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1. INTRODUCTION

This paper presents what is in a sense a solution of—or at least decisive
progress on—two longstanding problems on infinite-dimensional represen-
tations of algebras, namely, the problems of determining the irreducible
representations of the Lie algebra sI(2) and of the Weyl algebra U,.

These problems had been regarded as hopeless. Indeed, let g be any (finite-
dimensional) nonabelian Lie algebra over the complex numbers C, and
consider (algebraically) irreducible representations of g (or equivalently of
the enveloping algebra Ug) acting on a vector space which is allowed to be
infinite dimensional. The subject of enveloping algebras is largely concerned
with these representations, but even in the simplest nonabelian case, with
a=0 the three-dimensional (nilpotent) Heisenberg algebra, as Dixmier
remarks in the preface of [15], “a deeper study reveals the existence of an
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enormous number of irreducible representations of b . ... It seems that these
representations defy classification. A similar phenomenon exists for
g = sl(2), and most certainly for all nonabelian Lie algebras.” The extensive
work in the subject has concentrated on the classification of the kernels, that
is, the primitive ideals of Ug, and the construction of interesting series of the
representations.

The present paper considers the problem of the classification of the
irreducible representations of h and of sl(2) and also of the two-dimensional
nonabelian Lie algebra b, and thus of the prototypes respectively of
nilpotent, semisimple and solvable Lie algebras. Qur results for sl(2) are
roughly this: the simple modules are (up to isomorphism) the highest weight
modules, the Whittaker modules, and a family of (mutually nonisomorphic)
modules (mostly new) which we construct. The modules in the latter family
are in bijective correspondence to the set of all pairs (y, [b]), where y is a
scalar (given by the action of the Casimir element ¢) and [b] is a similarity
class (containing b) of irreducible elements of the algebra B of differential
operators with rational function coefficients. The simple module for a given
(7, [b]) is constructed by giving, in the simple B-module B/Bb, a generator
for a simple submodule over a certain copy of Usl(2)/(c — y) in B; actually,
we give a sufficient condition for an element of B/Bb to be in this
submodule, and show how to find (nonzero) elements satisfying this
condition. In the case of elements (necessarily irreducible) of B of degree
(that is, order) one, where the set of similarity classes has a very simple
description, we carry out explicitly the construction of the corresponding
simple sl(2)-modules (as specific subsets of C(g)).

The same classification problem is also considered for the (first) Weyl
algebra U =AU (C)—this is the associative algebra Clg, p] with two
generators p, ¢ subject to the relation pg — gp = 1, which may be realized as
the algebra of differential operators with polynomial coefficients. As is well
known, the classification problems for § and for U are equivalent, since the
primitive quotients of U are Uh/Ub(z — a) (where 0+ z € center of h and
a€C), and Uh/Uh(z —a) = U if a # 0. Our result for A is similar to that
indicated above for s{(2). Our result for b is somewhat more complicated in
that only a subset (which we determine) of the set of similarity classes of
irreducible elements of B is used in the parameter set. The results of previous
studies of the irreducible modules over U (including [5, 6, 12-14, 24}]) and
over sl(2) (including [2—4, 23, 25, 26]) are fragmentary, and the study of the
irreducible modules over b does not seem to have been undertaken before.

The algebra B mentioned above may be written as B = B(C)=C(q)[ p|,
the associative algebra of polynomials in p (= d/dz) with coefTicients in C(g)
(where g = multiplication by z) subject again to the relation pg —gp=1;
thus B is the localization of U at S =C|[g] — {0}. While both B and its
subalgebra U are simple rings, B has the added property that it is a principal
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left (or right) ideal domain (in fact Euclidean). By a classical theory the
representations of B can be described in terms of factorization of elements of
B. We recall [18] that a B-module M is simple if and only if M = B/Bb for
some b € B which is irreducible (in the usual sense: b = ac implies a or ¢ is
a unit); and B/Bb >~ B/Ba if and only if @ and b are similar, that is, there
exists ¢ € B such that 1 is a greatest common right divisor of b and ¢ and ac
is a least common left multiple of » and ¢ (similar is a noncommutative
generalization of associate).

For any algebra 4 we denote by A~ the set of isomorphism classes of
simple A-modules. Thus we may identify B with the set of similarity classes
of irreducible elements of B, with the isomorphism class [N] of a simple
module N identified with the similarity class [5] where for some 0 #n € N, b
is a minimal annihilator of n (= annihilator of n of lowest degree (in p), such
b necessarily being irreducible).

We now describe in more detail our principal results for 4~ for the three
main cases mentioned above, namely, for 4 = U, 4 = Ub and 4 = Usl(2). In
each case we shall give a parameter set (described in terms of B") in
bijective correspondence with 4”, and for each element of the parameter set
we shall construct a simple module in the corresponding isomorphism class.
In this introduction we state our main results over C; in the body of the
paper the results are done over an arbitrary base field of characteristic 0. For
A", we take B~ U C as the parameter set. If N is a simple B-module then the
socle Socy N (=sum of the simple U-submodules of N) is simple (see
Section 2.2), and to [N] we make correspond [Socy N]. To a € C we make
correspond the U-module C[p] with p acting as multiplication and g as
a — d/dp; we denote this module by (C[p], @). The modules (C|p], @) are
(up to isomorphism) precisely the simple U-modules which are S-torsion
(S =C|g] — {0}), or equivalently, for which g has an eigenvector.

Returning to the S-torsionfree simple fA-modules Socy N, we now have to
construct these modules, that is, actually find SocyB/Bb for bEB
irreducible, say by determining a generator. To this end we regard b as a
differential operator. For each (finite) singular point a (if any) of b we
consider the indicial equation @, ,(£) = 0 relative to a (the same polynomial
equation used in discussing expansions about a of solutions of the
differential equation bw=0). Let 6,(b) be the least integral indicial root
(relative to a), with @,(b) = +oo if there is no integral root. Note that given
b and a, 6,(b) is computable. For s €S and f € C we denote by v;(s) the
order of s at 8. We now give our recipe for constructing S-torsionfree simple
A-modules, which gives every such module.

THEOREM 1. Let b €B be irreducible and pick s € S such that v,(s) >
—8,,(b) for every singularity a of b. Then (Us + Bb)/Bb is a simple U-module
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(= Socy B/Bb). Up to isomorphism every S-torsionfree simple U-module
arises in this way, and from a b which is unique up to similarity.

This theorem appears as a special case of Theorem 4.4 below. As
remarked above, the remaining simple U-modules are easily described: 4™ (S-
torsion) = {[(C[ p], @)] | @ € C}. (Here and throughout the paper we use the
following notation: if 4 is an algebra and .#° is an isomorphism-invariant
property of simple A-modules, then 4™ ()= {{[M] € A" | M has property
1.

This result is illustrated in Section 7.1 by giving the complete list of simple
A-modules of degree one, that is, for which some nonzero element is
annihilated by some element of the form b, p + b, where b,, b, € C[q] (but ¢
has no eigenvector). The modules are the subrings Clg,(g—a,)™" -
(g—a;)" "] of C(g) with j >0, a,,..., @; € C, g acting as multiplication and p
as t+d/dq, where t € K(q) with poles a,,..,a; and with no simple pole
having an integral residue; two such modules are isomorphic if and only if
the respective ¢ differ by the logarithmic derivative of some f& C(g) — {0}
(thus the modules are parameterized by C(g) modulo the additive subgroup
generated by {(g—a)”'|a € C}).

Let b be the two-dimensional nonabelian Lie algebra, realized as the Borel
subalgebra Ch + Ce of sl(2), so that [h,e] =2e. We denote by p the
homomorphism of Ub to U (or B) with ph=2gp and pe=gq. Then p is
injective, and so Ub may be identified with pUb; in particular then S < Ub.
Again the study of Ub splits into two parts: Ub~ (S-torsion) (which is easy)
and Ub~ (S-torsionfree). An S-torsionfree simple Ub-module M localizes to a
simple B-module, but unlike the case of ¥, it is not true that every simple B-
module contains a simple Ub-submodule. We must determine for precisely
which [b] is Soc,,B/Bb nonzero (it is then simple), and for such [b] we
must describe the socle. In doing this we shall again make use of the indicial
equations relative to the singular points of 5. The condition on the coef-
ficients of b in the following theorem is equivalent to the condition that O is a
singularity of b at which the indicial polynomial has degree zero.

THEOREM 2. Let b=),b(q)p’EB  be  irreducible.  Then
Soc,B/Bb+#0 if and only if by(q)# 0 and, for all j> 0, the rational
Junction b(q)/by(q) has a zero at O of order at least j+ 1. Suppose this
condition holds, and pick s € S such that v (s) > —0,(b) for every singularity
a+0 of b. Then (Ubs + Bb)/Bb is a simple Ub-module (= Soc,B/Bb). Up
to isomorphism every S-torsionfree simple Ub-module arises in this way, and
JSrom a b which is unique up to similarity.

This theorem is included in Theorem 6.2. The theorem gives Ub~ (e has no
eigenvector). Again it is easy to describe the remaining simple Ub-modules
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(this is included in Proposition 6.1): they are the modules induced from one-
dimensional nontrivial modules for the subalgebra Ce, and the one-
dimensional modules. Alternatively these modules may be described as the
restrictions to b of the simple Whittaker modules for sl(2) (see below),
together with the one-dimensional modules, realized, say, as b-submodules of
the highest weight modules over sl(2).

The Weyl algebra U and Ub may each be regarded as a skew-polynomial
ring. Thus each consists of polynomials in x with coefficients in C|g] and
with xf'— fx = df for f € C[q], where @ is the derivation d/dg (and x = p) for
U, and @ = q(d/dq) (and x = gp) for Ub. Theorems 1 and 2 suggest that there
should be a common generalization, which at the other extreme should
include the commutative case—where 6 =0 and there are no S-torsionfree
simple modules. We give such a result in Theorem 4.4, in fact with C[q]
replaced by an arbitrary Dedekind domain R and with & any derivation of R.
The d-invariant prime ideals of R play a role analogous to that of the prime
g in Theorem 2, and for the remaining prime ideals we use a generalization
of indicial polynomials defined in Section 3. The commutative case, where S-
torsionfree simple modules correspond to maximal ideals contracting to 0, is
given in Corollary 4.5.

We turn now to the case of Usl(2), using a family of embeddings (due to
Conze [11]) of sI(2) in A. (For sl(2,R) we shall need another family of
embeddings o, in B, introduced in Section 5.2). Let s =sl(2, C) with the
usual basis e, f; A, and for 1 € C, let p, be the homomorphism of Us to A (or
B) determined by p,e=gq, p,h=2qp+A+ 1, p,f=—(gp+ 1+ 1)p. Also
let ¢ denote the Casimir element 4fe + h* + 2h of Us. For every simple Us-
module, ¢ acts as a scalar. The kernel of p, is Us(c — 4% + 1), and the ideals
Us(c —y) (y € C) are precisely the minimal primitive ideals of Us (the only
other primitive ideals of Us being those of finite codimension n%, n = 1, 2,...).

THEOREM 3. Suppose A € C and u € Us such that p,u is irreducible in
B. Pick s € S such that v(s) > —0,(p,u) for every singularity a of p,u and
vo(8) = —84(p_,u) if O is a singularity of p_,u. Then ((p,Us)s +
Bp,u)/Bp,u is a simple p, Us-module (= Soc, ,B/Bp,u). Let its pullback
along p, be denoted by M(u, A’ — 1) (which is thus a simple Us-module with
¢ acting as A* — 1). Every simple Us-module for which e has no eigenvector
is isomorphic to some M(u,A* — 1), and M(u, A> — 1) =M(u,,A} — 1) if and
only if A*= A} and p,u is similar to p,u,.

This theorem is included in Theorem 5.5. Again the remaining simple Us-
modules (that is, those for which e has an eigenvector) are easily described:
they are the well-known highest weight modules, and the simple Whittaker
modules of Kostant [21] (these being modules for which e has a nonzero
eigenvalue); this is incfuded in Proposition 5.3. (It is interesting that these
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modules, like the Cle|-torsionfree Us-modules, arise by puliback along an
appropriate p, from the p, Us-socle of a simple U-module; specifically, for
the Whittaker modules, from the (C| p], @), @ # 0, and for the highest weight
modules, from (C| p], 0)). A more intrinsic (not involving p,) description of
the modules M(u, 1> — 1) is given in Section 5.4.

