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Determination of the differentiably simple
rings with a minimal ideal’

By RicHARD E. BLoCk

1. Introduction

A central result in ring theory is the Wedderburn-Artin theorem on sim-
ple rings : a simple associative ring with pcc on left ideals is a total matrix
ring A, over a division ring A. In this paper we consider an analogue of this
theorem in which ideals are replaced by differential ideals, these being ideals
invariant under all derivations of the ring, and left ideals are replaced by
ideals. The main result is a complete determination of the differentiably
simple rings with a minimal ideal, in terms of the simple rings. This result
(the precise statement will be given shortly) is new even for finite-dimensional
associative algebras with a unit. However, the result holds also for com-
pletely arbitrary rings, not necessarily associative and not necessarily having
a unit element (just differentiably simple with a minimal ideal). In the case
of Lie algebras the theorem proves a thirty-year-old conjecture of Zassenhaus.
In fact the result leads to the solution of important problems on two very dif-
ferent classes of finite-dimensional non-associative algebras, namely, semi-
simple Lie algebras (of characteristic p) and simple flexible (but not anti-
commutative) power-associative algebras.

We now give some definitions and notation. If A is aring and if D is a set
of derivations of A (additive mappings d of A into A such that d(ab) =
(da)b + a(db) for all a, b in A) then by a D-ideal of A is meant an ideal of A
invariant under D. The ring is called D-simple (d-stmple if D consists of a
single derivation d) if A* == 0 and if A has no proper D-ideals. Also A is
called differentiably simple if it is D-simple for some set of derivations D of
A, and hence for the set of all derivations of A. The same definitions are
used for algebras over a ring K, the derivations then being assumed to be K-
linear. Note that when we use the word ring or algebra we do not in general
assume, unless stated, that the ring or algebra is associative or has a unit
element ; however, when we speak of an algebra over a ring, say over K, we

* This research was supported by the National Science Foundation under grants GP
5949 through the University of Illinois, GP 6558 through Yale University, and GP 8713
through the University of California, Riverside.



434 RICHARD E. BLOCK

always assume that K is associative with a unit element acting unitally on
the algebra.

Jacobson noted (at least in a special case, see [16]) the following class of
examples of differentiably simple rings A which are not simple: A is the
group ring SG where S is a simple ring of prime characteristic p and G = 1
is a finite elementary abelian p-group (so that G is a direct product of say n
copies (n = 1) of the cyclic group of order p). If Sisan algebra over K then
SG is also an algebra over K. Since the ring or algebra SG depends (up to
isomorphism) only on S and #n, we introduce the notation S;,, for it. We only
use this notation when S is simple of prime characteristic. We also let
S denote S itself. If S is an algebra over K (so K = Z or Z, in the
ring case) then S;,; may also be written as SQ B, ,(K) where B, (K)
denotes the (commutative associative with unit) truncated polynomial algebra
K[X, ---, X, ]/(X?, ---, X!) (p the characteristic of S). Often one is inter-
ested in the case in which K is a field of characteristic p, when B, ,(K) is
usually just written B,(K). Note that S,; s associative or Lie etc. accord-
wng as S 1is.

We now state the most important result of the paper.

MAIN THEOREM. If A is a differentiably simple ring (or K-algebra)
with a minimal ideal, then either A is simple or there is a simple ring (or
K-algebra) S of prime characteristic and a positive integer n such that
A = S

Conversely it is easy to see (and is a special case of results given below)
that each S, is differentiably simple and has a minimal ideal, in fact a unique
minimal ideal. The assumption that 4 has a minimal ideal cannot be removed,
as is shown for example by polynomial and power series rings over a field of
characteristic 0.

Posner [11] noted that any differentiably simple ring may be regarded as
an algebra over a field (its differential centroid) and so has a characteristic.
Three special cases of the theorem above were known. At characteristic 0,
where the situation is comparatively uncomplicated, these were due to Posner
[11] (the associative case) and Sagle and Winter [15] (the case of finite-di-
mensional algebras). In the much more complicated characteristic p case,
Harper [6] proved the result for finite-dimensional commutative associative
algebras over an algebraically closed field F' (the result then being A = B, (F)),
which proved a conjecture of Albert [3]. In the case of finite-dimensional
Lie algebras of characteristic » the problem was also studied by Zassenhaus
[17] and Seligman [16]. Zassenhaus [17, p. 80] conjectured the result in this
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case in what we shall show in §6 is an equivalent form.

