in each part. Each problem is
worth 10 points.

¢ Support each answer with a complete argument. State com-
pletely any definitions and basic theorems that you use.

e This is a closed book test. You may only use the test and
papers to write on. All other material is prohibited. Write
your answer to each problem separately and write the last
four digits of your ID number on the top of the first page of
each answer sheet.

» The time for the exam is 3 hours.

Part I

1. Let A and B be subsets of a topological space X, and let C be a
subset of A N B that is closed in each of A and B with respect to the
subspace topologies. Prove that C' is a closed subset of AU B.

2. {a) Let f and g be continuous functions from a topological space
X to a Hausdorff space Y. Prove that the set of all points z € X such
that f(z) = g(z) is a closed subset of X.

(b) Let A be a subset of the Hausdorff space X, and let r : X — A
be a continuous map such that the restriction of r to A is the identity.
Prove that A is a closed subset of X.

3. Let (X, d) be a metric space, and A is a subset of X. Show that the
function d : X = R, da(z) = inf {d(z,a); e € A}, is continuous.

4. Recall that if X is a metric space, then a contraction mapping
¢ : X — X is any map that satisfies

dist (¢ (2) , ¢ (y)) < kdist (z,9),

for all z,y € X and some k € [0,1).
Show that any contraction mapping from a compact metric space to

itself has a unique fixed point.
i



Hint: Let zo be any point in X and consider the recursively defined
sequence

Tnt1 = @ (Tn) -
Show that {z,41} 22, is Cauchy, and that its Hmit is the desired fix
point.

5. Let w be a O differential k—form on R® such that

fwz(]
M

for every compact oriented smooth k—manifold 4 C R"” without bound-
ary. Use Stokes Theorem to show that w is closed, that is, dw = 0.

Hint: To show that dw is 0 at a point p, let M a very small sphere
whose center is p.

6. Let p € R", and let f : R*— R™ be a C'-mapping such that df,
is one-to—one. Show that there is an € > 0 so that if g : R*» R"
is a C'-mapping with ||dg,|] < ¢, then 2 = f + g is one-to-one in a
neighborhood of p.

Part 11

7. Let p: E — B be a covering map and B be path connected. Show
that the sets p~' (b}, b € B, all have the same cardinality.

8. Let p; = (190) = R21 t=12,...,m, and X = R \{p1:p21" -:pn}-
Use Seifert-van Kampen Theorem to prove that the fundamental group
m1(X) is a free group of rank n.

9. (1) Let X be a topological space. Let f,g : X — 5* be two
continuous maps. Show that if f{x) and g(x) are not antipodal to each
other for every £ € X, then f and g are homotopic.

(2) Find two non-homotopic continuous maps f,g : S* — 8' such
that there is exactly one point zy € S' where f{zp) = —g(2)-

Part III

10. Identify R* with C? so that (z,%,u,v) € R* corresponds to
(z1,20) € C* for 2y = 2 + iy and 23 = u+iv. Let V be the zero
locus of the polynomial P(z1, z) = 2} + 23, i.e.

V ={(z1,2); &+ 2 =0} CR.
‘Show that V \ {(0,0)} is a 2-dimensional smooth manifold.



11. Let M be a smooth manifold. For f, ¢ smooth functions on M and
X, Y smooth vector fields on M, we have

[fX,gY] = folX, Y]+ f(Xg)Y — g(Y f) X.

Suppose that a smooth function f on M satisfies [fX,Y] = f|X, Y] for
all smooth vector fields X and Y on M. What can one say about f?

12. (a) State what it means for a smooth vector field on a smooth
manifold to be complete.

(b} Give an example of a smooth manifold M, such that every vector
field on M, is complete.

{¢) Give an example of a smooth manifold M, which has vector fields
that are not complete.



UCR Department of Mathematics
Topology Qualifying Exam
January 4, 2003

» There are three parts in this exam and each part has four
or five problems. You should complete three (and only three)
problems of your choice in each part. Each problem is worth
10 points.

e Support each answer with a complete argument. State com-
pletely any definitions and basic theorems that you use.

e This is a closed book test. You may only use the test and
papers to write on. All other material is prohibited. Write
your answer to each problem separately and write the last
four digits of your ID number on the top of the first page of
each answer sheet.

e The time for the exam is 3 hours.
Part 1

1. Recall that a metric space {X,d) is called bounded if there is a
number I > 0 so that

d(a,b) < D, VabeX.

Show that the boundedness is a metric rather than a topological prop-
erty of X. That is to exhibit a topological space that admits both a
bounded metric and an unbounded metric.

2. Show that @, as a subspace of R, is not locally compact.

3. Use the connectedness of the unit interval [0, 1] to show that any
continuous map f : [0,1] — [0, 1] has a fixed point. That is to show
that for each such f, there is a 3 in [0, 1] so that f(p) = to.