As is the case for U, the result of Theorem 3 is also illustrated in Section 7
by giving the complete list of simple Us-modules of degree one, that is, for
which some nonzero element is annihilated by some b,(e)h + by(e), where
b,,b,EK|e] (but e has no eigenvector). The modules are explicitly
constructed there as certain specific subsets of C(g). In particular this gives a
new description of the simple Harish—-Chandra modules over s (with respect
to Ch).

THEOREM 4. Suppose M is a simple Us-module but not a highest weight
module. Then the following are equivalent: (i) M contains a simple Ub-
submodule; (ii) M is simple as a Ub-module; (iii) some (respectively, (iv)
every) mE€ M — |0} is annihilated by some element of the form eu+ 1,
u € Ub. Moreover, every simple Ub-module of dimension >1 arises in this
way.

This result is contained in Theorem 6.4. It may be regarded as a beginning
of an internal analysis of the simple Us-modules having no eigenvector for e.

Irreducibility and similarity of elements of B are concepts in differential
algebra, going back to Frobenius and Poincaré. Kolchin {20] proved that
b € B is irreducible if and only if its differential Galois group (an algebraic
group) is irreducible. Picard [29, Chap. 17], gave a procedure for deter-
mining whether or not a given b € B is irreducible. More recently, some
examples of irreducible elements were given in [5, 6, 22, 24]. The ring B is a
unique factorization domain, where the uniqueness of the irreducible factors
is up to (order and) similarity [18, 28]. There remains the problem of
obtaining a better description of the similarity classes of irreducible elements
of B of degree >2. The methods of the present paper have some bearing on
this question, as will be shown elsewhere.

Throughout the paper K denotes a field of characteristic 0, and K its
algebraic closure. The reader primarily interested in Lie algebras is advised,
on first reading, to make the following assumptions: the base field X is
algebraically closed, B =B(K), S = K[g] — {0}, and 4 is one of A(K), pUD,
p,Us (AEK) or 6Us (y€EK) where s=5sl(2,K) and g, is defined in
Section 5.2. Thus B is the localization S~ '4.

In |8, 9] some of the results of the present paper (for the case K
algebraically closed) were announced, without proof (with one exception in
[9]). I would like to thank Anthony Joseph for contributing a major
simplification to the proof for .
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2. LoCALIZATIONS

2.1. We begin by recalling some definitions and facts about
localizations of noncommutative rings (see [10, pp. 13-16]). Let 4 be a ring
with 1 and § a multiplicative subset of A4 containing 1. By a (left)
localization of A at S is meant a ring B = S~ 'A containing 4 as a subring
such that every s €S is invertible in B and B={s"'a|s€ S,a€4}. A
localization of A at § exists if and only if S contains no zero divisor of A
and satisfies the (left) Ore condition: for each pair (5,a)E S X 4, AsM
Sa+ @. The ring B is unique up to isomorphism. If 4 also has a right
localization at .S then the two localizations can be identified with each other,
giving a two-sided localization at S. Suppose B = S~ '4 exists and M is an
A-module. A localization S~'M can be constructed analogously to the
construction of $~'4; $~'M is a B-module which is canonically isomorphic
to the induced module B ®,M. The canonical map ¢: M-S~ 'M
(pm=1® m if S~'M is identified with B ® , M) is injective if and only if M
is S-torsionfree (that is, sm =0 implies m=0). The mapping of B-
submodules of S~'M to submodules of M given by N+ ¢~ '(N) is injective
and has as its image the set of submodules L of M for which M/L is S-
torsionfree. Suppose M is a left ideal of 4, considered as an 4-module
M = ,M; then the localization S~'M is canonically identified with {s™'m |
S E S, m € M}, a left ideal of B. In particular if M= ,4 then S"'M =B, ¢
is the inclusion map, and if N is a left ideal of B then ¢"'N=A4 NN and
S~'(A NN)=N. Thus the map Ni— A4 NN of the set of left ideals of B to
the set of left ideals of 4 is injective, and its image consists of those J for
which 4/J is S-torsionfree. In particular, for any left ideal I of A there is a
unique smallest left ideal J of A such that J contains I and A/J is S-
torsionfree; moreover J=A NS~ Y. For future reference the following
lemma singles out a special case of this.

LEMMA 2.1. Suppose that B is a localization of A at S, J is a maximal
left ideal of A, and A/J is S-torsionfree. Then J is the intersection with A of a
maximal left ideal (namely, S~'J) of B.

If A has a localization at S then it follows from the Ore condition that the
set {mE€M|sm=0 for some s € S} of S-torsion elements of an A-module
M is a submodule, the S-torsion submodule. In particular, if M is simple,
then M is either S-torsionfree or an S-torsion module.

2.2. Suppose 4 has a localization B=S"'4 at §. If M is an §-
torsionfree simple A-module, then S~ 'M is a simple B-module. Hence we
have a canonical map, which we also denote by S,

S-1: [M] > [S~'M]

from 4~ (S-torsionfree) to B”.
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If M is S-torsionfree we shall identify M with its image in §~'M. Then M
is an essential submodule of ,(S~'M), that is, every nonzero submodule
intersects it.

LEMMA 2.2.1. Suppose B=S"'A. The canonical map S™': A" (S-
torsionfree) - B~ is injective and has as its image the set of classes [N for
which Soc, N # 0. In particular, if N is a simple B-module and ,N contains
a simple submodule N' then N' is essential (hence unique) and N =S~ 'N'.

Proof. Suppose M, and M, are S-torsionfree simple A-modules and
S~!M,=S"'M,. Then M, is an essential simple submodule of ,(S~'M,)
(f=1,2). Such a submodule is unique and so is preserved by the
isomorphism S~!'M,— S~'M,. Hence M,~M, and therefore S~' is
injective. Now suppose N is a simple B-module and ,N contains a simple
submodule N’. Then S~!N’ is a simple B-module. By a universal mapping
property the inclusion map N’ - N extends to a B-map of S~'N’ to N. This
latter map is an isomorphism since both N and S~ 'N’ are simple. Hence
[N]=S"'[N'] and N', being essential in S~ 'N’, is also essential in N.

Q.E.D.

As we shall see in Theorems 4.4 and 5.5, if A=W or p, Usl(2) and B=B
then the above canonical injection is surjective, that is, any simple B-module
N contains a simple 4-submodule (=Soc, N); our approach will yield much
more, namely, we shall determine elements of Soc,N, and thus a
construction of it. This close relationship of B~ and 4™ (S-torsionfree) was
unexpected; however, it is possible to give an easy, but nonconstructive,
proof of the surjectivity, that is, of the mere existence of the simple A-
submodule of N, as follows. For this purpose we use some invariants
& (L, 0), Z(L, ©), d(L), defined in [4], of a left ideal L # 0 of a primitive
quotient 4 = Usl(2)/(c — y) of Usl(2). The &/ (L, ), #(L, o) are certain
nonzero ideals of polynomials in one indeterminate, and d(L) € Z. They
satisfy the property that if M is another left ideal with L =M then
(L, 0)S (M, x0), LL,0)SPM o), and d(L)>dM); in
[4,Prop. 2] it is proved that if, moreover, (L, ®)=.(M, o),
L(L, 0)= B (M, ), d(L)=d(M), and A4 is simple then L = M. If 4 is not
simple then the proof of [4, Prop.2] gives instead the conclusion that
dim, M/L < oo.

LEmMMA 2.2.2. Suppose A =U or a primitive quotient of Usl(2). If 0«1
is a left ideal of A then A/I has finite length.

Proof. If A= (respectively, a simple quotient of Usi(2)) this was
proved in [27, 14] (resp. [4]). Now let A be a nonsimple primitive quotient
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of Usl(2). Thus 4 contains a unique proper ideal J of finite codimension. As
A in Noetherian it suffices to prove that 4/I contains a minimal submodule.
Suppose it does not. Then there exists a strictly descending chain {L} of left
ideals I and having intersection I, the chain being indexed by the ordinals
less than some given ordinal. The (L, ), #(L,,®), and d(L,)
become stationary since they are bounded respectively below by (I, o),
Z(I, ) and above by d(I). Hence there is an w such that dim,L /L, < o
and anmnL /L, =J for all @' > w. Therefore JL, < (), 5,L, =1 But
then any cyclic submodule of L, /I is annihilated by J and hence is finite
dimensional, and so contains a minimal submodule, a contradiction. Q.E.D.

COROLLARY 2.2. Suppose A= or p,Usl(2). Then every simple B-
module N and every simple U-module M contain a simple A-submadule. In
particular, for this A (with S =K|q]— {0}) the canonical injection S~":
A"(S-torsionfree) -+ B” is surjective.

Proof. If 0 %n € N then anngn # 0 and hence I = ann,n # 0. Therefore
the A-module An= A/I contains a simple submodule. A similar argument
works for M, using S™'A=S"'% when M is S-torsionfree, and using
0 +# anngm) N S € A when M is S-torsion. Q.E.D.

The algebra 4 = K[q, gp] U (thus A = pUb) is an example for which the
above conclusions fail (this follows from Corollary 4.4.1 below).

2.3. Suppose B =S"'4. By Lemma 2.1, any S-torsionfree simple 4-
module is isomorphic to 4/4 M L for some maximal left ideal L of B. Given
a maximal left ideal L of B, A/4 N L is S-torsionfree. When is it simple?
The following lemma gives a sufficient condition.

LEMMA 2.3. Suppose B=S"'A, L is a maximal left ideal of B, and for
every simple S-torsion A-module M there exists an element of A\ L acting
injectively on M. Then the left ideal AN L of A is maximal.

Proof. Let J be a maximal left ideal of A containing A N L. If 4/J is S-
torsionfree then, by Lemma 2.1, $™'J is a maximal left ideal of B, J=
ANS U24NL, SVJ2L, and hence S~'V=L, and J=AN L. Now
suppose A/J is not S-torsionfree. Then a acts injectively on A/J for some
a€ANL. But for the coset 1 +J€A4/J, a(l1+J)=0 since ANLCJ, a
contradiction. Q.E.D.

2.4. Suppose B is a principal left ideal domain which is not a
division ring. Then the maximal left ideals of B are precisely those left ideals



78 RICHARD E. BLOCK

Bb for which b is irreducible. If N is a simple B-module and 0+ n € N, then
the annihilator anngn of n in B is a maximal left ideal of B, hence of the
form Bb, b irreducible. We call b a minimal annihilator of n; it is uniquely
determined up to left multiplication by a unit of B. Thus an irreducible
element of B is an annihilator of n if and only if it is a minimal annihilator
of n. If also 0 n’ € N then N =~ B/ann, n = B/ann, n’, and so any minimal
annihilator of n’ is similar to 4. Conversely, if @ € B is similar to b, say with
ad a least common left multiple (l.c.l.m.) of d and b and with 1 a g.c.r.d. of d
and b, then d & Bb, dn+ 0, and a is a minimal annihilator of dn. We write
minann N={bE B|3n &€ N — {0} such that b is a minimal annihilator of
n} and summarize as follows,

LemMa 2.4.1. Suppose B is a principal left ideal domain which is not a
division ring, and N is a simple B-module. Then min ann N is a similarity
class of irreducible elements of B, and the map of B  to the set of similarity
classes of irreducible elements of B, [N]+ min ann N, is a bijection (with
inverse [b] — [B/Bb|).

In certain cases when B=S"'4 we shall be able to classify 4 (S-
torsionfree). The following criterion allows us to recognize which
isomorphism class a given A-module belongs to.

Lemma 2.4.2. Suppose B = S~ 'A is a principal left ideal domain, M is a
simple S-torsionfree A-module, a € A is irreducible in B and annihilates
some nonzero element of M. Then M = Soc, B/Ba.

Proof. We have M =Soc,S 'M. Since a is irreducible and an
annihilator, a € min ann S ~'M. Therefore S~ 'M = B/Ba. Q.E.D.

3. INDICIAL POLYNOMIALS

3.1. In this chapter we develop some machinery which will be used
later in applying Lemma 2.3. The special cases of principal concern are those
for which 4 = U (the Weyl algebra) or its subalgebra K|[g, gp], and B is their
common localization B = K(g)| p].

Let R be a commutative domain, & a derivation of R, and 4 = R|x|, the
corresponding skew-polynomial ring (or differential operator ring) in one
variable x, that is, 4 = R ®, Z[x] (as a Z-module) with multiplication deter-
mined by xr = rx + dr (r € R), where r, dr and x also denote the images of
these elements under the canonical maps of R and Z[x] into A4 (this is a
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special case of the smash product or semidirect product construction [31]).
Thus 4 = A(K) when R =K|q], =d/dg, and p=x. We also write § for
R— {0} and let T be the quotient field of R, that is, T=S"'R. The
derivation 0 extends uniquely to a derivation of T, also denoted 8. We shall
denote by B the ring T[x],; thus B =S4, and if R = K|[q], & = d/dq and
P =Xx then B =B(K).