The above result on the non-simple differentiably simple rings is as men-
tioned analogous to the Wedderburn-Artin theorem. One aspect of that
analogy is that the role of the division rings in that theorem is played here
by simple rings, and in the associative case division rings are precisely analo-
gous to simple rings in that they may be characterized as the non-trivial
rings with no left ideals. Most of the proof of the Main Theorem (all of it
in the characteristic 0 or finite-dimensional associative cases) is valid for a D-
simple ring A (with minimal ideal) when each operator d in D satisfies a re-
quirement weaker than that of being a derivation, namely d is additive and
[d, t] e T(A) for each ¢t in T(A) where T(A) denotes the ring generated by all
right and left multiplications by elements of A. We call such an operator d
a quasi-derivation.

The proof of the Main Theorem occupies §2-§6. The following is an out-
line of this proof. A key fact proved in §2 is that A, as a module for its
multiplication algebra, has a composition series with isomorphic factors. Also
A has a unique maximal ideal N. In §3 it is shown that the centroid C of A
is also differentiably simple with a minimal ideal, and that if C contains a sub-
field E such that A/N is central over E and if A (as an E algebra) contains a
subalgebra S = A/N with S + N = A then A = S® ,C; moreover it is es-
sentially shown that such an S exists if A is d-simple for some derivation d.
A proof of the commutative associative case is given in §4, thus determining
C. In §5 the d used to construct S is shown to exist by proving Theorem
5.2: if a ring A with a minimal ideal is D-simple where D is a set of (quast)-
derivations closed under addition, commutation and left multiplication by
all elements of the centroid then there is a d in D such that A is d-simple.
(As a very special case, any differentiably simple ring A with minimal ideal
is d-simple for some derivation d; when A = B,(F') this gives a result of
Albert [3]). In §6 the required field E is constructed, to complete the proof.

In §7 we shall determine the derivation algebra der S;,, of S;,; in terms
of der S, and give a condition on a set D of derivations of S;,, for S,; to be
D-simple.

In §8 we shall consider differentiably semisimple rings and give an ana-
logue of the following Wedderburn-Artin theorem: a semisimple associative
ring with pcc on left ideals is a direct sum of simple rings. If D is a set of
(quasi)-derivations of a ring A and if I is an ideal of A let I, denote the
(unique) largest D-ideal of A contained in I. We shall prove in Theorem 8.2
that if A has DcC on ideals and tf A/l is a direct sum of simple rings then
A/l, is a direct sum of rings which are D-simple (or more precisely simple
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with respect to the set of (quasi)-derivations induced on them by D). If A
is associative and R is the (Jacobson) radical of 4, then we say that A is D-
semisimple if B, = 0. As a corollary, if A is associative and D-semisimple
with DCC on ideals and i1f A/R has pcc on left ideals, then A is a direct
sum of D-stmple rings (and so is known, in terms of division rings). A simi-
lar result holds for alternative rings and a large class of finite-dimensional
power-associative rings. We shall also show that this gives a new proof and
extension of the theorem of Oehmke [10] that semisimple flexible strictly
power-associative algebras are direct sums of simple algebras with a unit.
The author has announced elsewhere [4] the determination, by means of the
Main Theorem, of the symmetrized algebra A+ for the simple flexible algebras
in the finite-dimensional case. At the end of §8 we shall state the generali-
zation of this result to the case of simple flexible rings for which A* has a
minimal ideal.

For (finite-dimensional) Lie algebras of prime characteristic it is not true
that D-semisimple algebras are direct sums of D-simple algebras since it is
not even true for semisimple algebras. However in a semisimple Lie algebra
L every minimal ideal I is (ad,L)-simple. This is the basis for the application
in §9 of the Main Theorem to obtain a structure theorem for semisimple Lie
algebras. The author hopes that ideas connected with the Main Theorem
will also prove useful in the determination of the simple Lie algebras.

2. Chains of ideals

If A is an algebra over a ring K, we denote by T = T(A) the multipli-
cation algebra of A, i.e., the (associative) subalgebra of Hom, (4, 4) (the
algebra of all K-linear additive mappings of A into A) generated by
{r.,l.|xe A} where r, and [, are the right and left multiplications ¥ — yz,
y — ay, respectively, of A (we do not assume that 1,e T (1, the identity
operator)). Also welet C = C(A) denote the centroid of 4, i.e., the centralizer
of T in Homy(A, A). If A* = A then C is commutative (and associative with
1). If D is a set of derivations of A, the D-centroid of A (differential
centroid if D = der A (the derivation algebra)) is defined to be the centralizer
of Din C. If Ais D-simple then the D-centroid is a field; the proof is the
same as the usual one for the centroid of a simple algebra. We also note that
if D is a set of derivations of an algebra A over K then A is D-simple if and
only if A is D-simple as a ring, again by the usual proof for the case of ordi-
nary simplicity. However for a suitable K there exist K-algebras which are
differentiably simple as a ring but not as a K-algebra, as we shall see in §7
(we require that derivations of a K-algebra be K-linear). In a D-simple K-
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algebra A the set {xe A | T(A)x = 0} is a D-ideal and hence is 0. In particular
a minimal ideal of A is an irreducible T(4)-module. It follows that a minimal
ideal of A as a K-algebra is also a minimal ideal of 4 as a ring. Conversely
if A is both a D-simple ring and a K-algebra then a minimal ideal of A as a
ring is also a (minimal) ideal of A as a K-algebra.