4. Let p : B2 — R be the projection onto the first factor, p(z,y) = =.
Let
Z={(z,y) eR*;z>00ry=0}

be a subspace of R?. Show that the restriction of p to Z is a quotient
map that is neither open nor closed.



Part 11

5. Let ST x §' = {(z1,29) € C%; |z1| = 1, |z2| = 1} be a torus.
(1) Show that for any 2 x 2 integer matrix

A= (‘2 Z,) ad —be= 1,

the map hu(z1, 25) = (2823, 2§22) is a homeomorphism of S x S* to
itself.

{2) We have two 2-fold covering maps from S§' x S* to itself:
e, z2) = (4, 2) and  pa(z1, 2) = (21, 7).

Give a third example of a 2-fold covering map p: 8* x §* — S x St

8. Let p: X — Y be a covering map and Y is Hausdorff. Show that if
X is compact, then p is a finite fold covering map.

7. Let X be the union of the unit 2-sphere S? = {(z,y,2) € R®; 2% +
y?> + 22 = 1} and the line segment {(z,0,0) € R®; -1 < z < 1}.
Use Seifert-van Kampen Theorem to calculate the fundamental group
™ (X) .

8. Let X be a topological space. Let f,g: X — 52 be two continuous
maps. Show that if f(z) and g{z) are not antipodal to each other for
every x € X, then f and g are homotopic.



Part I1I

9. (1) Give an example of a compact {without boundary) 4-dimensional
differentiable manifold whose fundamental group is infinite abelian.

(2) Let M be a compact (without boundary) manifold with a finite
fundamental group. Prove that its universal covering space is homeo-
morphic to a closed and bounded subset in RY.

10. Let M be an n-dimensional differentiable manifold. Let f: M —
R"™ be an one-to-one immersion. Prove that there exists an imbedding
F: M — R" such that F(M) is a closed subset of R*tE.

11. Prove that for n > 1, there is no immersion f : 5 — T, where
S™ is the n-sphere, and 1™ the n-torus.

12. (1) Let By = {(z,y) € R?; z? + y? < 1}. Prove that the 1% de
Rham cohomology group of B \ {(0,0)} is non-trivial.

(2) Let M be a compact {without boundary) oriented n dimensional
differentiable manifold. Prove that its n* de Rham cohomology group
is non-trivial.

13. Let m < p and M be an m-dimensional differentiable manifold.
Show that every continuous map ¢ : M — SP is homotopic to a con-
stant map.



Let F(a,b;c) be the free group of rank 3 generated by a,b,¢ and F{z,y) be
the free group rank 2 generated by z,y. Find an explicit injective homomorphism
¢ : F(a,b,c) — F(z,y). Also describe a complete list of cosets of the subgroup

#(F(a,b,c)) of F(z,y).

X Suppoée that X is a compact topological space, and p: X — X is the universal
~covering space of X. Show that X is compact if and only if the fundamental group
of X is finite. ' ' :

~ Part III
§_Show that there is no one to one C*—map g: 52 — S

'9. Let U be an open subset of euclidean space and let X and Y be smooth vector
fields on U. Show that :

(X, ¥]=0
t;gf and only if the local flows generated by X and YV commute.

. 10. To define the Hopf fibration h : §* — 5 we think of 5% as the unit sphere
in C® C and 5% as the unit sphere in C & R. With respect to these coordinates
the formula, for h is :

b (a,c) = (28, Ja” - ]6[2) .
(4) Show that the image of A is indeed contained in S2.
(#) Show that h is a quotient map.




UCR Department of Mathematics
Topology Qualifying Exam
September 29, 2001

e There are three parts in this exam and each part has three prob-
lems. You should complete two (and only two) problems of your
choice in each part. Each problem is worth 10 points.

» Support each answer with a complete argument. State completely
any definitions and basic theorems that you use.

e This is a closed book test. You may only use the test and papers
to write on. All other material is prohibited. Write your answer
to each problem separately and write the last four digits of your
ID number on the top of the first page of each answer.

» The time for the exam is 3 hours.
Part I

1. Let (X,d) be a metric space, and A, B be two compact subsets of X.
By definition, d (A, B) = inf{d (z,v); z € A, y € B}. Show that there are
points zo € A and yg € B such that d (zg, ¥0) = d (4, B).

2. Let ¥ and Y] be subsets of a topological space X such that Y C ¥, C Y.
Show that if ¥ is connected, so is Y. If Y is path connected, can we conclude
that V7 is also path connected?

3. An equivalence relation on R? is defined as follows: Two point (1, ;)
and (za,y2) are equivalent, (z1,y1) ~ (T2, ¥2), if 41 — 27 = y2 —23. Show that
the quotient space R?/ ~ is homeomorphic to R!.