Throughout this and the next chapter (except in Section 4.5) we make the
following assumptions: prime ideal means nonzero prime ideal, and

R is a Dedekind domain, & is a derivation of R (hence also
of the quotient field T), R/P has characteristic O for every (3.1.1)
prime ideal P of R such that P £ P, A = R|x],, B = T[x],.

(In our principal applications the hypothesis on characteristic O could be
strengthened to: R contains Q).

Suppose P is a prime ideal of R; let v, denote the valuation of T
corresponding to P, that is, if r € P' — P'*! then v,r = i. The localization R,
is the valuation ring {t € T'|v,t > 0} of v,; its unique maximal ideal is PR,.
Trusting that there will be no confusion with localization, we denote by K,
the residue class field R,/PR, (which may be identified with R/P) and by 7,
the canonical map of R, to K, (that is, with the above identification, 7, is
the canonical map of R to R/P). If a base field X is given then K is identified
with a subfield of K,. In particular, if R =K[g] and P=(g), where g is
monic irreducible then we write v, =v,, K, =K, and 7, =17,. In this case
K,, identified with K|q]/(g), equals K(a) where a, the image of g, is a root
of g. If g is linear, say g = ¢ — a, then 7,: K[g] > K is evaluation at a.

We extend v, to a function on B, also denoted by v,, as follows: if
b=Y bx'€ B then

vob=min{ve(b)—i|i>0} if SPLP, (3.1.2)
vpb = min{v,(b,) | i >0} if oPCP. (3.1.3)

Lemma 3.1.  For any prime ideal P of R, v, is a valuation on B.

Proof. We must show (i) v(a + b) > min{va, vb}, (ii) v(ab) =va + vb
(where v denotes v,). We omit the (routine) proof of (i). For (ii) we have

b= ax Y bxt=Ya I (JI) (@'b,) '+

Lk 0gI<)

=35 3 (1)@ b (.14)

i f o<m<iyd

607/39/1-6
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Write 6 =0 or 1 accordingly as P < P or not. Then v(dt) > —d + vt for
t €R and hence also for ¢t € T. Suppose that v, w are the largest integers
such that va = va, — v, vb = vb,, — dw. We have

vad’ =",y > va + 8 + vb + (i — m) — 6(j — m) = va + vb + di.

Consider the coefficient of x’ in (3.1.4) when i = v + w. Then the inequality
just above is strict in each of the following cases: j > v; j < v (then i —m >
i—j>i—v=w); and m<j=v (then i—m>i—j=i—v=w). In the
remaining case, j = v = m, the inequality becomes an equality. Therefore
v(ab), =va + vb + oi when i=v + w. Q.E.D.

Actually the definition of v, in (3.1.2) gives a valuation even if 6P < P,
but we shall not use this.

3.2. Suppose P is a non-d-invariant prime ideal of R. Then there
exists g € P — P? such that dg & P. If also g’ € P — P? then g’ = ug, where u
is a unit of R, and v, g’ = v,(u 9g + (9u) g) = 0 since 0 = v, u dg < v,(u)g.
Therefore for every g€ P— P?, og& P. Now pick g€ P— P For b=
Y b;x/ € B we define a polynomial Q, = 0,(§) = @5, 5(£) € Kp[¢] by

Qp o= np{g P b0y EE—1) - E—j+1) (3.21)

j>0

(=0 if b=0). We call this the indicial polynomial of b relative to P, g (or at
P, g). Note that the evaluation of #, in the jth term of (3.2.1) makes sense
since

v,,(bj(ag)i) = Vpbj + jvp(0g) = Vpbj 2vpb+ ) (3.2.2)

There is an index j for which (3.2.2) is an equality; if k is the highest such
J then Q,(&) has degree k. In particular, if b # 0 then @, # 0.

If B=9%B(K) and g =¢ — a (a € K) we may, without danger of confusion,
write Q, , in place of @, ., and call Q, , the indicial polynomial of b
relative to a (or at a); recall that in this case #, is evaluation at a. In
particular suppose K =C and a € C; then a is a singular point of b
(regarded as the differential operator }"¥_, b,(q)d/dq of order k) if and only
if a is a pole of some b;(q)/b,(q). In this case the equation Q, ,(£) =0 can
be seen to coincide with the indicial equation relative to the singularity a
considered classically in expanding solutions of the differential equation
bu =0 about a; the case of a regular singular point a is precisely that for
which degree Q, ,(&) = k. (Classically one does not consider the indicial
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equation at an ordinary point; our definition makes the indicial polynomial
there a nonzero constant times &(¢—1)-.- ({— (k— 1)), which has the
appropriate roots.)

We define Q,, » to be the monic polynomial obtained by dividing Q, , , by
its leading coefficient (3, , =0 if Q,, ,=0). We call @, , the normalized
indicial polynomial of b relative to P.

LEMMA 3.2. The polynomial Q, , is independent of the choice of g. If R'
is a Dedekind domain containing R with derivation extending o, P’ a prime
ideal of R', P’ R =P, and vp. |y = v, (that is, the ramification index is 1),
then Qpp=0p 4. In particular, if B=B(K), gEK [q] is irreducible and a
is a root of g in K, then Q_(;) »=0(4_a)., Where on the right side b is
regarded as an element of B(K).

Proof. Suppose g' € P — P%. As before, g’ = ug, where u€ R, (and so
also ou € R,) and v,u = 0. Hence

(@(ug)Y = (u(98) + (9u) g = /(9g) mod PR,.
It follows from (3.2.1) that
QP,ug,b = "P(u_vpb) QP,g,b’
which gives the first statement. For the second statement we may use the
same g, since g € P’ — P'?; the statement then follows from the fact that #,.
extends 7,, where K, is canonically identified as a subfield of K,,. Q.E.D.

3.3. In this section we shall use the hypothesis

Pis aprime ideal of R,0P £ P, g€ P — PL. (3.3.1)

We can regard T as a B-module, with action written b - ¢, where x - t = o¢
and ¢, - t=t,t (t, 1, ET).

LemMA 3.3.1. Suppose (3.3.1) holds, 0+ b€ B, and 0#t€E€ T. Then,
for the B-action on T, there exists t, € R, such that

g7"?b - t=1t, Nty = Qp gs(Vpt)

Proof. Write b=Y,b,x' (b;ET), vb=vpb, k=v,t. Then ¢t = g*t, where
vpt, =0 (and so in particular &1, € R, for all j > 0). We have
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x.gty=k(k—1)--- (k—j+1)g*(0gy t,mod g*~*'R,,

g7 t=lgty+ N k(k—1)-- (k—j+ 1)) bg™" '} 1,

J

where

gt3t e E g—vbbjgk~j+lRPg gk+1RP
J

and so ¢, € R,. Denoting by ¢, the coefficient of ¢ on the right side above, we
have 1, € Ry and 1,t, = Qp , ,(K). Q.E.D.

LEmMMA 3.3.2. Suppose (3.3.1) holds and a, b € B. Then

0r.5.a6(6) = Qp ,a(¢ + V5 5) Op . 5(E). (3.3.2)

Proof. We may assume O+ a, b. There exist infinitely many negative
integers k such that kK <—vb (v =v,) and 0 # Qu(k) (= Qp, (k). Since the
Q’s are polynomials, it suffices to prove the formula with & specialized to
such k. By Lemma3.3.1, g~ - g*=1,g* where v, >0 and n,t,=
Q,(k)#0 and hence vt,=0. Again by Lemma3.3.1, g "% . gk**%, =
1,8, where vt,>0 and #,t,=Q,(k+vb), and similarly for
g "“Pap. gk=1,, g Then

v(ab) k + vbt
b

tip 8 =g "“agg " gt=¢ g™ g

— g-ubgk+ vbta tb'
Therefore ¢, =t,t, and

Qas(k) = tptap = (Mp1)Npts) = Qulk + vb) @, (k). Q.E.D.

3.4. We shall call the roots of @, , ,({) the indicial roots of b relative
fo P (this being independent of g); if B = B(K) and P = (g — a) we shall also
call them the indicial roots of b relative to a (in differential equations these
are also called exponents).

Suppose b€ B. If P is a non-¢-invariant prime ideal of R, we shall say
that b is preserving relative to P (or at a, if P= (g —a)) if there is no
negative integer indicial root relative to P. We shall also say that b is
preserving if it is preserving relative to P for every non-d-invariant prime P.
What it is that b preserves will be seen in Lemma 4.2, below.

When B =B(C), the property of b being preserving at a automatically
holds at any ordinary point (since our definition implies that the indicial
roots there are 0, 1,..., k — 1), while at one of the (finitely many) singular
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points the property is computable (that is, only finitely many negative
integers need to be checked as potential roots). :

In the general case, if b= b;x' € B of degree k >0, we define the
special primes of b to be the non-¢-invariant prime ideals P for which v,b =
vpb; — i for some i < k (that is, vpb, — k > v, b, — i for some i < k). For such
a P, th, € P for every t € T such that tb € A4, since if th € 4 then

Vethy=vpt +vpby 2 vpt +vp b —i+ k> 0.

Hence b has only finitely many special primes. If P is a non-d-invariant prime
which is not a special prime of b then b is preserving relative to P, since in
this case v,b +j=vpb, —k +j <v,b, for all j < k and so

Qpes=1p{8 " b (00)} EE—1) - E— K+ 1)

has no root in Z~. Hence the property of b being preserving depends on only
finitely many primes. Also it obvious (either from the definition of Q,, or
Lemma 3.3.2) that if 0 #¢ € T then b is preserving relative to P if and only
th is.

LEMMA 3.4. Suppose 0+#d,,..,d; € B. Then there exists s€ S such
that, for i=\,.., j,d;s™" is preserving. More precisely, let {P,,..,P,} be
those prime ideals which are a special prime of at least one of d, ..., d;, and
let g€ P,— P} (I=1,..., k). Also take v € N with v > v, for every v, € Z*
(if any) such that —v, is a root of some Q(P,,d,). Then for i=1,.., ],
dg, - g)~" is preserving.

Proof. Set s=(g,-- &)" Suppose wE Z~. For each non-g-invariant
prime ideal P and g € P — P2, by Lemma 3.3.2 we have

Q(P, g, d;s~)(w)=Q(P, & d)(W + vps~") Q(P, & s~ (W),

which we must show is nonzero. We have Q(P, g, s~ ') is a nonzero scalar, If
PE{P,,.,P;} then w+vs'l=w—vp s w—v<—v and s0
QP, g, d)w+vps~)#0.If P& {P,,..., P,} then w + v,57' € Z~ so again
Q(P, g, d)w +v,s~')# 0 since in this case, by the remark above, d, is
preserving relative to the nonspecial prime P. Q.E.D.

3.5. The ring B = B(K) (as with more general B) can be written as
T[x], in more than one way, even with the same T = K(g). For example,
B = K(9)| Plyu, = K(@)aPloqan- Suppose g € K{q] is monic irreducible.
The definitions of v,, Q, 5 (= Q,,.») and preserving (relative to g) depend
on the particular expression of 8. For example, the prime (q) of K[q] is &
invariant with respect to B = K(q)[gp],q4q but not with respect to B =
K(q)[ P)ya,- When necessary for clarity in a statement we shall designate the
expression of B with respect to which the definitions are taken.
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LEMMA 3.5. Suppose BEK, b=Y aqp+B)EB where a,€ K(q),
g € K[q] is monic irreducible, and v, and Q, , are defined with respect to

B =K(q)[Plyae- Then if g=gq,

v,b=min{v,a,}, (3.5.1)
0,5 = ; g~ ?a, )& + BY, (3.5.2)
while if g # q then
v,b=min{v,a, — i}, (3.5.3)
Q,.s(8) = ; nel g~/ (dg/dgy da;} EE—1) - (E—j+ 1), (3.5.4)

Progf. Forany k,jEN,j<k, there are scalars a,;, with a,q =0if k>0
and with a,, = 1, such that
k . .
(qp)k = Z ayq'r;

j=

this can be seen by induction (in fact, the a,; are the Stirling numbers of the
second kind). Hence

Loy .
bj=2 > (k )ﬂ“"ak,-a,-tf. (3.5.5)
i>j k=j

Write v=v, and let / be the largest index such that va, = min{va,}. Then b,
equals a;q' plus terms on which v has higher value, that is, vb, = va, + /, and
also vb, > va, + j for all j. Hence vb = va,, giving (3.5.1). With K(g) regarded
as a B-module with p acting as d/dg, Lemma 3.3.1 implies that for k € N,
there exists ¢ € K(g) such that vt > 0,

g7 -q =) g *a,gp) - g *=197",
and 7n,t=Q, ,(—k). But (gp + B) - ¢™* = (—k + ) ¢~ * and hence
(=Yg ak+p), 1, (Z q-""a.-) (—k + B = Oy o(—k),

and (3.5.2) holds for infinitely many values of ¢&.