If d is a derivation of the algebra A then [d, r.] (= dr, — r.d) = r,, and
[d,1,] =1,, and hence [d, T] < T. We call a quasi-derivation of A any ele-
ment d of Homy(A, A) such that [d, T] € T. Thus the set qder A of quasi-
derivations of A forms the Lie normalizer of T in Homg(4, A). A quasi-
derivation for A as an algebra is also a quasi-derivation for A regarded as a
ring since T is the same set for A regarded as an algebra or as a ring. The
following are examples of quasi-derivations which are not in general deri-
vations.

(1) If A isassociative and I is an ideal, then (r,|I) e qder I for all x
in A.

(2) IfceC(A)and deder A, then d + ¢ e qder 4 and dc € gqder A (while
cd e der A). The above definitions and facts (about the D-centroid etc.) go
over for quasi-derivations as well.

LEMMA 2.1. Let H be an associative algebra over a ring K, let M be an
H-module with a minimal submodule M,, and let D be a subset of Hom (M,
M) such that [D, Hy] < Hy. If M,, ---, M, (for some q = 1) are submodules
of M such that M,c M,c ---C M, and M;..,/]M; = M, for t =1,.--,q — 1,
and if deD such that dM, & M,, then there is a submodule M,.,, with
M,c M., and an index j,1 <3 <gq, such that dM;_, < M, (M, = 0),
dM; € M,.,, and the mapping m + M;_,+— dm + M, (me M;) is an isomor-
phism 0 of M;/M;_, onto M,.,/M,. In particular M,.,/M, = M,.

Proor. If N is a submodule of M then the mapping n+ dn + N of N
into M/N is a homomorphism since din + N = hdn + [d, hy]n + N(h e H).
Let j be the largest index (1 < j < q) such that dM;_, € M,, take N = M,,
and consider the restriction to M; of the above homomorphism. Let the
image be M,.,/N; this defines M,.,. The kernel is M;_, since M, is minimal
and M;/M;_, = M,. This gives the required isomorphism of M;/M;_, onto
M,.,/M,, and the lemma’s proof is complete.

Our first applications of this lemma will be with M = A (an algebra over
K), D a set of quasi-derivations of 4, and H = T(A), so that submodules are
the same as ideals. By a composition series of a ring or algebra, say of 4, we
shall mean (unless otherwise stated) a composition series for A as a T(A)-
module, so that the terms of the series are ideals of A.
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LEMMA 2.2. Suppose that A is a quasi-differentiably simple algebra
with a minimal ideal M,. Then A has a composition series and a unique
mazximal ideal N. Moreover N is nilpotent, A/N is simple, A* = A, and
every composition factor is isomorphic to M, as a T(A)-module.

ProOF. Suppose that A does not have a composition series. Letd,, ---, d,
be a (possibly empty) sequence of not necessarily distinct quasi-derivations of
A. Let 7, be the first index (if any) such that d; M, £ M, and use d;, to define
an ideal M, as in Lemma 2.1. If M,, - --, M, have already been constructed by
Lemma 2.1 using d;, ---,d; _, wherei, < --- <4, and d; _ ---dd.M < M,,
let s = 1, be the lowest index (if any) after 7,_, such that d, M, ¢ M,. Then
Lemma 2.1 gives M,,,. If d,M, € M, ., continue using d, until M,.,, --+, M.,
have been obtained such that d, M, < M,,,. Then<,,, ,=sand d,---d,d, M, C
M, ... Proceeding until the indices have been exhausted, we obtain M,, - - -, M,
with d, --- d,M, € M,. Then M, = A since we are supposing that there is
no composition series, and there is a quasi-derivation d such that dM, ¢ M,.
‘Applying Lemma 2.1 once more we get an M,,,. If me M, andz=d,---dm
then « € M, and hence xM, = M,z = 0 since M,.,/M, and M, are T-isomorphic.
But the subspace of A spanned by all d, --- d;m(d, € qder A, m € M,, n = 0)
is closed under 7' and hence is A itself. Therefore AM, = M,A = 0. But
{acA|laA = Aa = 0} is a quasi-differential ideal and hence A4*=0, a
contradiction. Therefore A has a composition series, in fact has one
OcM,c-.-cM,=A such that M, /M, = M, as T-modules for 7 =
1, ..-,1—1.