Part II

4. Find a connected graph which can be realized as a double covering space
of $1v S (the figure 8 graph). Use your construction to show that the free
group of rank 3 is isomorphic to a subgroup of the free group of rank 2.

5. Show that every map RP? —+ S? is homotopic to a constant. (Hint: Can
such a map be lifted to a map RP? — R*?)

6. Take the 2-sphere 5% and identify its north and south poles, we get a
quotient space X of S2. Use Seifert-van Kampen Theorem to calculate the
fundamental group m (X).



Part III

7. Is it possible to provide the surface of the cube
{(z1,20,..,2a) ER®; 25| < 1,8 =1,2,...,n}

with a differentiable structure? Explain.

8. Show that 8™ x R! is parallelizable, i.e., its tangent bundle is trivial.
(Hint: Tdentify S™ x R with a subset of R*™.)

9. Show that there is no smooth one-to-one map f : R* — R,



UCR, Department of Mathematics
Topology Qualifying Exam
January 2001

o There are three parts in this exam and each part has three prob-
lems. You should complete two (and only two) problems of your
choice in each part. Each problem is worth 10 points.

e Support each answer with a complete argument. State completely
any definitions and basic theorems that you use.

s This is a closed book test. You may only use the test and papers
to write on. All other material is prohibited. Write your answer
to each problem separately and write the last four digits of your
ID number on the top of the first page of each answer.

e The time for the exam is 3 hours.
Part I
1. Let f: X — Y be a continuous map. The graph of [ is
Cy={{z,y)e X xY ;y=flz)} CX xY
Show that T'; with subspace topology is homeomorphic to X.

2. A subset .4 of a topological space X is called everywhere dense or simply
dense if A = X. A subset B of X is called nowhere dense if X \ B is dense.

(a) Prove that B is nowhere dense iff for every non-empty open subset U,
there is a non-empty open subset ¥V C U such that V' N B = (.

(b} Let f: R — R? be an imbedding. Show that f(R') is nowhere dense
in R?.
3. Let {\.d ) be a compact metric space and f : X — X be an isometry, i.e.
d( f(zy), flz2)) = d{zy,z9) for all 21,2z, € X, then f must be surjective.

Part 11

4. Use van Kampen Theorem to calculate m (RP?).



5. Suppose X is the universal covering space of a space X. Show that if X
is compact and its fundamental group is finite, then X is also compact.

6. Let X be a path-connected space. Show that the 0-th singular homology
group Hy(X;Z) is isomorphic to Z.

Part 111

7. Identify R* with C? so that (z,y,u,v) € R* corresponds to (z1, 25) € C?
for zy =z +1y and z3 = u+iv. Let V be the zero locus of the polynomial
Pz, 20) = 28 + 73, Le.

V= {(2,2); 2 +2 =0} CR"
Show that V' \ {(0,0)} is a 2-dimensional smooth manifold.

8. Calculate the de Rham cohomology HL 5(S") directly from its definition.

9. Let (x,y) be a Cartesian coordinate system of R? and %, a% be the vector

fields on R? associated with this coordinate system. For a constant 2 x 2

matrix A = (i 2), we define a vector field

5 0
V) = {az + by)% + (cx + dy)—@.

For two constant 2 x 2 matrices A and B, verify

Va, Vel = =Via,)-



UCR, Department of Mathematics
Topology Qualifying FExam
January 2000

o There are three parts in this exam and each part has three
problems. You should complete two (and only two) problems of
your choice in each part. Each problem is worth 10 points.

s Support each answer with a complete argument. State com-
pletely any definifions and basic theorems that you use.

e This is a closed book test. You may only use the test, something
to write with, and the blue books. All other material is prohibited.
Write each of your solutions in a separate blue book. Write your
ID number on the cover of every blue book that you use.

¢ The time for the exam is 3 hours.

Part T

1. Let f,g: X — Y be two continuous maps and Y is a Hausdorff space.
Show that the subset

BE={z€X; flz)=glz} }
is closed.

2. Let (X,d) be a compact metric space and f : X — X is a continuous
map. If there is a constant o, 0 <« < 1, such that

d(f(z), f () < ad(z,y)

for every z,y € X, show that there is a unique point z € X such that
flz) ==
3. Let X be a compact Hausdorff space that is connected and contains more

than one point. Prove that X is uncountable.

Part 11
4, Let X = 82U D?, where

S = {(zy,2) eR ;2?2 Ly 22 =11




and
D?={(z,5,0) eR*; &® +¢° <1}

Calculate the homology groups of X.

5. Let U, V and W be open convex subsets of R? such that U/ NV and
V N'W are nonempty but U/ N W is empty.

(1) Prove that ' UV UW is connected.
(2) What is the fundamental group of U UV UW?