REPRESENTATIONS OF sl(2) 85

Next write v=v, and let / be the largest index such that va,—I=
min{va, — i}. Then for all j,

vb; > min{va,|i > j} > va,— 1+ J,

and vb,=va, since va,>va,—1+i>va, if i>1 Hence min{vbh,— j} =
min{va, — i} = vb. Also if i > j then va, > vb + i > vb + j, and (3.5.5) gives

"g(g_ v _jbj) = ”x(g_ v -jaqu).
Formula (3.5.4) follows from this and (3.2.1). Q.E.D.

COROLLARY 3.5. The functions v,, as defined respectively with respect to
B = K(q)[ Plyas and B = K(q)[qp + Blywaq)» coincide; and when g+ q the
same holds for Q, (= Q, ).

Proof. This follows from a comparison of (3.5.3), (3.5.1) and (3.5.4)
with (3.1.2), (3.1.3) and (3.2.1), since if & = gd/dq in (3.2.1) then the factor

(9gY = (dg/dq) ¢'. Q.E.D.

4. THE SIMPLE MODULES OVER CERTAIN SKEW-POLYNOMIAL RINGS

4.1, Throughout Sections 4.1-4.4, we continue assuming (3.1.1). For
P a prime ideal of R, K, becomes an R-module by setting r - w= (n,r)w
(r€ER, w € K,). Then we may form the induced A-module 4 ®; K,. For
r € R we have

rx = i (f) (=1)'x~'(@'r). 4.1.1)
i=0

Hence 4 is a free right R-module with basis {x'|i> 0}, every element of
A ®¢ K, can be uniquely expressed in the form 3,5, X' ® w; where w, E K,
(w; = 0 except for finitely many j), and

k+j
i

rx* (! ® w)= :\t_:jx"”.“' ® ( ) (=1 n,(8'r)0. (4.1.2)
i=0

If 9P £ P we also write, for the A-module 4 ®; K,
A®, K, = V(P).

In the Weyl algebra case, P = (g) for some monic irreducible g in X|[q],
and we write V(P) = V(g). Recall that K, = K, = K(a), where a =1,9 (7,
the map K([g] - K[q]/(g)=K,). In this case we identify 4 ®; K, =V (g)
with the polynomial ring K,[p] -under the correspondence Y x’® w, >
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S w;p’s by (4.1.2), p acts on K,[p| by multiplication and g acts as
a —d/dp.

If P is a d-invariant maximal ideal of R, we write & for the derivation of
R/P=K,, r+ P> dr + P, induced by &. In this case 3 Px' is an ideal of 4
and A/ Px'= K,[x]; canonically. The simple K,[x]; modules are just the
quotients K,|x|;/K,[x]5b, where b is an irreducible element of K,[x];. We
regard these quotients as 4-modules by pulling back along the canonical
map of 4 to K,[x];. These A-modules are simple, and two of them (for the
same P) are isomorphic if and only if the corresponding elements b are
similar. Given a similarity class C of irreducible elements of K,{x]z, we pick
an element b € C (so that C = [b]) and write V(P, [b]) for the simple A-
module just described.

ProPoSITION 4.1. Suppose (3.1.1) holds. Then any simple S-torsion A-
module is isomorphic to exactly one of the following, all of which are simple
S-torsion: V(P) (P prime, 0P £ P) and V (P, |b]) (P maximal, 6P < P, [b] a
similarity class of irreducible elements of K, |x]j3).

Proof. If P is prime and P & P, suppose M is a nonzero submodule of
V(P) and let j be the smallest index such that M contains an element
m=3Y!_,x'®w; with w; € K,, w;#0. Pick g€ P— P~ If j > 0 then by
(4.1.2) (and since 77, g =0)

gm=x'"1® —jny(0g) w, + lower terms;

but 9g & P and K, has characteristic 0, and so jn,(dg) # 0, contradicting the
minimality of j. Hence j=0, 1 ® K, €M, M =V(P), and V(P) is simple.
The simplicity of V(P, [b]) has already been discussed.

Now suppose M is a simple A-module and there exists 0 # m € M such
that /= (ann m) N R # 0. Since R is noetherian of Krull dimension 1, R/I
contains a minimal ideal J/I. Thus the annihilator in R of J/I is a maximal
ideal P. Moreover R/I=Rm and so there exists 0% n € Rm such that
Pn=0. Let { be the R-map R + M with {r=rn. Then ker { = P, and we get
an R-map {’ of K, =R/P to M. By the universal mapping property of an
induced module, there exists a unique A-map {": 4 ®; K, = M such that
¢"1={, where 1 is the canonical map K,—» A ®;K,. If ¢PLP then
A @y K, = V(P), and since {"” + 0 and both F(P) and M are simple, {” is an
isomorphism. On the other hand, if 0P < P then the ideal " Px‘< 3" x'P by
(4.1.1), and (3 PxYM = (3. Px')An< (3 x'P)n=0. Hence M may be
regarded as a module over 4/ Px' =~ K,[x];, and M = V(P, [b]) for some
[b] as indicated. In V(P), since P & P, (4.1.2) implies that elements of
R — P act injectively on V(P), that is V(P) uniquely determines P. Similarly,
since V(P, [b]) can be regarded as a K -module, again elements in R — P act
injectively. This gives the desired uniqueness. Q.E.D.
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COROLLARY 4.1. A®,K,=~A/AP.

Proof. The composite R-module map R - 4 - A/AP has kernel P, hence
gives an R-map K, =R/P— A/AP. By the universal mapping property this
R-map extends to an A-map 7:4 ®y K, A/AP which is obviously
surjective. If OP£ P then A ®; K, is simple and n is an isomorphism.
Suppose OP < P. Every element of 4 is uniquely expressible as Y x'r;.
Writing 7 for the image in K, = R/P of r € R, we have

kerz= > x'®F | x'r,€AP

But AP=73" x'P and so } x'r, € AP if and only if r, € P for all i. Therefore
ker 7 = 0 again. Q.ED.

4.2. Suppose r€E R, a€ A4, [a,r] ER and jE N. Then
j-1
ra =[] (ra—ia,r]). 4.2)
i=0

Indeed, if the formula holds when j = k then

(ra — kla, r]) r*a* = rar*a* — k[a, r} r'a*
=rr*aa* + krr*~'[a, r] a* — k[a, r| r*a* = P+ gk,
giving it for j=k + 1.

Observe that 4 ®; K, is not only an A-module but actually an R,[x],
module (where R,[x], equals the subring of B generated by R, and x); here
the action is given by (4.1.2) for r € R,. Indeed the induced R,[x],-module
Rp[x); ®g,Kp can be identified with 4 ®; K, since the elements of each are
uniquely expressible in the form )" x’/ ® w; (w, € K,). Also observe that if

b € B then the coefficients in g~*b (where v =v,) are in R,, and hence the
action of g~*’b on 4 ®; K, is defined.

LEMMA 4.2. Suppose (3.1.1) and (3.3.1) hold, a € B, and k € Z*. Then,
Jor the action on A ®, K,
g a - ('@ 1) =x""® Qp 4 a(—k) +m,
where mEx* 2@ K, + - + 1 ® Kp.
Progf. Write v=v,, a=)";a;x. Then by (4.1.2),

gx - (x*~' @ np(98)J) = x*~' ® (—k) np(dgY*" + lower terms.
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Also g~**~Ja; € R, for each j. Hence, by (4.2),
g—vaa . (xk-l ® 1)
=2 g a, g% (' ® 1)
7

=Z g—va—jaj(gx_(j_ 1)og)--- (gx — dg)(gx) - (xk—l® 1)

=Y g7 a; (@ (k= (= 1)+ (K — 1)(—K) 1,(08Y
J
+ lower terms}

=x*"1® 0p ;.o(—k) + lower terms. Q.E.D.

COROLLARY 4.2. The element a is preserving relative to P if and only if
g~ ""a acts injectively on V(P).

4.3. We now exhibit some nonmaximal left ideals of certain 4, and
then some maximal left ideals.

LEMMA 4.3. Suppose (3.1.1) holds, P is prime, oPP< P, b=Y b,x’E€B
with by# 0, and b;/b,& PR, for some j> 0. Then (A N\ Bb)+ Y. Px'# A,
and in particular the left ideal A M Bb of A is not maximal.

Proof. 1t suffices to show 1¢& (4 M Bb)+ > Px'; suppose not. Then
1 =ab + d, where d€ Y Px' (=3 x'P). Write v=v,, which is defined by
(3.1.3) in this case. Without loss of generality we may assume that vb = 0.
Since vd > 0 and vl =0, we have 0 = v(ab) = va. There exists a largest index
k such that va, = 0 and a largest index / such that vb, = 0. By the hypothesis
on b;/b,, I > 0. By (3.1.4) the coefficient of x**'in ab is

@), =3 ¥ (f_' ) ad by, .

J 0<i<k+1,j \}
We have
(@@ ™ by i) 2 va; 4+ by > 0.
Ifi<j<kori=j<kthen vb,,, ;> 0;if j> k then va; > 0; while in the
remaining case, i= j=k, the inequality becomes an equality. Hence

v(ab),,,=0. But k+I1>0 since />0, and vd,, , >0, contradicting
l=ab+d. Q.E.D.
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We single out the contrary of the hypothesis of Lemma 4.3 on the coef-
ficients b, of an irreducible element b= )" b,x’ of B:

If there exists a J-invariant prime, then (coefficient of
x%) # 0 and for every j> 0 and every d-invariant prime P
(coefficient of x/)/(coefficient of x°) € PR,. (4.3)

THEOREM 4.3. Suppose (3.1.1) holds and that b=Y b’ €EB is
irreducible and preserving. Then the (S-torsionfree) A-module A/A N\ Bb is
simple if and only if b satisfies (4.3).

Proof. Obviously 4/4 N Bb is S-torsionfree. We will apply Lemma 2.3.
We may assume R is not a field, since otherwise A = B and (4.3) is vacuous.
Suppose M is an S-torsion simple A-module. By Proposition 4.1, M = V(P)
for some non-d-invariant P or M = V(P, [a]) for some é-invariant P and
some [a]. Suppose first that M = V(P), take g € P — P? and write v =, and
d= g "b. Since b is preserving relative to P, d, is injective, by
Corollary 4.2. Also d € Bb and vd = 0; in particular, vd; > j for all j, and so
d € Rp[x],. Clearing denominators by left multiplying by a suitable
r€ R — P, we have rd € A M Bb and (rd),, is injective since r,, is injective.
Next suppose M= V(P, [a]) and b,/b,E PR, for all j> 0. Again take
gEP P, write v=v,, and set d= g *’h. Then vd,=0, that is,
dyER,— PRp, and vd; > 0, that is, d,€ PR,, for all j> 0. The module
V(P, [a]) may be considered as an R,[x],module, since the canonical
homomorphism A - K,[x],, 3 ¢;x/+> Y n,(c;) ¥, is actually defined on
R,[x],. Then d;x’V(P, [a])=0 for all j> 0, d, acts as the nonzero scalar
npdy, on V(P, [a]), and hence d,, is injective. Again clearing denominators
we get an rd € A M Bb acting injectively on M. It now follows from
Lemma 2.3 that if (4.3) holds then A/4 M Bb is simple. On the other hand, if
(4.3) does not hold then, by Lemma 4.3, 4/4 N Bb is not simple. Q.E.D.

4.4. We now give the main result on simple A-modules for 4 as in
(3.1.1).

THEOREM 4.4. Suppose (3.1.1) holds and N is a simple B-module. The
JSollowing three conditions (4.4) are equivalent:

Soc, N+ 0; 4.4.1)
Jor some b € min ann N, (4.3) holds; (44.2)
Jor every b € min ann N, (4.3) holds. (4.4.3)

Suppose that 0 # n € N, b is a minimal annihilator of n, and s, which may be
calculated as in Lemma 3.4, is such that s€ S and bs™" is preserving. If
(4.4) holds then Asn (= (As + Bb/Bb) is a simple A-module (in particular,
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sn € Soc, N = Asn). Every S-torsionfree simple A-module arises in this way,
and from an N which is unique up to isomorphism; that is,

A~ (S-torsionfree) » B™((4.4)),  [M]— [S™'M],
is a bijection, with inverse [N] [Soc, N| (for N satisfying (4.4)).