Let N = M,_,. Then N is maximal. Since A’is a quasi-differential ideal
(because we do not use 1, in generating 7'), A* = A and A/N is simple. Also
NM,., € M; and M;, N < M, for all © since NAC N and AN € N. There-
fore every product of at least 2'~* elements of N, associated in any manner,
is zero. If N, # N is a maximal ideal then N + N, = A and A/N, = N/N N N,
is simple and nilpotent, a contradiction. Hence N is unique. This completes
the proof of the lemma.

3. The centroid and a tensor factorization

If A is an algebra, deqder A and c¢e C(A) then [d, ¢] € C(A) since if
t€ T(A4) then [[d, c], t] = [[d, t], ¢] + [d, [¢, t]] = 0 by the Jacobi identity for
commutators. It follows that if d € qder A then the mapping c¢— [d, c](c € C(A4))
1s a derivation of C(A). We shall denote this derivation by d*.

LEMMA 3.1. Let A be a quasi-differentiably simple algebra over K. If
A has a minimal ideal M, and if 0 = M,c M,C---CM,_ =NcCM =A
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is @ composition series of A constructed as in Lemma 2.1 then there are
monomorphisms g,, «++, 0, of C(A/N) into C(A), as K-modules, such that the
following holds for i =1, ---,1. If 0= vye C(A/N) then o,(V)A + M;_, = M;
;)N < M,_,, and if 6 is any T(A)-tsomorphism of A/N onto M;/M;_, then
there exists a B in C(A/N) such that the mapping of A/N into M;/M, ,
induced by o,(B) is 0.

Proor. By Lemma 2.1 there is a T-module isomorphism o of A/N onto
M,. Write' = C(A/N) and define o, by 0,(7) = p,ovm,_, (v € ') where «; de-
notes the natural projection of A onto A/M; and p; is the injection of M, into
A. The factors of o,(v) are T-homomorphisms and o,(7): A — A, so that o,
maps I" into C(A4). If 0 = v e then v is onto and 0,(v)A = M,, and hence o,
is one-one. If 6 is a T-isomorphism of A/N onto M, then o760 e ", o,(07'0) =
mor,_,, and p~'6 is the required 5.

In the construction of M,, ---, M, by Lemma 2.1, let d; denote the quasi-
derivation used to go from M; to M,,,, with j; the corresponding index and 9;
the corresponding T-isomorphism of M, /M; _, onto M;.,,/M;. We define
., + -+, 0, recursively by setting o,.,(7) = [d;, ,;(7)]. Thus o,,, maps I into
C(A). Suppose the conclusions hold for r <4 (i <l). If v+#0, then
dio; (VA + M; = M., and 0;(7)d;A S M. Hence 0,.,(v)A + M; = M,,,, and
0;, is one-one (and clearly K-linear). Similarly o,,,(v)N € M;. If ¢ is a T-
isomorphism of A/N onto M, ,/M;, then ¢;'0 is a T-isomorphism of A/N onto
M; /[M;,_,. Hence there is a £ in I' such that o,(8) induces 0;70,i.e.,
v;..0;,(B) = 070y, _, (where we regard o, as a mapping of A into M; and v,_,
is the projection of M; onto M;/M,_,). Then 0.,,(8) = [d;, 0,;(B)] induces 6
since v;0; (B)d; = 0 and 0,y;,_, = v,d; on M;,. This completes the proof.

LEMMA 3.2. Let A be a D-simple algebra over K with a minimal ideal
M,, where D < qder A. Then C(A) ts D*-simple, where D* denotes {d* | d € D}
(and d*(c) = [d, c] (c € C(A))). Moreover C(A) has a composition series, with
the same length | as that of A.

ProoF. (i) IfeceC = C(A) and cA < M; (v > 0) (we use the notation
of Lemma 3.1) then ¢cN € M,_,: Assuming that cA & M;_,, m;_,c is a T-homo-
morphism of A into A/M,_, with image M;/M;_, ; the kernel is a maximal ideal
of A, so by Lemma 2.2 is N.

(i) C =Y, 04" (where I' = C(A/N)): It suffices to show that if
¢cA C M;, cA & M,_, then there exists a 8 in I' such that (¢ — 0,(B8))A < M,_,.
Since ¢N © M,_,, ¢ induces a T-isomorphism 6 of A/N onto M;/M, ,. By
Lemma 8.1 there is a £ in I" such that ¢,(8) also induces 4, and this 8 has
the required property.
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(i) I ={ceC|cA < M} is a minimal ideal of C: It is obviously an
ideal. To show that it is minimal we show that if ¢, ¢’ eI, ¢ = 0 = ¢/, then
there exists ¢’ € C such that ¢’ = ¢¢”’. Here ¢ and ¢’ induce T-isomorphisms
6 and ¢’ of A/N onto M,, and the required ¢” is an element (which exists by
Lemma 3.1) which induces the T-automorphism -6’ of A/N.