(3) Give an example to show that your answer of (2) is false if all three
pairwise intersections are nonempty.

6. Let f: 5% — S? be a continuous map, and assume that it has non-zero
degree. Prove that f is onto.

Part I1I
7. Prove that the special linear group

SL(2) = { (i Z) cabc,d €R, ad— be = 1}
is a smooth manifold. What is its dimension?

8. Think of St = {e¥ ¢ C; 6 ¢ [0,2n) } as a smooth manifold.
(1) Prove that df is a well defined 1-form on S7.

(2) A general 1-form w on S! can be written as w = () df, where f(8)
is a smooth function and f(# + 2x) = f(#). Show that such an 1-form
w is closed if and only if

27
F(0)d8 = 0.
0

(3) Use (2) to show that the de Rham cohomology H'(S!) = R,
9. Let X = {(0,9) €ER?| —c0 <y < oo} and ¥ = {(z,sin1/z) € B2 |0 <

z < oo}. Show that X UY is an immersed submanifold of B? but not an
imbedded submanifold. Show that Y is an imbedded submanifold.




UCR, Math Dept

Topology Qualifying Exam, 1998

TIME: 3 hours

This is a closed book test. Write each of your solutions in a separate blue book. This
test has three parts. Do two and only two problems from each part. Each problem is

worth 10 points.
You may only use the test, something to write with, and the blue books. All other

material is prohibited.

Support each answer with a complete argument. State completely any
definitions and basic theorems that you use.

Part 1: Do two (and only two) of the following three problems:

1. Let f : R™ — R" be a continuous map such that
lim |f(z}] = o0
|z| =00

and let f be the extension of f to one point compactifications such that f(con,) = ocop,
(where oo denotes the point at infinity in the one point compactification of R¥).

Prove that f is continuous.

2. Let X and Y be topological spaces, let f : X — Y be continuous, onto and closed,
let R be the equivalence relation on X that is given by

(u,v) € R & f(u) = f(v)

let X/R be the associated set of equivalence classes with the quotient topology, and
let g: X/R — Y be the well defined map

9(CLASS[z]) = f(z).

Prove that g is a homeomorphism.. [ It is not necessary to show that R is an equiv-
alence relation or that g is well defined. Explain why it suffices to prove that g is
continuous, 1-1, onto, and closed, and prove these things.]




3. Recall that if X is a set, then the diagonal of X is

AX)={(z,r) e X x X |z € X}.

Let X be a topological space. Show that X is Hausdorff if and only if A(X) is
closed in X x X.

Part 2: Do two (and only two) of the following three problems:

4. (a) Let X,Y be compact Hausdroff spaces and p : ¥ = X is a covering map. Show
that p~*(z) contains only finitely many points for every z € X.

(b) Suppose X is a compact Hausdroff space whose universal cover is S™. Show that
the fundamental group of X is finite. (Hint: Use part a.)

5. Let B be the set of all rays in the first octant of the 3-space
(the first octant is {(z,y,2) € B*; z > 0,y > 0,z > 0}).

(a) Show that B is homeomorphic to a disk, D>
(b) Show that any 3 x 3 matrix with positive entries has a positive eigenvalue.

Hint for part (b): Observe that the linear map v — Av induces a continuous map
B -+ B, where B is as in part (a).

6. Show that any finitely presented group is the fundamental group of a topological
space. :

Part 3: Do two {and only two) of the following three problems:
7. Prove that a C® map ¢ : S2 — S* can not be one-to-one.
8. Is every vector field on the real line complete?

9. (a) Consider the 2-form

Y= zdyANdz ~ydz Adz+zdxAdy
T

b




on R3\0, where r = /22 + y? + 22. Show that w is not exact.

(b) Regarding r as a function on R* — 0, show dr Aw = dz A dy A dz.



Topology Qualify Exam (1997)

Instructions:

(1) Solve each problem in a separate blue book. You may only turn in 6 pro-
posed solutions with the full credit of 60 points.