Proof. Suppose a € minann N. By Lemma 3.4 there exists s €S such
that b=as~' is preserving. Then b is similar to a and so B/Bb=~N. If
(4.4.3) holds then by Theorem4.3 the A-submodule (4 + Bb)/Bb =
A/A M Bb is simple and so equals Soc, B/Bb by Lemma 2.2.1. Hence (4.4.3)
implies (4.4.1). Now suppose (4.4.1) holds and let M be a simple submodule
of ,N. Then M is S-torsionfree, and it follows from Lemma 2.1 that there
exists an irreducible d € B such that M= A4/A NBd. Hence A NBd=
ann, m for some me&M, and so Bd=ann,m and d € minannN. By
Lemma 4.3, d satisfies (4.3). Hence (4.4.1) implies (4.4.2). To show that
(4.4.2) implies (4.4.3) we claim first that if 0#¢€ T and a=} a;x’
satisfies (4.3), then at satisfies (4.3). Thus, by (3.1.4),

Lmd il

i jzi

a=3 Y (f)%-(af-"t) x = (af), ¥

Suppose 0P < P and write v=v,. Then v(&’t) >vt, (at),=a,t plus terms
with higher v-value, and hence v(at), = va, + vt, while every term of (at),, for
i > 0, has higher v-value than va, + vt. This proves the claim. Now suppose
a € min ann N satisfies (4.3). By Lemma 3.4 and the claim just proved, we
may suppose that a is preserving. By Theorem 4.3, 4/4 M Ba is simple.
Suppose b is similar to a. Thus there exists d € B — Ba such that bd is an
l.c.l.m. of @ and d. We may write d = s~ 'd’ where s € S, d’ € A. Then bs~'d’
is an lLclm. of a and d' and & € Ba, that is, bs™' is similar to a by
transforming by d’. Also bs~! satisfies (4.3) if and only if b does. Hence in
proving that b satisfies (4.3) we may assume that d € A. We have 4/4 N Ba
is S-torsionfree simple with canonical generator m=1+ 4, and ann, m =
AMNBa. Then dm#0, bdm=0 and ANBb<ann,dm. Also if
b’ € ann, dm then b'd € ann, m =4 M Ba, b'd is a left multiple of a and d
and so of bd, and hence b’ € A N Bb. Therefore the left ideal A NBb=
ann, dm is maximal, and so, by Lemma 4.3, b satisfies (4.3). Thus (4.4.2)
implies (4.4.3). The next statement follows from Lemma 3.4, Theorem 4.3,
and Lemma 2.2.1. The statement about the bijection of A~ (S-torsionfree) to
B ((4.4)) follows from Lemma 2.2.1. Q.E.D.

We recall that R is called ¢-simple if R has no &-invariant ideal #0, R.

LEMMA 4.4. Suppose (3.1.1) holds. Then R has no ¢-invariant prime
ideal if and only if R is d-simple.
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Proof. Suppose R has no d-invariant prime ideal and let J be a maximal
o-invariant ideal. Then R/I is §-simple (where J is the induced derivation on
R/I). Since R is noetherian of Krull dimension <1, if 7+ 0 then R/I has a
minimal ideal. If P is a prime ideal containing I then R/P has characteristic
0. Hence R/I has characteristic 0 and, by [7] or [30], R/I is simple, that is,
I is prime, a contradiction. Q.E.D.

COROLLARY 4.4.1. Suppose (3.1.1) holds. A necessary and suyfficient
condition for the canonical injection S™': A" (S-torsionfree)— B", [M]—
[S™'M], to be bijective is that R be &-simple. If this condition holds
(example: A=, the Wey!l algebra) then every simple S-torsionfree A-
module is isomorphic to some AJ/A M Ba with a irreducible and preserving,
two of these A-modules being isomorphic if and only if the corresponding a
are similar.

Proof. If R is O-simple then (4.3) holds vacuously. Conversely, if there
exists a o-invariant P then B/B(x + 1) is simple and Soc, B/B(x + 1) =0.
Q.ED.

The other extreme, when the canonical injection has empty image, can
also be characterized.

COROLLARY 4.4.2. Suppose (3.1.1) holds. Then A~ (S-torsionfree) is
empty if and only if there are infinitely many S-invariant primes P.

Proof. If there are infinitely many &-invariant P then the intersection
() PR, over all such P is zero, and (4.3) never holds for an irreducible b.
Conversely, if there are only finitely many ¢J-invariant P, then their inter-
section contains a nonzero element d, dx + 1 satisfies (4.3), and N=
B/B(dx + 1) is simple with Soc, N # 0. Q.E.D.

4.5. We remark on the commutative case, that is, when ¢ = 0. Then
A = R[x] (commutative polynomials), and (3.1.1) reduces to the hypothesis
that R is Dedekind. Simple 4-modules correspond to their annihilators, that
is, to the maximal ideals of 4, and S-torsionfree simple modules correspond
to the maximal ideals 7 such that TR =0. Thus in this case 4~ (S-
torsionfree) is nonempty if and only if 7M R =0 for some maximal ideal of
R[x]; this latter condition is equivalent to R being a G-domain (see [19]).
Lemma 4.3 above remains valid if, instead of assuming R Dedeind, one
merely assumes that R is a Krull domain and P is a height one prime (so
that v, is defined). Thus we obtain the following classification of the
maximal ideals of R[x] contracting to 0. Here () P denotes the intersection

! The fact that they are all principal is covered (in-a quite different way) by [19, Ex. 11,
p. 42]; the finer details appear to be new. By contrast, in ¥ the maximal left ideals contracting
to 0 in K|g] are not all principal.
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of all nonzero prime ideals of R. Actually the generalization from R being
Dedekind to R being Krull evaporates since R is a Krull G-domain if and
only if R is a principal ideal domain with only finitely many prime ideals.

COROLLARY 4.5. Suppose R is a Krull domain but not a field. An ideal I
of R[x] is maximal and satisfies RN I =0 if and only if I = (b) for some b
which is irreducible (in T|x]) and of the form b= 1+ 3", ,r;x' where for all
i>0,r,eNP.

Proof. Suppose I is maximal and /MR =0. We have I=R[x] N T|[x]b
where b=) b,x' is irreducible. Then b,#0 (otherwise b=bx, I=
Yi.oRx' and R is a field). By Lemma4.3, b,/b,€ (Y PR,=() P for all
i > 0. Dividing by b, we may assume that b, = 1. If (3 #,x")b € R[x], where
t, €T, and if ¢;,...,t;_, €ER (for somej>0)thent; +¢_,b,+ - +1,b,ER,
and hence ¢; € R. Therefore R[x] N T[x]b = R[x]b is principal. Conversely,
if I has the given form then R has only finitely many primes. The argument
just given shows that / = R[x] N T[x]b, and the latter ideal is maximal (say,
by Theorem 4.3 if one wants to stick to the methods of the present paper).

Q.E.D.

5. THE SIMPLE MODULES OVER sl(2, K)

5.1. Let s be the Lie algebra sl(2, K) over the field K (of charac-
teristic 0). We take the usual basis e, f, & where [h,e]=2e, [h, f]=—2f,
le, /] = h, the usual Cartan subalgebra Kh, positive root vector e, and Borel
subalgebra b = Kh + Ke. We write ¢ for the Casimir ¢lement

c=A4fe + h* + 2h =4ef + h* — 2h = 2ef + 2fe + h* € Us.

It is well known that the center of Us is K[c|. By Quillen’s lemma, if M is a
simple Us-module then c,, is algebraic, hence a scalar if X is algebraically
closed.

We begin with a simple lemma which, in particular, expresses sl(2, R) in
terms of sl(2,C) (c,, € C —R) and sl(2,R) (c,, € R). If K’ is an extension
of the base field K and M’ is an sl(2, K')-module, M’ denotes here the
pullback along the inclusion map s =sl(2, K)— sl(2, K").

LEMMA 5.1. If M’ is a simple module over s1(2, K') where K< K' C K,
¢y € K' and K(c,,) =K', then the restriction M' is a simple s-module, and
every simple s-module arises in this way from exactly n such M', say,
M,...M,, with K' =K(y,),...,K(y,), respectively, where y,,...,y, are the
roots of the minimal polynomial of c, and c,, =7y, (and no two M, are
isomorphic).
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Proof. Clearly M’ is simple, since ¢ € Us. Conversely, suppose M is a
simple s-module. By Quillen’s lemma, c,, is algebraic, and by Schur’s lemma,
the minimal polynomial g of c,, is irreducible. Let y,,..., y, be the roots of g
in K. Picking a y, and setting y,m = cm (m € M), we get a K(3,)-structure on
M, and hence an sl(2, K(y;))-module M, with M,=M. Now suppose
M =M where M’ is a simple sl(2, K(y))-module and ¢,,,=7y. Then y is a
root of g, say, y =y,. Since s and y, generate Usl(2, X(y,)), M' =M,. Q.E.D.

A similar phenomenon holds for the three-dimensional Heisenberg Lie
algebra b, with z in place of ¢ where 0 # z € Center b.

5.2. Suppose AE€EK. Let K'=K@), ¢ =sl(2,K’), and b =
K’h + K'e. We identify A with the linear functional on the Cartan subalgebra
K'h of s’ whose value on h is A. Then M(A) denotes the corresponding
Verma module, that is, the induced Us’-module Us’ ® . K where here K’ is
regarded as a b’-module with e- K’ =0 and A |y, =1 — 1. Also L(1) denotes
the unique (absolutely) simple quotient module of M(A). Thus L(A) = M(4) if
A€ Z* while if A€ Z* then L(4) is the module of dimension i. We have
Cay=A—1
(A)ssociated to M(A) we get a realization of s’ (and hence of s) by
differential operators on the polynomial algebra K[¢], as follows (this is a
special case, for s’, of the Conze mappings [11]). The mapping

Y wl- Y fR®wEUS @y K’

is a linear bijection of K'[{] to M(A); let ¢, be the representation of s (or
Us) in K[£] obtained via this bijection from the representation of s (or Us) in
M(A). Thus, writing p = d/d¢ and q = multiplication by &, we have ¢, /=g,
o h=—-2gp+1—1,9,e=—(gp — 4 + 1)p. We shall actually usep_, = 9,7
rather than ¢,, where 7 is the automorphism of s given by re=/f, 7f=e,
th = —h, and we shall also denote by p_, the extension of p_, to Us. Thus
p, is the algebra homomorphism of Us to the Weyl algebra A(X’) (or to
B(K')) with -

pre=q, pyh=2p+i+1, p,f=—(@+i+1)p. (52.1)

We now define another family of mappings of Us, this time to 8 = B(X).
Given y € K, we define a linear map g, of s to B by

oe=gq, oh=29p, of=(1/4)y— (@) —-e)q’
(=(1/4) v~ —qp*).

Then [o,h, 0,6} =20.e, [0,h,0,f]=—20, and [0,e,0,/]=[q,—qp’]=
2gp = 0,h. Hence o, extends to a homomorphism (also denoted o,) of Us to
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B. We have Us<=K|q,q"",p] =K|q,q7"|[ Plyaqs- Also op=p_,. We write
o(y) for 6, and p(1) for p, when using these symbols as subscripts (indicating
pullback).

Suppose y € K. The algebra Us/Us(c — y) will be denoted by Us, (this was
calied B, in [16]) and the canonical map Us —» Us, by =,. If u € Us, n,u will
also be denoted by & The multiplicative subset K[&] — {0} of Us, will be
denoted by S.

Straightforward calculations show that

pe=y  pe=i"—1

Hence Us(c — y) < ker g,. But (see [16]) Us, is simple except for y = n’+2n
(n € N), in which case Us, contains a unique ideal #0, Us,, this ideal being
of codimension (n + 1)’. Since o,Us is infinite dimensional (containing all
q'), it follows that ker 0,= Us(c —y). We denote by &, the induced map of
Us, to B; thus 6,m,= 0,. In particular (restricting the co-domain), ¢, may be
regarded as an isomorphism of Us to o,Us.