(iv) C is D*-simple : Suppose that H is a non-zero D*-ideal of C. Then
HA = {37 h,a;} is D-closed since d(ha) = h(da) + (d*h)a € HA for all d in D.
Hence HA = A, and so there is an 4 in H such that A + N = A. Then if
0 = veI' we have 0 = o,(v)he HN I. Since H is D*-closed, (ii) and the con-
struction of the o, in Lemma 3.1 show that C = }_ o(I") € H, and H = C.

(v) Theideals Y| o(I) ={ceC|lcA S M;},j=0,---,1, form a com-
position series of C: The equality follows from the proof of (ii). The ex-
pression on the right side shows that they are ideals, C being commutative.
The expression on the left side and the construction of the ¢; in the proof of
Lemma 3.1 show that the ideals are obtained by the method of Lemma 2.1
starting from the minimal ideal I, and thus form a composition series of C.
This completes the proof of the lemma.

LemMA 3.3. Let A, D and M, be as in Lemma 3.2, and let N be the
unique maximal ideal of A. Suppose that E is a subfield of C(A) such that
A/N as an E-algebra is central. If T is any mapping of A/N into A which
splits the exact sequence 0 — N — A — A/N — 0 regarded as a sequence of
E-module homomorphisms, then the mapping s @ cr c(zs) (se S = A/N,
c € C(A)) gives an isomorphism 7', as C-modules, of S C onto A, and C
has dimension | over E. If T can be chosen preserving products (that is, if
the above sequence splits when regarded as consisting of algebra homomor-
phisms) then T’ is a (C, E and K)-algebra tsomorphism.

ProOF. Since C/(radical C) is a field, E acts unitally on A and A is an E-
algebra. Since CN € N, S = A/N is also an E-algebra. Let ¢; = 0,(15), ¢ =
1, ---, 1 (we continue using the notation of Lemma 3.1). Then ¢, --- ¢, are
linearly independent over E, since if ¢ = ¢; + Eiq ce; then cA + M;_, = M;
(because ¢;A + M, , = M;)and ¢ = 0. If cA < M;and cA & M,_, then ¢ and
¢; both induce T-isomorphisms, ¢ and ¢;, of A/N onto M;/M;_,. Then (¢;)~'c
is a T-automorphism of A/N, hence is in the centroid of S as a K-algebra.
Therefore there is an ¢ in E such that w;,_(c — e¢c;) = 0. It follows that
¢, -+, ¢, are a basis of C over K.

For a given splitting E-homomorphism 7, (s, ¢)+ ¢(rs) is E-bilinear,
hence 7’ is well-defined. Every element of S & ,C is uniquely represented as
EL, s;®¢ci, €8, If0+3 8, Qc;cker, let j be the largest index such
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that 7s; ## 0. Since 7s;¢ N and c¢; induces a T-isomorphism of A/N onto
M;/M;_,, c;ts; ¢ M;_,. But Eiq ¢;ts; € M;_,, a contradiction, and kerz’ = 0.
Obviously 7’ is a homomorphism of C-modules, where ¢'(s R ¢) = s R c’c. If
T preserves products then cc'z(s;s,) = (¢7s,)(¢'Ts,), so that 7’ is an isomorphism
of algebras (over C, hence also over ¥ and K). This completes the proof of
the lemma.

LEMMA 3.4. Suppose that A is a d-simple algebra, where d is a deri-
vation, with a minimal tdeal M,. Then 0 — N — A — S(= A/N) — 0 splits
(as a sequence of algebra homomorphisms), and in fact S’ = {ac A|dac M}
18 a splitting subalgebra 8.

PRrOOF. Since d is a derivation S’ is a subalgebra. The chain of ideals
M,.--,M,_,= N, M, = A may be constructed with d always used to go
from M; to M,,, (so that j, = %). If 0 = ae S N N, let 7 be the index such
thata e M;,a ¢ M, ,. Thenda ¢ M, by Lemma 2.1, which contradicts d.S’' < M,.
Therefore S’ N N = 0. Moreover dN + M, = A since it contains with M;
also dM; + M, = M,.,. Henceif ac A then da = dn 4 a, where ne N and
aeM,da—n)=a,a=(a—n)+neS + N. This completes the proof
of the lemma.