(2) Support each answer with a complete argument. State completely defini-
tions and basic theorems used in your argument.

o Work out two of the following three problems:

1. Recall that a subbasis S for a topology on X is a collection of subsets whose union
equals X. The topology generated by a subbase § is defined to be the collection T
of all unions of finite intersections of elements in . Now let S the collection of all

infinite subsets of R.
(a) Show that S is a sub-basis for a topology on R. (2 points)
(b) What is the topology generated by 8? (It is a familiar one.) (& points)
2. (a) Provide an example of a quotient map which is not open. (5 points)
(b) Provide an example of a quotient map which is not closed. (5 points)

3. Show that the following two different metrics on R® (where z = (z1,...,2,)
and ¥ = (¥1,-- -, ¥n)):

doo(a:'.\y) = max{la:i - yz' yi=1,.. -)n}

define the same topology on R™. (10 points)

e Work out two of the following three problems:
4. What is the fundamental group of RP2\{pt}? (10 poinis)
5. Is the map f : (0,3) — S defined by f(z) = €2™*® a covering map? (10 points)

6. Show that any continuous map f : S* — S! which is not onto has a fixed
point, i. e. a point z € § such that f(z) = z. (10 points)

o Work out two of the following three problems:
7. Prove that the de Rham cohomology group H'(R? \ {(0,0)}) # 0. (10 points)

8. Let M be a compact orientable differentiable manifold without boundary. Prove
that M is not smoothly contractible. (10 points)

1




2

9. Recall that a differentiable vector field X on a differentiable manifold M may
be described as a R-linear mapping X : D — D, where D is the set of differetiable

functions on M, satisfying the Leibniz rule X(fg) = fX(g9) + X(f)g.

(a) Let X, Y be two differentiable vector fields on a differentiable manifold M.
Is XY, defined to be (XY)(f) = X(Y(f)), a vector field in general? If yes, give a
proof. If no, give a counter example. (5 points)

(b) Let
—yd 0
- Y0z Oy
d 0
Y = za—y o

in R? with coordinates (z,y, z). Compute [X,Y]. (5 points)




Topology Qualifying Exam September 19 1996
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You may answer any 2 of problems 5 — 8

B

u may answer any 2 of problems 1 — 4~

. Show that in a Hausdorff space, a compact subset is closed.

. Let X and Y be compact spaces. Prove that X x Y is a compact space.

Let A, B be subsets of a space X. If there is a homeomorphism A : X — X
such that h(A) = B, then the closures of A and B, A and B, are homeo-
morphic.

Consider the graph A of the function ¥ = sin(1/z) for z > 0 in R%. Let
B be the positive half of the z-axis. Show that A and B, with subspace
topol(ggy, are homeomorphic. / L

Use (# to prove that for the subsets A and B of R? in (%), there is no
homeomorphism 4 _: R? — R? such that h(A) = B.

We may think of ( as exhibiting such a phenomenon that the real line R!
can be embedded in the plane in at least two different ways. Do you think
that a similar phenomenon might happen if the real line is replaced by a

closed interval? (Just tell your intuition.)

/

Calculate the fundamental group of the space obtained from the torus St x
51 by identification of any two distinct points.
Let X be a topological space, which can be presented as a union of open

connected sets U and V. Prove that:

if UNV is disconnected then X has a connected infinite-fold covering space,
and
if U and V are simply-connected and U NV is a union of two simply-

connected disjoint open sets, then 71(X) is an infinite cyclic group.

Calculate the fundamental group of R* ~ T, where T is the torus §* x §*
standardly embedded into R? C R*.

. Prove that any two continuous maps S% — S x §* are homotopic.

(i (P/wf{{:p;{, - L nfin bl




/)

You may answer any 2 of problems 9 — 11.

9. Let M be a differentiable manifold. Prove that there exists a proper differ-
entiable map f: M — RY, for any positive integer N.
10. {a) Suppose w is a exact n-form on a closed orientable n-dimensional dif-

ferentiable manifold M. Compute [, w (give reasons).

(b} Let M be a (connected) differentiable manifold. Compute H®(M) (Give

reasons).
(¢) Compute H g@((}ive reasons). /QP/.
! o
TR
11. {a) Classify all two dimensional orientable closed manifolds. Describe their

fundamental groups and universal covering spaces.

(b) Let M be an n-dimensional closed differentiable manifold. Prove that there

exists no immersion from M into R”.

Remark: In problems ’T} and i%, closed = compact without boundary.
;2 1

Z

A
(o



Department of Mathematics, UCR Name

1.

Topology Qualifying Examination
WEDNESDAY, JANUARY 17, 1996

Show that if X is a compact Hausdorff space and if z, y € X are in different components
of X, then there are disjoint open sets U,V C X withz e U,y Vand UUV = X.

Let {X5),.; be a family of topological spaces. Show that the Cartesian product [L;cr Xi
is a regular Hausdorff space if and only if each factor X; is a regular Hausdorff space.

‘Show that if f: X — Y is,a continuous map from [ %jpact metric space X into a

Hausdorff space Y, the f (X) is metrizable.

Let f : S — 52 be a continuous map, where 5% = {(z,y,2) € R* : 2® + ¢ + 22 = 1}.
Show that if f is not onto, then f is homotopic to a constant map.

(a) Prove that S = {(z,y) € ®R?: 22+ 4? = 1} is not a retract of the closed disk
V= {{z,y) e R?: 2% 4+ < 1}.
(b} Assuming the truth of (1), prove that any continuous map f : V' — V has a fixed

point.