Suppose A € K. Taking y =A% — 1, we have Us(c — y) < ker p,, and hence,
as before, Us(c —y) = ker p;. We denote by g, the induced map of Us, to 8.
Thus p,7,=p,, and g, may be regarded as an isomorphism of Us,to p, Us.

The ring B is a localization at §=K][q]— {0} of ¢,Us since it is a
localization at § of K[g,gp]=o,Us. Similarly, if A€EK then B is a
localization at S of p, Us. Since 6,8 = S, we have the following result.

LEMMA 5.2. For yEK, Us, has a (two-sided) localization at §=
K[e] — {0}, and G, (respectively p, if A € K satisfies A*=7+ 1) extends to
an isomorphism, also denoted G, (respectively p,), of S~ 'Us, to B.

5.3. Suppose d € K|[¢] is monic irreducible, 4 € K is a root of d and
K’ =K(4). We form the highest weight module L(4) over s’ = sl(2, K’) and
regard it as a module, denoted L(d) (or also L(1)), over s = s'. It is easily
seen that L(A) remains simple under the restriction to s of the operating
algebra (L(A)=M(1) if A € K). Also L(A) as an s-module is uniquely deter-
mined up to isomorphism by d, justifying the notation L(d).

If d=¢— A then L(d) = L(A) is just the usual highest weight module over
Us. If A€ K, the Us-module L(d) is an induced module. Indeed we can
regard K’ as a Ub-module with eK’ =0 and 4 acting by multiplication by
A — 1, and form the induced Us-module Us ®,, K’. The latter is simple, by
the usual argument. If v is a maximal vector of the s’-module L (1), then the
map K'-K'v, wi> wv, is a Ub-isomorphism which by the universal
mapping property extends to a Us map of Us ®,,K’ to L(d). Since both
Us @y, K’ and L(d) are simple, this Us-map is an isomorphism.

Now suppose g € K[q] is monic irreducible. Recall that K, = K[q]/(g),
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a =1,q (so that K, = K(a) and g(a) =0), and V(g) is the induced "-module
A Rpgqy K- As in Section 4.1, V(g) is identified with X,| p] with p acting by
multiplication and g acting as @ — d/dp. If 1 € K then we consider the Us-
module V(g),.,, obtained by pullback along p,. Writing ¥(g),., = K,[p]
we have, by (5.2.1),

e - (wp') = awp’ — jwp’~!, (5.3.1)
h- (wp’)=2awp’*' + (-2(j+ 1) + 4 + 1) wp’, (5.3.2)
S (@p)=—awp’*? + (j+2 -1 — 1) wp’*! (5.3.3)

for all w € K,, jEN.

Suppose g # ¢, that is, a # 0 Then ¢ acts bijectively on V(g), and V(g)
can be considered as a K[g, ¢!, p]-module. Hence by pullback along o, we
have the Us- module V(8)sy. We have e- p'=ap'—ip'~! and & - p =
2ap'*' — 2(i + 1) p'. The basis {p'} being rather mconvement for expressing
the operation by f, we indicate another basis. Since gp,, =
(ap — (d/dp) )y, it is clear that {(gp)'- 1|i € N} is also a K,-basis of
V(g). We write (here) (gp)'- 1=y' and thus identify V(g) (as a vector
space over K,) with the polynomial ring K,[y]. Then for a(y) € K, y] we

have (using g(gp) = (gp — 1)g and ¢~ '(gp) = (@p + 1) ¢ ")
h-a(y)=2pa(y), e-a(y)=a(y—1l)a,
fa()=((1/4y—y*—p)a(y + )a™ "

The special case @ = 1 gives modules introduced by Arnal and Pinczon [2].

We can regard K, as a K[e]-module with e w=0aw (w € K,), where
a=1,q, and form the induced Ub-module Ub®KMK We shall also
consider the Us- (or Ub)-module

Us,/Us, g(€) = Us/(Us(c — y) + Usg(e)),
which we denote by Us,,.
LeMMA 5.3. Suppose g € K[q] is monic irreducible, g # q, y € K. Then,

as Ub-modules, the following are simple and isomorphic: Ub ®g,, K,, Us,,
V(8)oiy» and (provided A€ K and A* =1y + 1) V(g),)-

Proof. Every element of Ub ®yy,; K, has a unique expression of the form
Y h®w, w,EK,. Since gle)K,=0 and eh = (h— 2)e, we have e'h/ =
(h—2iy e, and
g ®@w="n1"® (-2)g'(e) ew + lower terms (w EK,), (5.3.4)

from which it follows that Ub ®y, K, is simple. The map K,— Us

»e?

607/39/1-7
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d(g) + (g) d(€) + Us,g(é), is a K[e]-module map, hence extends by the
universal mapping property to a Ub-map 7 of Ub®y,,, K, to Us,,. Since
Ub R K, is simple, 7 is injective. To show that 7z is surjective, it suffices
to show that /* + Us, g(€) € im z for all i. Suppose this holds for i = 1,..., j.
It follows that f/h*¢' + Us,g(¢) € imn for all k, I There exist s,t€ K[q]
such that sq + g = 1. Taking congruences in Us, modulo Us,g(é), we have
es(@)=1 and

it =fifes@) = fily — h* — 2h) s(é) € im m,
and so 7 is surjective and hence a Ub-isomorphism. Also we see that
e-Us, ,=Us,,. (5.3.5)

We next consider ¥(g),.,, when A € K and A2=7y + 1. We have

J J
ge)- > w;p'=gla—d/dp)- Y wp’
i=0 i=0
= —jg'(a) w;p’~" + lower terms,

from which it follows that V(g),,, is simple as a Ub-module. The identity
map of K, regarded as a map of the subspace 1 ® K, of Ub ®k(e; K, to the
subspace K, of K,[p] =V(g),.,, is a K[e]-map. This extends to a Ub-map
of Ub ®gqe) K, t0 V(8),4)> Which is an isomorphism since both Ub ®y,, K,
and V(g),, are simple as Ub-modules. Finally, for any y € X, o, coincides
on Ub with p_, and hence V(g), =V(g),_1)=Ub®y, K, as Ub-
modules. Q.E.D.

ProposITION 5.3.  Suppose y € K. Then

Us™(K[e]-torsion, ¢,, = 7)
= {[Us,,] | g € K|q] monic irreducible, g # g}
U{L@)]|d=¢—-A €K AV =y+1
ord =& —y — 1 irreducible},

the isomorphism classes indicated on the right side all being distinct.

Proof. 1t follows from the above remarks and Lemma 5.3 that the classes
on the right side are in the left side.

Suppose M is a simple K[e]-torsion Us-module with c,, = y. There exists a
monic irreduciblé g € K[g] and 0# m € M such that g(e)m = 0. Suppose
first that g # . Since g(e)m =0, we have a K[e]-map K, K[e|m, a(a) =
a(q) + (g)—> a(e)m. This extends to a Ub-map of Ub®y, K, to M.
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Therefore by Lemma 5.3 there is a nonzero Ub-map, say 7, of M’ = Us,,

M. In both M’ and M, 4fe+ h>+2h acts as y. Hence, for v e M’
a(f-(e-v))y=n((fe)-v)=(fe) mv=f-n(e-v). But e-M =M by
(5.3.5), and so 7 is a Us-map. Since both M’ and M are simple, 7 is an
isomorphism.

Suppose next that g =g, that is, em =0. The null space N of e is A-
invariant and A% +2h —y=0 on N. If & has an eigenvector in N, say hn =
A—1n AEK), then 0= (> +2h—ypn=(A*—~1—pmandso 2=y + 1,
n is a maximal vector, and M = L(1)=L(d), where d =¢— A. Suppose
finally that 4 has no eigenvector in N. Let d=¢> —y—1 and K’ =K(A),
where 1 is a root of d. On N, d(h + 1)=h*>+ 2h —y=0. If 1 were in K, we
would have (h+1—A)(h+1+41)=0 on N and h would have an eigen-
vector in N, a contradiction. Hence A &€ K and d is irreducible. Regarding X’
as a Ub-module with e - K’ = 0 and & acting by multiplication by 4 — 1, we
have a K-linear map 7z: K’ - Km + Khm with 7l =m and nd = (h + I)m.
Then 7 is a Ub-map since 7(e - K')=en(K’')=0 and

ah-A)=n(A* =) =ny+1-A)=F—hm=H +hm=h - nA.

Hence 7 extends to a Us-map n’ of L(d)= Us ®,, K’ to M, and since L(d)
and M are simple, ' is an isomorphism.

In Ub @y, K,, and hence also in Us, ,, g is the unique monic irreducible
polynomial for whlch g(e) annihilates a nonzero element, as follows from a
formula like (5.3.4). Also, in L{(d), d is the unique monic irreducible
polynomial for which d(# + 1) annihilates the null vectors of e. This proves
the uniqueness statement. Q.E.D.

COROLLARY 5.3.1. Suppose y € K and g + q is monic irreducible. Then
Us, = V(8)yy (as Us-modules). If A€ K and A* =y + 1 then also Us, , =~

V(8o

If X is algebraically closed, A € K, g =g — a # ¢, and we identify a with
the linear functional on Ke with ae = a, then, in the terminology of Kostant
[21] (specialized here to be case of s), the coset containing 1 is a cyclic
Whittaker vector of Us, , with respect to a. Moreover Us, , is the unique (up
to isomorphism) Whittaker module V' with respect to @ whose corresponding

central ideal is
(center Us)Nann V=K|c](c—4*+1)

[21, Theorem 3.1]. The fact that Us, , is simple reflects the fact that the ideal
K{c](c — 4%+ 1) is maximal in K[c] [21, Theorem 3.6.1].

Thus in the algebraically closed case, Proposition 5.3 reduces to the
known fact that the simple Us-modules for which e has an eigenvector are
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the highest weight modules and the simple Whittaker modules. It is
interesting that each of these modules occurs as an essential submodule of an
appropriate V(g),.» as the following result shows.

COROLLARY 5.3.2. Suppose A€ K and g € K|q| is monic irreducible.
Then the Us-module V(g),., contains an essential simple Kl|e]-torsion
submodule V(g), ., and

V(8o = V(8o if g+4q;
=V(q)am§M(,l)=L(/1) if A&
A-t
=Y Kp'=L@) if AeZ*.
j=0

Proof. If g+ q the result follows from Lemma 5.3. Suppose g =g, that
is, =0 and K, =K. Then, by (5.3.1) and (5.3.2), 1=p° is a maximal
vector and has weight A — 1. If A € Z* then the coefficient j+2—A1—1 in
(5.3.3) never vanishes, 1 generates V(g),.1,, and the canonical map of the
Verma module M(4) to V(g),(,, (obtained by the universal property of the
induced module) is an isomorphism (see [15, Prop. 7.1.8]). If A€ Z* then
>4-0 Kp’ is a simple submodule which intersects any nonzero submodule,
by (5.3.1). ‘ Q.E.D.

5.4. We turn now to the simple K|e]-torsionfree Us-modules for
which ¢ acts as a scalar, say y. For u € Us, the isomorphism ¢, Us,— 0,Us
induces a Us-module isomorphism

Us,/Us,N\ 8§ 'Us i = (6,Us/o,Us N Bo,u);,

and of course a corresponding isomorphism for the Us-module obtained by
pullback along #,. Thus
M(u, y)= (6,Us/o,Us M Bo,u),»» (5.4.1)

where we write

M(u, y) = (Us,/Us,N 8~ 'Us i) -

Similarly, if A € K and A =y + 1 then 5, induces a Us ;module isomorphism
Us,/Us,N 8~ 'Us, i = (p, Us/p, Us N\ Bp, u)5.)

and a corresponding Us-module isomorphism.
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LEMMA 5.4.1. Suppose A\€EK and y=A>—1. The map g_,p;':p,Us -
p_,Us (respectively, p @, 1 o,Us—p,Us) extends uniquely to an
automorphism (denoted by the same symbol) of B, fixing q and sending p to
P —Aq~" (respectively, to p + (A + 1) g™ 1)

Progf. Any b € B can be uniquely expressed as

b= a(2qp+i+1), a;=afq)€EK(Q)

Pick s € S such that sa; € K[q] for all i. Then

P_3bi'sb=p_,pi'pa Y. (sa)e)h' =5 a(2qp— A + 1Y,

giving uniqueness, and the result for the first map follows since there does
exist an automorphism fixing ¢ and sending p to p — Ag~'. The result for the
second map is obtained similarly, Q.E.D.

As a consequence of the lemma, if A €K and u € Us then p u and p_,u
have the same degree, and p,u is irreducible in B if and only if p_,u is
(which by Lemma 5.2 is also equivalent to u being irreducible in $~'Us,).