4. The commutative associative case

Suppose that A is a differentiably simple commutative associative ring.
At characteristic 0, results of Posner [11] show that A is an integral domain.
In particular if A has a minimal ideal then A is a field. For the application
to the proof of the Main Theorem it would suffice to prove this assuming that
the radical N of A is nilpotent, A/N is a field, and A has a unit element; the
proof in this case is trivial: If ye N, y* = 0, y**' = 0 and dy ¢ N for some
derivation d, then dy is a unit but ¥’(dy) = d(y*+")/(% + 1) = 0, a contradiction.
Now suppose that A has prime characteristic. Harper [6] proved that if A is
a finite-dimensional algebra over a field E and if A has the form A = E1+ N
(N theradical), then A = B,(E) for some n > 0. The following result gener-
alizes Harper’s theorem in several ways. A portion of the proof is partly
based on Harper’s proof, but yields a shorter proof even of his special case.
For the rings considered, the differential constants (i.e. elements annihilated
by all derivations) form a subfield which may be identified with the differential
centroid under a restriction of the mapping @ +— I, which identifies the ring
with its centroid.

THEOREM 4.1. Let A be a differentiably simple commutative associative
ring of prime characteristic p, and let R = {xc A|a? = 0}. If Rx =0 for
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some © # 0 in A (this will hold, e.g., if A has a minimal ideal), then there
is a subfield E of A and an n = 0 such that A = B, (K) (= E.,), in fact 1s0-
morphic as algebras over E. Here E may be taken to be any maximal sub-
field of A containing the subfield F of differential constants.!

ProoF. By two theorems of Posner [11], A has a unit element and the
ideal R is nilpotent (for the application to the proof of the Main Theorem it
would have been enough just to assume these properties). By Zorn’s lemma
there exists a maximal subfield of A containing F'; let £ be any such maximal
subfield. We now give the proof of the theorem in five parts.

(i) E+R=A: If ac A then a?e F, say o’ = «, and the minimal
polynomial of a over E divides \*» — a. If E contains no p™ root of «, then
A — « is irreducible over E and E(a) is a field, which contradicts the maxi-
mality of E. Therefore E contains a p™ root 8 of o, a — BeR, and
ac E 4 R.

Now regard A as an algebra over E, choose a subset {y,|j € J} of R such
that {y; + R*|j e J} is a basis of B/R? let X = {X,|j € J} be a corresponding
set of commuting indeterminates over E, and let = be the (unique) homomor-
phism of E[X] to A such that tX; = y;(j€J)and z1 = 1. Then

(ii) 7 is onto: It suffices (since R is nilpotent) to show for all £ > 0
that

{yp-eryim+ R jed, 4,20, % + -+ + 1, = k)
spans R*/R**'. This is true for £ = 1 by the choice of {y,}, and its truth for
k + 1 follows from that for & because

R'R =32 (Byji -~ yin + BBy, + R < 35 (Byjt --- yimy + B*7) .

Now regard A again as a ring.

(iii) Given d in der A, there exists an F-linear derivation d' of E[X]
such that td' = dz: Let {w,} be a basis of A over £ composed of monomials
in the y,’s. If we write de =} (de)w(ec E, diec E) then each d; is a
derivation of E and for each e in E, d,e = 0 except for a finite set of indices
7. For each w; let z; be the element of E[X] obtained by replacing the y,’s
by X,’s. Also for each j in J pick an X in E[X] such that 7 X = dy,. Then
there is a (unique) F-linear derivation d’ of E[X]such that d'X; = X' (j € J)
and d'(el) = Y (d;e)z(e€ E), as a straightforward verification shows, and
this is the required d’.

1Added April 25, 1969. The writer has just learned of the paper by Shuen Yuan, Dif-
ferentiably simple rings of prime characteristic, Duke Math. J. 31 (1964), 623-630, in which
essentially the result of Theorem 4.1 is proved (under the hypothesis that the radical is
nilpotent). The proof given here is different and simpler than Yuan’s, and also makes
the proof of the Main Theorem self-contained.
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(iv) Let D' = {d'eder ;E[X]|3deder As7d = dr}; then ker 7 is a
mazximal D'-ideal and a der ,E[X]-ideal of E[X]: ker 7 is obviously a D’-ideal
and is maximal by (iii) since A is differentiably simple. Let I be the additive
subgroup of E[X] generated by ker t + A(ker v) where A = der ,E[X]. Then
I is an ideal because b(ok) = d(bk) — (0b)k (be E[X],0€ A, keker7), and I is
D’-closed because d'(ok) = o(d'k) + [d’, 6]k and [d’, 6] € A. By maximality,
either I = ker z and hence A(kert) C ker 7, or else I = E[X], in which case
ker ¢ would contain an element with a non-zero (monomial) term of degree < 1.
But this latter contradicts the fact that {1, y;|j € J} is linearly independent
modulo R? and 7 maps monomials of degree > 1 into R®.