Find the fundamental groups of each of the following spaces:

(a) The 2-dimensional torus 7%
(b) The doubly-punctured plane 2%\ {(1,0),(-1,0)}.
(¢) The pinched torus (S x St} /(S x {1}).

(a) State the definition of a topological manifold.

{b} Is the figure co a topological manifold? Give the proof of your answer.

(c) Let M be a topological manifold with fundamental group m (M) = Z (the inte-
gers). Prove that the universal covering space M must be non-compact.

(a) State Whitney’s embedding theorem.

(b) Let M be an n-dimensional compact differentiable manifold without boundary.
Prove that there exists an immersion f : M — R* for sufficiently large & > n.

(a) Let w = adz+ bdy+cdz be a one-form in R*. What are necessary and sufficient
conditions that w is closed?

(b) Let w be an exact n-form on S™. Compute [, w. Give reasons for your answer!
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Work seven out of the following nine problems.

fo”
P
@¢ﬁ?

1. Let {Xi),.; be a family of topological spaces. Show that the Cartesian
product [[;c7 X; is a Ts-space if and only if each X, is a Tz-space.

2. True or false: Let X be a topological space, and let & : X — Y be a quotient
map. Assume that for each y € Y the preimage o~ (y) is homeomorphic to
a topological space Z. Then X 1s homeomorphicto ¥ x 2.

3. Quotients of locally compact spaces.

1. The continuous image of a locally compact space need not be locally
compact. (Let X be the plane, and let A be the x-axis. Then X/A is
not locally compact.)

2. The closed continuous image of a locally compact space is locally com-
pact, provided that the preimage of each point is compact (so the non-
compactness of A was needed in part 1)

3. The condition of 2 is not necessary.
4, Determine the fundamental groups and the universal covers of the following
spaces (no proof is required):
[ 1. S={(z,y) e R?: 4z +y* =1}
j 2.V =D \ {five distinct poinis}, where D = {(z,y) € % : 2% 4+ ¢ < 1}

b 3. M3 = a compact orientable two dimensional manifold (without bound-
ary) with genus equal to three.
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(0 4. X =T? + §%, where T? = S x S = torus, S? = the two dimensional
sphere, S = unit circle.

k, 3. P = the projective plane.

5. Let X = AU B, where A = a space homeomorphic to R*, B = a space
homeomorphic to S x R2, where S! is the unit circle, and AN B = §2
(i.e. the two dimensional sphere}. Determine the fundamental group of X.
Present your proof (or argument) in detail.

6. 1. Prove that S = {(z,y) € R? : 22+ 4% =1} is not a retract of the
closed unit disc V = {{z,y) ¢ R? : 22 + y2 < 1}.
2. Assume the truth of (1), prove that any continuous map f:V — V
has a fixed point.

7. Prove that, besides a single exception, the real projective space is orientable
if and only if its dimension is odd. What is the exception?

8. Let f: 5% — R? be a smooth map and w be a differential form of degree 2
on k2.

1. Prove that [q f*w = 0.
2. Prove that exists a point z € §? where f~w is equal to zero.
9. Prove that an immersion X — Y, where X and Y are smooth closed con-
nected manifolds of the same dimension, is a covering projection. Is the

condition that the manifolds are closed necessary? If yes, give an example
proving this. If no, prove the statement without using the condition.




QUALIFYING EXAMINATION
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1. Let U, V be subsets of a space X such that X = U UV and both X and U NV are connected. Prove that if
U and V are open then they are connected. Find an example which shows that the latter condition is necessary.

2. Let A be a topological space. Fill the following table with pluses and minuses according to your answers to
the corresponding questions.

connected EHa.usdorﬁ'i, non-Hausdorff! separable compact@ noncompact% second
’ ! | _countable |

¢ -

If A is:

— i
Has X the same |
property, if:

i
e o e

]

XCA

X is an open
subset of A

X is a closed
subset of A

A is dense
in X

X is a guotient
space of A

1

i X is an open

i __subset of R™ i

3. Find the fundamental group of each of the following spaces:

(1) The 2-dimensional torus T2.
(2) The doubly-punctured plane R% \ {(1,0),(~1,0}}.
(3) The pinched torus (S* x §1)/S! x {1}.

4. Classify three-point spaces up to homotopy equivalence. {What are the homotopy types of topological spaces
consisting of 3 points?)
5. Prove:
(1) Ais a retract of X if and only if, for every space Y, each continuous function f : A — Y admits a continuous
extension FF : X — Y.
(2) Let X be deformable into A. Then for every space Y, extensions F,G : A — Y of homotopic continuous
functions f,g : A ~+ Y are homotopic.