LEmMMA 54.2. Suppose u€ Us, yEK, A€K, and 2*=y+ 1. Let G
denote the set of monic irreducible polynomials in K[q]. The following
conditions (5.4.2) are equivalent:

Pat, p_, U are preserving at q, and o ,u is

preserving at every g € G — {q}; (54.2.1)
P, u is preserving and p _ , u is preserving at g; (5.4.2.2)
p uandp_,u are preserving. (5.4.2.3)

For a € B the following conditions (5.4.3) are equivalent:

G 'a,p_, 6 "a are preserving at q and a is
AYy AYy

Dpreserving at every g € G — {g}; (5.4.3.1)
a is preserving and j_, p; 'a is preserving at q; (5.4.3.2)
aand jp_,j; 'a are preserving. (5.4.3.3)

Proof. Left multiplying u by a suitable power of e we may assume that
o,u=Y a,(gp)', where a; = a,(q) € K[q). Hence

a=7) a,@)h/2), prat =2 agp +4(xA + 1))

607/39/1-8
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If g € G — {q}, then by (3.5.3) and (3.5.4), the indicial polynomials at g of
o,u, pyu and p_, u are the same. The last part of the lemma is a restatement
of the first; we are regarding the automorphisms as maps of B(K) and using
the fact (Lemma 3.2) that the notion of preserving does not depend on the
base field. Q.E.D.

THEOREM 5.4. Suppose yE€E K, u&€ Us, @ is irreducible in §"Usy
(equivalently, o u is irreducible in B) and u satisfies (5.4.2). Then the Us-
module M(u, y) is simple (and K|e]-torsionfree, with ¢y, ., = 7).

Proof. We write A =0,Us, B=%3, S =K[gq| — {0}. Thus B=S5"'4. We
also write a = 0,u, and have a =Y a,(qp)’, where a;,=a;(q) € K|g,q']. We
shall apply Lemma 2.3 with L = Ba. Let M be a simple S-torsion A-module.
Then M' =M, is simple K|[e]-torsion and c,,, =y. Hence M' = V(g),, =
Us,, or L(d) as in Proposition 5.3. Suppose first that M’ = ¥(g),, (in
particular g # q). Since a is preserving relative to g, Lemma 3.2 implies that
a is also preserving at a, where a is a root of g (in K). Let K’ = K(a) and
apply Lemma 4.2 (with B(K’), U(K’), R’ = K'[gq], P' = (¢ — a) in place of B,
A, R, P), recalling the canonical identifications K,=K|[q]/(g)=K'=
K'(q)/(q—a)=K,. and V(g) = K,[p] = K,.[p] = W(K") ®¢ K. Note that
gEP —P? and v,a= V,_,@ since g is separable. Write va =v,a. By
Lemma 3.5, va; > va for all i. Therefore g~*%, € K[g, g~ '] for all i. Let k be
the smallest element of N such that g*g~"%a,€ K|[q] for all i. With
(g*¢~"%a;)(e) denoting the element of K[e] obtained by substituting e for g,
we have

g'g " "a=0,> (¢"s""a,)(e)(h/2)' € AN Ba.
i

By Corollary 4.2, g™"a|,,, is injective. Also g |, is injective since g # g.
Hence ¢*g~"?a |,, is injective. This gives the hypothesis of Lemma 2.3 in this
case.

Next suppose M’ = L(d)= L(A) as in Section 5.3, identify M’ with L(d),
let v be a maximal vector (of L(A) as an sl(2, K’')-module, K’ = K(1)), and
write v=v,. For all k€ N and s =5(q) € K[q| we have

s(e) - f*v = 5(0) f*v + lower terms = (1,5) f*v + lower terms.
Since 0, u =0, a,(e)(h/2)', we have

u=>" ale)(h/2) mod Us(c — y).



REPRESENTATIONS OF sl(2) 101

Therefore

e - fro=> e "ale)(h/2) - ftv
i

-1 i
= Z n,(a"""a;) (iT - k) S*v + lower terms
i

=0Q4.q (A%l - k) Sf*v + lower terms (5.4.4)

by (3.5.2). We have

pau =2 a,@)ap + 3G + 1)),

va =vp,u by (3.5.1), and

Qponl®) =2 ng(a™"a )& + 34 + 1))
=0,.6+3A+ 1))

by (3.5.2). Therefore, for every kK € N,
Qo oG — 1) = K) = Qy (-1 = k) #0

since p, u is preserving relative to ¢. It follows from (5.4.4) that e="%u |, is
injective. Therefore g~*a|,, is injective. Also g~"?a € 4 M Ba.

By Lemma 2.3, 4/4 N Ba is a simple A-module. The result then follows
from (5.4.1). ‘ Q.E.D.

The above proof does not really involve p,b and p_,b except as a
notational device in discussing the indicial roots of o,b=a itself. Also if
& —y—1 has a root in K, then the hypothesis that both p, b and p_,b are
preserving is used, while if £2 — y — 1 is irreducible then L(A) = L(—A) as Us-
modules, the roots of @, ), are sent into those of Q, ,_1), under the
automorphism of K’ over K sending 4 to —A, and p, b is preserving relative
to g if and only if p_, b is.

5.5. We can now state our main result on Us-modules. If M is a Us-
module with ¢,, =y € K and if 4 = 0,Us, then M may be regarded, uniquely,
as an 4-module ,M such that (,M),,, = M, and similarly with p, in place of
o,where AEK and A=y + L.

THEOREM 5.5. Suppose y € K, and write A=0,Us. Suppose N is a
simple B-module, 0=n € N, and let b be a minimal annihilator of n. Then
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there is an s, which may be calculated as in Lemma 3.4, such that s € S and
bs' satisfies (5.4.3); for any such s, Asn (= (As + Bb)/Bb) is a simple A-
module (in particular sn € Soc, N = Asn), and so the pullback of Asn along
o, is a simple Us-module. If M is any K [e]-torsionfree simple Us-module with
Cy =7, then M arises in this way, and from an N which is unique up to
isomorphism; that is

Us™ (K |e]-torsionfree, c,y = y)— B, M- [S~! ,M]

is a bijection, with inverse [N]+— [Soc, N,,. If A€ K and A* =7y + 1 then
all the above holds when o ,is replaced by p, .

Proof. Pick A € K such that A=y + 1, and set b* = 5,6, 'b and b

P 4G, 'b (hence b*, b~ € B(K)). By Lemma 3.4 there exists 5, € K[g] —

such that b*s;' and b5y ! are both preserving. Pick s € S such that s, |s m
K[g]. It follows from Lemmas 3.3.2 and 3.2 that b*s~"' and b~s™' are also
preserving. There exists s, € S such that 5,65~ ' =a € 4, with say a =0,u
where u€ Us. Then p,u=p,,6,'a=s,b*s™" is preserving, and so
A/ANBa=A/4A N Bou is simple by Theorem 5.4. But a is a minimal
annihilator of sn and so Adsn=A/4 MBa is simple. It now follows from

Lemma 2.2.1 that the map
A" (S-torsionfree) » B, M)+ [S™'M]

is a bijection. This gives the bijection of the theorem since 4~ (S-torsionfree)
can be identified (via pullback) with Us” (S-torsionfree, c,, = 7).
Given the proviso on 4, the same proof works when ¢, is replaced by p,.
Q.E.D.

COROLLARY 5.5. The simple Us-modules on which ¢ acts as a scalar
are, up to isomorphism, the following: the simple K|e]-torsion modules, given
in Proposition 5.3, and the modules M(u,y), where yEK and u€ Us
satisfies the hypotheses of Theorem 5.4. Two of the latter modules, say
M(u,,v,)s M(u,,y,) (with u,,u, satisfying the hypotheses of Theorem 5.4)
are isomorphic if and only if y, =1y, and a(y,) u, is similar to o(y,) u,, or
equivalently—provided A €K and A* =y, + 1=y, + 1—p,u, is similar to
Prlty.

Progf. Only the last sentence remains to be proved. If M(u,,y,) =
M(u,, y,) then clearly y, =y,. Write 4 = 0,Us, and suppose y, =y, =y. We
apply Lemma24.2 to M(u;,y) = A/A NBo,u; (by 5.4.1), getting
4M(u;, y) = Soc, B/Bo,u;; then o,u, and o,u, are similar if and only if
B/Bo,u, = B/Bo,u, if and only if Soc, B/Bo,u, = Soc, B/Bo,u, if and
only if M(u,,v)= M(u,,y) if and only if M(u,,y)= M(u,,y). Given the
proviso on 4, the same proof works with p, in place of .. Q.E.D.
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6. THE SIMPLE MODULES OVER b

6.1. In this chapter we apply Sections 4.1, 44 to obtain the
classification of the simple Ub-modules and relate them to simple U-modules
and Us-modules. Here b is the two-dimensional nonabelian Lie algebra over
K, a field of characteristic 0. We take a basis &, e of b with [h, e] = 2¢, so
that b is realized as a Borel subalgebra of s =sl(2, K). For any y € K, the
restriction to Ub of the map o, of SectionS5.2 can be regarded as a
homomorphism of Ub to U (or to B). We denote this map by p; thus pe =g
and ph=2gp. The set {g'(2gp)’|i, j> 0} being linearly independent, p is
injective.

Take R = K[q] and 8 = q(d/dq), and identify 4 = R[x], with K[g, gp] =
by identifying x with gp. Thus pUb=A. Also B=S"'4 =B since every
element in B is of the form Y a,x’, a, € K(g). The primes P are all principal,
P = (g) with monic irreducible g € K{g]. The only d-invariant prime is (g).

We now analyze the simple K[e]-torsion Ub-modules, or equivalently, the
simple S-torsion 4-modules. Suppose g € K|[g] is monic irreducible. Recall
that K, =K(a) where a=17,q is a root of g. If g#q then V((g)=
A ®yq K, is a simple A-module. In order to avoid confusion with the U-
module V(g) = U @, K, = U/Ug (defined using a different 9), we shall not
use the notation V(g) for A-modules, but rather (using Corollary 4.1) write
A ®gqq K, =A/Ag. By pullback along p we obtain a simple Ub-module
(4/Ag),, which is identified with Ub/Ubg(e). This module may also be iden-
tified with the space K,[x] of polynomials over K,, identifying Y®we
A ® g K, with wx' (w € K,). Since &'q =g for all i, it follows from (4.1.2)
that the action of Ub on K,[x] is given by

j .
hewx!=2wx't!,  e-wx'=) (‘f) (1) acwx’~!,

i=0

that is, 4 acts as multiplication by 2x and e acts as
e i 1 d i
a l=20 =1 " (‘dT) = a exp(—d/dx).

If g = g then a =0, K, is identified with X, K, =0, and K, [x]; = K[x]
(commutative). Thus similarity in K,[x]; is the same as associateness in
K|x], and the monic irreducible polynomials form a set of representatives of
the similarity classes. If d € K[x] is monic irreducible, then ¥((q), [d]), =
K|[x]/(d) with e acting as O and h acting as 2X, where X is the coset of x
modulo d; that is, M = V((q), [d]), is a finite extension field K(f) of K with
eM =0 and h, = 28.

We now translate Proposition 4.1 to this special case.
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PROPOSITION 6.1. With the above notation, the Ub-modules Ub/Ubg(e)
(g €K|q] monic irreducible, g+q) and K|x]/(d) (d€ K|x] monic
irreducible) are simple (and K|e]-torsion). Conversely, any simple K|e|-
torsion Ub-module is isomorphic to exactly one of these.

6.2. With 6=gq(d/dg), (g) is the unique ¢J-invariant prime of
R =K|q], K, (=K][q]/(g)) =K, and (4.3) becomes

b=>a;x), a;€K(), ay#0,a;/a,E€qK|q],  forallj>O0.
6.2.1)

We note that (6.2.1) is equivalent to each of the following (where the
product of sets denotes the set of products, not sums of products):

sb € S(gA + 1) for every s € S such that sb € 4; (6.2.2)
be (K(g)— {0})(g4 + 1). (6.2.3)

Indeed suppose (6.2.1) holds and sb € 4. Then a;/a, =gs;/t for all j> 0
where s5;,# €S and gft. Since sa, € K[gq|, we have sa,=q*(qa, + B) for
some k € N, a; € K|[q] and 0 +# 8 € K. Then t|s;(ga, + ) and

sb=pBq* zq (E Bt 's(qa +ﬁ)x’) + B 'qa; + lg,

i>0
giving (6.2.2). It is immediate that (6.2.2) implies (6.2.3) and (6.2.3) implies
(6.2.1). By (3.5.2), (6.2.1) is also equivalent to

Q.,EK (6.2.4)

(where of course Q,, is defined with respect to B = K(g)[p]yq,)- In tumn
(6.2.4) is equivalent to

b=Yb;p’, where b, € K(g) and b,/b, € ¢'*'K|q],,, for all j > 0.