(v) kert =(X?), where (X?) denotes the ideal generated by {X?|jecJ},
and the index set J is finite: (X?) < kerz. But (X?) is a maximal A-ideal of
E[X] (just apply enough derivations 6/0z; to an element not in (X?) to get a
unit modulo (X ”)). Hence ker 7 = (X*), and the nilpotency of R implies that
J is finite. This completes the proof of the theorem.

COROLLARY 4.2. If a differentiably simple commutative associative ring
A of prime characteristic has Acc on nilpotent tdeals, then A = B, (E) for
some field E and some (finite) n = 0.

Proor. With {y;|j € J} as in the proof of the theorem, if J’ < J is finite
then the ideal generated by {y;|j e J'} is nilpotent. Hence J is finite, say
|J| = n. Then, as in (ii), R*" = R*"*', and R*" = (R"")* is a differential ideal.
Hence R is nilpotent, and the result follows from the theorem.

-

5. Proof of d-simplicity

If Ais any algebra over a ring K, the quasi-derivations form a Lie algebra
over K under commutation (the Lie normalizer of T(4)), as do the derivations.
If ce C(A) and d € qder A then c¢d € gder A, since [cd, t] = [¢, t]d + ¢c[d, t] and
c¢T(A) < T(A) (el, =1,,, cr, = r,,). If deder A then it is easy to see that
cd e der A (and dc is a quasi-derivation but not necessarily a derivation). Thus
qder A is a left C(A4)-module and der A is a submodule.

LEMMA 5.1. Let A, D, and D* be as in Lemma 3.2. If C(A) is d*-simple
for a given d in D then A is d-simple. If D is closed under commutation
and left multiplication by elements of C(A) then D* is also.

Proor. Suppose that C = C(A) is d*-simple and that M == 0 is a d-ideal
of A. Since A has a T(A)-composition series, M contains a minimal ideal M,
of A. Starting with M, construct the chain of ideals M; by always using the
given d in Lemma 2.1 until an ideal M, is obtained with dM, = M,. If M, + A
then H = {ce C|cA < M,} is a proper ideal of C, but if 2 € H and a € A then
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(d*h)a = dha — hda € M,, so that H is d*-closed, a contradiction. Therefore
M,=A, M=A and A is d-simple. The last statement holds because
[ad d,, ad d,] = ad[d,, d.] in Hom (A4, A), and ¢(d*¢c,) = cde, — ce,d = (cd)*c,.

If A is a ring or algebra and if D is a Lie subring or subalgebra of qder A4,
we say that D is regular if it is also a left C(A)-submodule of qder A. This
conforms with the terminology used by Ree [12] in his investigation of the
regular Lie subalgebras of der B,(F'). If A is an algebra and if A* = A then
the centroid of A4 is the same set whether A is regarded as an algebraor asa
ring. Hence a regular Lie subring of gder A is also a regular Lie subring of
qder A when A is regarded as a ring.

THEOREM 5.2. If A ts a D-simple algebra over K with a minimal ideal
where D is a regular Lie subring of qder A then A is d-simple for some d
wn D.

PRrOOF. Since A is D-simple (d-simple) as an algebra if and only if it is
D-simple (d-simple) as a ring (d € D < qder A), we may ignore K and regard
A as a ring (the minimal ideal remains minimal). Also we may assume that A
is not simple. By Lemmas 5.1 and 3.2 we may assume that A is commutative
associative and that D < der A. Then by Lemma 2.2 and Theorem 4.1, A has
prime characteristic p and A = B,(E) for some field £ and some n > 0. We
claim that

(i) there is a regular Lie subring D, of D and a derivation d, in D
such that A is not D-simple, A 1s (D, U {d.})-simple, and [d,, D,] < D, : Since
the radical R of A is not a D-ideal, there is an » in R and a d, in D such that
d,r ¢ R and hence d,» is a unit of A. Replacing d, by (d,r)"'d, we may assume
that d,» = 1. Let D, = {d — (dr)d,|de D}. Then D, = {de D|dr = 0} and
hence D, is a regular Lie subring of D, and [d,, D,] < D, since if d,» = 0
then (dd, — dd)r = —d,1 = 0. Also A is not D,-simple since rA is a proper
D-ideal. Any (D, U {d.})-ideal of A is invariant under d —(dr)d, and (dr)d, for
all d in D, and hence A is (D, U {d.,})-simple.