6. Let X be a space that is the union of two open simply-connected subspaces U and V, whose intersection is
path-connected and has fundamental group G. Calculate the fundamental group of X.




{L,
7. Prove that there is no convex polyhedron aH‘ hose faces are 6-gons.
8. Let X be a smooth compact oriented manifold of dimension n. Prove the following three statements.

(1) There exists a differential form w of degree n — 1 on 8X with [, w # 0.
(2} For any smooth map p: X — 8X and differential form w of degree n — 1 on §X

dp'w = 0.

(3) If there exists a smooth retraction p : X — 09X then [,, w = 0 for any differential form w of degree n —1
on 8X.

How are these three statements related to the Borsuk theorem?
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1 2 3 4 5 6 7 8 > Result

1. Prove that if U, V are open sets and U UV, U NV are connected, then
[/ and V are connected. Find an example which shows that for non-open sets
this is not true.

2. Prove that there is no immersion of sphere S? into plane ®.

3. Prove that projective line is not a retract of projective plane.



4. Consider sphere S? (which is defined in R by equation z?+y?+z> = 1)
and the unit upward vector at point (1,0,0). Find coordinates of it in the

coordinate system defined by the stereographic projection of S2\ (0,0, 1) onto
plane z = 0.

5. Let f be a map R® — R? defined by formula
filz,y,z) — (z? — 92, 2zy, 22

Find
2o o 0) [ (2002 + y8 /0y + 2yd/0z)

and
(d(zq vouzo)f) * (zzdT A dy).

6. Let F be the set of all functions f : ® — R (not necessarily con-
tinuous). Give F the topology induced by the basis consisting of all subsets
Bg.(f), where f € F, where £ C R is a finite set, and where € > ), and

Be.={g€ F:|g9(z) — f(z)| < vz € E}.

Show that F is a separable (i.e. has a countable dense subset) topological
space.

Qualifying Exam in Topology — September 18, 1992




7. Let (R, 7) be the set of real numbers, equipped with the usual topology,
and let (R, o) be the Sorgenfrey line.

a) Is the set of all rational numbers a retract of 1?

b) Is the set of all integers a retract of the set of all rational numbers?

¢) Is the Sorgenfrey line (R, ¢) a retract of (R, 7)?

d) Is (R, 7) a retract of the Sorgenfrey line?

e) If Ais a retract of X, is 84 a retract of 8X. (BA and X are the
Stone-Cech compactifications of A and X, respectively.)

8. If X is a compact T3 separable space. Is X a quotient of the Stone-
Cech compactification of the rational numbers?

Qualifying Exam in Topology - September 18, 1992
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1. Let F be the set of all functions f : ¥ — R (not necessarily continuous).
Give F the topology induced by the basis consisting of all subsets Bg (f),
where f € F, where E C R is a finite set, and where ¢ > 0, and

Bp.={g € F:|g(z) - f(2)] < &z € E}.

Show that F is a separable (i.e. has a countable dense subset) topolagical
space.

2. Let X = (R,0) be the Sorgenfrey J.:e, ie. the topology on X has the
intervals of the form [r,s) = {z € R : r < z < s} as a basic. Thow that X
is a Ty topological space, but X x X is not 74. In X, let A be the union
of all lines with slope! passing through the y-axis in points with irrational
coordinates. Is A T4?

3. Suppose that (A,c) and (X, 7) are topological spaces. A is seid to be a
retract of X if there is a pair of mappings i : A — X and r : X — A such
that ¢ is an embedding, r is a continuous map, and r o1 = id4. - Let (R, 7)
be the set of real numbers, equipped with the usual topology, and let (R, 0)
be the Sorgenfrey line.

Is the set of all rational numbers a retract of R?

Is the set of all integers a retract of the uct of all rational numbers?

Is the Sorgenfrey line (R,o) a retract of (R, 7)?

Is (R, ) a retract of the Sorgenfrey line?

If Ais a retract of X, is SA a retract of 5X? (SA and SX are the
Stone-Cech compactifications of A and X, respectively.)

e po o




4. If X is a compact 7> separable space. Is X a quotent of the Stone-Cech

5.

compactification of the rational numbers?

Let X be a metwic space, and let 4 : X — Y be a continuous, open map
onto a Hausdorff space Y. Assume that ¢—1(y) i compact for every y € Y.
Show that Y is a metrizable space.

Let X = [0,1] x {0,1] the unit square, equipped with the usual topology.
Define an equivalence relation © omr X by

((‘r’r)a(yss) €0 ﬁ(m,r) = (y,s) or
z=0y=1,r=1-so0r

z=ly=0r=1—as.