(6.2.5)

We denote by (6.2) the equivalent conditions (6.2.1)-(6.2.5).

We remark that another proof of the necessity of the condition that every
minimal annihilator satisfies (6.2) can be given based on the fact that if M is
a simple A-module (where 4 = pUb), m € M and gm # O then bgm = —m for
some b € 4, bg = ga for some a €E 4, and (ga + 1)m = 0.

We now translate Theorem 4.4 to the present case.

THEOREM 6.2. The K|el-torsionfree simple modules over Ub (or over
pUb) are given by the statement of Theorem 4.4 with the following changes:
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A =pUb (with R =K|q], x=qp and 6 = q(d/dq) and B =B (and so (3.1.1)
holds automatically)), and (4.3) is replaced by (6.2.5).

Proof. The only thing that needs to be noted in this specialization of
Theorem 4.4 is that it makes no difference whether preserving of bs~' is
defined with respect to B =K(g)[plya, or B =K(q)[9P]4@aq> Which
follows, in the presence of (6.2) for bs~!, from Corollary 3.5 and (6.2.4).

Q.E.D.

COROLLARY 6.2. Every simple K|el-torsionfree Ub-module is isomorphic
to some (pUb/pUb N\ Bpa),, where pa is irreducible and preserving, and
a € (eUb + 1). Two of these Ub-modules are isomorphic if and only if the
corresponding two pa are similar.

6.3. Given a simple 8B-module N we have Soc,;, N < Socyg N. It turns
out that only the two extremes are possible: equality or Soc, N =0.

PRrROPOSITION 6.3. If M is a simple S-torsionfree U-module, then the
K|e]-torsionfree Ub-module M, is simple if it contains a simple submodule.
Moreover every simple K |e|-torsionfree Ub-module arises in this way from a
unique (up to isomorphism) such M.

Proof. Writt A=pUb and M’ =Soc,M. Thus M'cMc S 'M.
Suppose M’ #0. Then M’ is simple, gM’ is a submodule of M’ and hence
gM' = M. Therefore g~ 'M' =M’ and so pM' =q~ 'gpM' = M', M’ is U-
invariant, and M' = M. The first statement follows from this. For the second
statement, if M, is a simple S-torsionfree A-module, then M, =
Soc, S7!M,; =Socy S~'M,. The argument above shows that the action of p,
hence of U, on M, is uniquely determined. Q.E.D.

6.4. We now consider simple Us-modules on which ¢ acts as a
scalar, and determine which of these contain a simple Ub-submodule. We
exclude consideration of the highest weight modules, that is, those for which
e has a null vector, as the situation for these is obvious.

THEOREM 6.4. Suppose M is a simple e-torsionfree Us-module and
¢y € K. The following conditions are equivalent:

Soc,, M #0; (6.4.1)

Soc,, M =M, (6.4.2)

Ime M — {0} and 3 u € Ub such that (eu + 1)m=0; (6.4.3)
Y me€M— {0}, 3u € Ub such that (eu + 1)m =0. (6.4.4)
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Moreover, for each y € K and simple e-torsionfree Ub-module N, there exists
a unique (simple) Us-module M with ,,M = N and c,, = .

Proof. Let N be a simple e-torsionfree Ub-submodule. Then eN is Ub-
invariant (since he = e(h + 2)) and hence eN = N. Given y € K, define

flem)=(1/4)(y — h* — 2h)m (m€E€ N); (6.4.5)

this is well defined since N 1is e-torsionfree. Then straightforward
computations, using he =e(h + 2), show that Af(em)— fh(em) = —2f (em)
and ef'(em) — fe(em) = hem. Hence N becomes a Us-module. Clearly ¢, =7,
and this condition makes the above action of f uniquely determined. This
proves the theorem’s last statement. Also (6.4.1) implies (6.4.2), since if N is
a simple Ub-submodule of M and c,, = y then (6.4.5) holds and shows that N
is Us-invariant. If M is K|e|-torsion then, by Proposition 5.3 and
Lemma 5.3, (6.4.2) holds and M =Us, ,~ Ub ®y, K, for some monic
irreducible g € K[g], g # g. Then by (5.3.4) every m € M is annihilated by
some power of g(e); since powers of g(e) have nonzero constant term, it
follows that (6.4.4) holds in this case. Hence we may assume that M is K|e]-
torsionfree.

Suppose ¢, = y. By Theorem 5.5, ,,,M is the o,Us-socle of some simple
B-module M'. Suppose (6.4.1) holds. Since p =g, |y, Soc,, M’ # 0. Hence,
by Theorem 6.2 and (6.2.2), for every element m of M’ (and a fortiori for
every element of ., M) there is an a € pUb such that (ga + 1)m = 0; with
a = pu, it follows that (6.4.4) holds. Conversely, suppose (6.4.3) holds. Then
(ga+1)m' =0 for some a€pUb and m' €M —{0}. By (3.5.2),
Qq.0a+1 € K. We may choose a minimal annihilator b of m’ with b € pUb.
Then ga + 1 € Bb, and, by Lemma 3.3.2, @, , € K. By (3.5.2) again, b has
the form g*(gd + B) with kK € N, d € pUb, 0 # 8 € K. Thus we may pick b so
that b has the form gd + 1, d € pUb. By Theorem 6.2, M' contains an
essential simple pUb-submodule, which must be contained in Soc,,,, M’
Hence (6.4.1) holds. Q.E.D.

7. EXAMPLES

7.1, If N is a simple B-module, 0#n €N and b is a minimal
annihilator of n then n, pn,..., p*~'n form a basis of N over K(q), where k =
deg b (that is, the order of the differential operator ). We define the degree
deg N of N to be the dimension of N over K(g). Thus deg N equals the
degree of any minimal annihilator. Now suppose A4 is a subring of B
containing S = K[g] — {0} and such that B=S""'4. If M is a simple 4-
module we define the degree deg M of M to be 0 if M is S-torsion and to be
the degree deg S™'M of the simple B-module S~!M if M is S-torsionfree.



REPRESENTATIONS OF sl(2) 107

Suppose 0 m € M and 0+ a € A4 is of smallest degree such that am = 0. If
M is S-torsion then @ € § and 0 = deg a = deg M; if M is S-torsionfree then
a is a minimal annihilator of m as an element of §~'M, a is irreducible, and
deg a =deg M.

If y € X, the notion of degree may be transferred from B to §“Usy by
means of G,, or equivalently, if 1 € K and 1> — 1 =1, by means of 7,. Thus
if M is a simple Us-module and c,, = y, we may define deg M as deg,,y, M
(=deg, )y, M if AEK and A* — 1 =7).

We now analyze the degree one modules over the rings B, %, and p, Us
(A €K), assuming for convenience that K is algebraically closed. In the
degree one case it is easy to describe not only irreducible elements but also
their similarity classes. Suppose N is a simple 8-module of degree one and
O#n€N. Then there exists tE€ K(g) such that (p—f)n=0, the
isomorphism class [N] corresponds to the similarity class [p —¢], and we
may identify N with K(g) (identifying n with 1), where elements of K(g) act
by multiplication and p acts as ¢ + d/dg. We have K(q)n =N, and changing
n to

n I:[ (g—a)'

changes ¢ to £ + 3., j(¢g — ;). In particular, it follows that p — ¢ and p — ¢,
are similar if and only if £ — ¢, is a logarithmic derivative of an element of
K(g) — {0} ({1, 24] contain different proofs of this classical fact). For a € K
we shall make use of the residue Res, ! at a, that is, the coefficient of
(g — a)™! in the partial fraction decomposition of ¢. Then the above change
in ¢ adds j; to the residue at a;. Therefore we may choose 0 # n € N so that

a€K,v, ,t=—1=>Res, t&Z (7.1.1)

q—a
and, simultaneously, if 1 € K is given,

vot=—1=>21+Resyt €Z — {0}. (7.1.2)

THEOREM 7.1. Suppose N is a simple B-module of degree one and
A € K. Identify N as above with K(q), p acting as t + d/dgq, where t € K(q) is
normalized so that (7.1.1) and (7.1.2) hold. Then

SocuN=K[q, (q e al)—ly-"’ (q - al)_l]’

where {a,,.,a;}={a€K|v,_,t<0}. Moreover Soc,,,,N=SocqyN
unless one of

vt >0 and A€l (7.1.3)

Vet =—1 and Resgt=—4 (7.1.4)
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holds. If (7.1.3) holds then Soc,;,,,N=q " SocyN. If (1.1.4) holds (so
that a;, = 0 for some i, say i =1), then

Soc, v N=Kl|g, (g — ) s (g — 2, )7 '] (1.1.5)

Proof. Write Klg,(g—a,) ', (@—a)'|=M,. Pick k€N,
i€ {l,.,1}, and write a=p—t+k(g—a,) '(=p—1t if I=0). Then a is
preserving; it suffices to prove this relative to g —a, where a =a; with
1< j< L Denoting v, , by v, we have v, va< —1. If va<—1 then
Qy—a.a €K, while if va=—1 then vt =—1 and Q,_, ,=¢—Res, t +kdy;,
which has no root in Z~ by (7.1.1). Since a-(g—a;) ¥=0 and a is
irreducible and preserving, it follows from Theorem 4.4 that (g —a;) %€
Socy N. Hence, using partial fraction decompositions, we have M, < Socy N.
But also Socy N=U - 1 < M,, giving the result for A.

Next, in order to check (5.4.3), we consider d =j_,f; 'a, which equals
a —Ag~! by Lemma 5.4.1. Since a is preserving, d is preserving if and only if
it is preserving relative to g. Write v=v,_. If vt >0 then g#g—aq;, Q, 4=
¢—A, and d is preserving unless A € Z~. If vt < O then, say, a,= 0; again if
vt < —1 then Q, ,€ K while if vt=—1 then Q, ,=&—Resyt+kd,; —4,
and, by (7.1.2), d is preserving unless 4 = —Res, ¢ and { = /. Therefore, by
the same reasoning as for U, using Theorem 5.5 in place of Theorem 4.4,
M, = Soc,,,y. N unless either (7.1.3) or (7.1.4) holds.

Suppose (7.1.3) holds and replace p—¢ by p—t+4g~', which is a
minimal annihilator of ¢~*. With b=a + Ag~"', we have Q, , = ¢ + 4, and so
b and b —Ag ' =a are preserving. It follows (as before, but with g~* in
place of 1) that Soc,,,,, N = M,q~* in this case.

Finally, suppose (7.1.4) holds, a; =0, and let M, denote the right-hand
side of (7.1.5). We observed above that a and d=a—~Ag~' are both
preserving in this case unless i=1/, which implies that (g —a,)7*€
Soc, s N if i# 1, and hence M;< Soc,,,,,N. The space M; is clearly
invariant under p,e and p, h. If u € M| then

1

d d
. = — — 1 .
oS u (qdq+qt+i+ )(dq+t>u

=-A¢g7 'u—Aqg 'u+(A+1)Ag 'u=0 modulo M’.
Therefore M, is invariant under p, Us so equals Soc,,,,, V. Q.E.D.

7.2. For s = sl(2, C), the subalgebra C#k is a symmetric algebra, and
the simple Harish—-Chandra modules are those for which 4 has an eigen-
vector or, equivalently, for which A acts diagonally. These modules are
included among the degree zero and degree one modules over s. Indeed at
degree zero they comprise the highest weight modules (the other degree zero



m

REPRESENTATIONS OF sl(2) 109

odules being the Whittaker modules, where 4 has no eigenvector). The

degree one Harish—Chandra modules are those for which A, but not e, has an
eigenvector. The condition that p, # has an eigenvector in N (say for eigen-
value B) but p,e has no eigenvector is equivalent to 2gp+ A+ 1—f€

m

in ann N, that is, p —t € min ann N, where t= (f— A — 1)/2q. Thus the

simple degree one Harish—Chandra modules with ¢, =7 comprise the
modules of Theorem 7.1, pulled back along p,, where we choose a particular
root A of &2 =y + 1, for which ¢t € Cq~". Two such modules (for the same A)
are isomorphic if and only if the corresponding ¢ differ by an element of
Zq~ L

1
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