Let M = X/O, equipped with the quotient topology. (The space M is also
called the M&bius band.)

a. Show that M is a compact Hausdorff space.

b. Show that M is homotopically equivalent to the circle S, and hence
1!'1(M ) = Z.

c. Let &: S' — M be given by

Aoy - [ 1(24,1)]0 0<¢<1/2
Re) = { [(2¢-1,-1)]0 1/2<4<L

Show that # is a well-defined continuous map. Also, shov that if 7 (sH
and 1 (M) are identified with the integers, then =y (&) : m1(S?) — 71 (M)
is given by m1(¢)(z) = u - z, where u is equal to £2.

As in (6), let M be the Mobius band, and let D = {(z,y) € 2 : 22+y% < 1}
be the closed disk. Let X = M Upp—sp D be the snace obtained by
identifying the boundary circle of M with that of D. Compute the singular
homology erouns H;(X) and Ha(X).



.""Quahfymg Exammatlon : T | _:?j._ . Topology,_Sprmg 1989._']:_ o

Show that. if’ X isa: compact Hausdorff space a:;d if z y € X are. m-;_' _
dlfferent components of X then there is-a separauon X = _U UV withzelU
and'yEV ' L : L T

Quahfymg Exammat:on o o . - : Topology, Sprmg 1989
2. Suppose that X isa subset of §Rz (5]%2 has its usual topoIo y). o
(i) Suppose that both pro_;ecttons 7 (X ),7:'2(};) C §R are connected Need X

- be connected?
(n) If-X is connected necd X \ X be connected too‘? :

: Qoaiifyinﬂ Examinatio:’t o ' ' . I Topology, Sprmcr 1989
3. (a) Deﬁne the terms sequence, subsequence net, and subnet

- (b) Show that not every subnet. of a sequence needs to be a subsequence

(c) Prove that the Stone—Cech compactlﬁcation- of the natural numbers (with
- the discrete topology) has cardinality greater than c.-

Qualifying Examination R Topoloay, Spring 1989

| 4. Let R? have its usual topology A subset A C R s said to have a
| countable local base if there is a countable family of open sets {V1,¥%,...} such

that if V- C R2 is an open set and A C V, then there i isa posmve integer ¢ such
that A C V; C V.

Determme which of the followmc subsets of R2 have countable locat bases

This entails either exhibiting one or showing that one - cannot be found. Let
N = {1, 2, 3 ) :

(D) a compact subset_ of RZ;

(i) N x {0}; -

i) X = {(1/n,0) : n € N}.

Qualifying Examination - _ | B - Topology, Spring 1989

5. Show: f f: X =Y isa contmuous map from a compact metric c space
A into a Hausdorff 3pace Y, then f(X) is metrizable.

' Quahfymg Examination - T - _ Topology, Spring 1989 '

6. Prove or dISpI'OVC‘ Let X bea compact Hausdorff space and let U/, C X

* be a decreasing sequence ‘of open subsets such that ﬂ0< T = {1:0} Then o

(Up)n is a nelghborhood basis at ’L’g



Qmmvmo Examination o a ' . Topolo A Sprmﬂ 1989

7 Let C’ ‘oe the: Cantor set

{a) Let X be atotally dlsconnected compact Hausdorff %pace andlet 4 C X
be a closed subspace of X. Show that if I/ C A is open and closed in A4, then
there 1s an open and closed subset V C X such that U = V' N A

(b) Show that for every totally disconnected, compact Hausdorff space X,
every closed subset 4 C X and every continuous map ¢ : A — (' there is a
continuous extension ¥ : X — C' such that ¥, = ¢ '

(cy Conclude that if v : ¢ — X is an embedding. of C into a totally
disconnected compact Hausdorff space X then there is a retraction p : X — C'
such that p o ¢ = ide.

(d) Show that the dual of (b) is not true: If p : X — C is a continuous
surjection, then there is not necessanly an embeddmﬂ ¢+ €' — X such that .
potr = idg. : '

Qualifying._Exa.rmnation ' o R - : " Topology, - Spring 1989
8. (a)-Show that the unit interval [0,1] has the fixed point property (i.e. for'
every continuous f : [0,1} - {0,1]} there is a point = € [0, 1] with f(2) = ).

(b) Show that the “letter T” has the fixed point property. The “letter T” is
defined as T = [0,1] x {0} U {1/2} x [0,1] C R

Qualifying Examination _ Topology, Spring 1989

9. Let f,9: X — Y x Z be two continuous maps, and let 71 : ¥ X Z —» } '
and m : Y % Z -+ Z be the projection maps. Show that § is homotoplc to g if
and only if 7; o f is homotopic to ; o g fori=1,2

Quniifyinc Examination ' Topology, Spring 1939

10. Compute the first fundamental group of (a) the torus S x S5, and (b)
the MOGbIU.S band.
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