Now let H be the (associative) subring of Hom (4, A) generated by T(A)
and D,. Then [d, H] € H and A has no proper H-submodule invariant under
d,. Since H-submodules are in particular ideals of A, A has an H-composition
series. Starting with a minimal H-submodule M, of A and applying Lemma
2.1 using d, at each step, we get an H-composition series 0 = M, C ---C M, =
A and H-isomorphisms 4, : M; — M,.,, where we write M, = M;/M;_, (with
M, = A). Since M,_, is a D,-ideal of A, any d in D, induces a derivation on A
(regarded as a ring) which we denote by d. We also write D, = {d |d € D,}.
Then D, is a regular Lie ring of derivations of A4, and A is D,-simple. By in-
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duction on the (7(A4)) composition length (M,_, = 0 since A is not D,-simple)
there is a d, in D, such that A is d,-simple. We have

(ii) if A is not d,-simple then A = B(E) for some positive q : By Theo-
rem 4.1, A = B,(E) for some ¢ = 0, with the same field £ as above (this lat-
ter fact is not actually needed) since A/N = A/N. Since d, gives all the
mappings ¢, if 0~ a € A then for some ¢, dia ¢ M,_,. But if ¢ =0 then dia is
a unit since A is a field and M,_, is nil, and hence any non-zero d.-ideal would
contain a unit.

Now suppose ¢ > 0, let ,, - -+, x, be a set of nilpotent generators of A
(.e., A= E[x, +++,2,],22=0,9=1,---,q; E acopy of E), and for i =
1, ..., 11let M}, M denote the ideals of A such that M;,>M.> M!>M,_,,
MIM; ., = (0yy++ 07 (%, +++, %), and MY/ M;_, = (0, + -+ 0:) "' E(, - - x,)"™;
i.e., M!/M,_, and M}/M,_, correspond under the H-isomorphism to the unique
maximal and minimal ideals of A. Also pick ¥; in A such that y; + M,_, = «;
(t=1,---,9)and set w = (y, - -+ ¥,)*'. Then

(iii) wM': < M., (where My = 0) and wM; + M;_, = M?(t=1,.--,1):
We have

dlw + Ml—-1 = Ei (p - l)(dlyw =+ Ml—l)xf~1 e 93«?_2 e wg—l ’

so that each term in d,w + M,_, is of total degree at least (p — 1)? — 1.
Hence (dyw + M,_)(M,+ M,_) < M} + M,_,, (dw)M; =< M/, and, by the
H-isomorphisms, (dw)M:< M/(1 =1, ---,1). Also wM; + M;,_, = M} for
all ¢ since this holds for ¢ = [. By the definition of M} and M}, d.M; + M, =
M), and dM! + M, =M/, (i=1,---,1—1). Also wM;=0 since
wM, < M,_,. Suppose wM} < M/, for some ¢ (1 < ¢ < I; this is true for 7 =
1). Then (since [d,, I.] = l4.)

wM., € wd. M, + wM; < d(wM}) + (dw)M; + M} < d M, + My < M/ .

(iv) Let d = d, + wd,; then A is d-simple: In proving this, for any
ideal I of A we write AI and A, for the ideal dI + I and d,I + I, respectively,
and similarly for A, on ideals of A. Since A is d,-simple and has the same
composition length as its dimension over E, it follows that

(Zo)pq—2(E(w1 tee wq)p_l) = (@, -+, .’Eq)
and hence
A" *M! = M; (t=1,---,D.

Therefore, since d,.M: < M}, (iii) gives A’M} = AIMY, A" MY = AM; =
M,(j=1,+--,p2—1;¢=1,.--,1). But for + <I,AM;, = wd,M; + M; =
wM,., + M, = M”,,. Therefore the ideals A’M/,j =1, ---,(p* — 1), to-
gether with the 0 ideal, form a composition series of A. Hence A is d-simple



446 RICHARD E. BLOCK

since MY is the unique minimal ideal of A (or by the argument of (ii)). This
completes the proof of the theorem.

6. Completion of proof of the main theorem

Let A be a differentiably simple algebra over K with a minimal ideal
M, + A. Since der A is a regular Lie ring, by Theorem 5.2 there is a deriva-
tion d such that A is d-simple. By Lemma 3.2, C = C(A) is d*-simple and
I={ceC|cA < M}isaminimal ideal of C. By Lemma 2.2, the radical R of
C is nilpotent, and by Lemma 3.4, E = {ce C|d*c e I} is a subfield of C with
E + R = C. Thedifferential constants of C are in E and in particular K, < E.
By §4, C (and hence also A) has prime characteristic and C = B,(E), as an
algebra over E, for some n > 0 (R # 0 since otherwise C = E = [and A =
M,). Hence I is 1-dimensional over E.

The ring A is also an algebra over E. In the notation of Lemma 3.1, if
0+ vel' = C(A/N) then o,(v)A = M,, hence CM, < M, and M, is an E-ideal.
Since [d, F]A = (d*E) € M,, in the construction of the chain of ideals M,
using d in Lemma 2.1, all the isomorphisms 6 are E-linear ; in particular A/N
and I' may be considered as algebras over E. Therefore the mapping o used
in defining ¢, in Lemma 3.1 (¢,(v) = p,0vx,_,) is E-linear, and o, is an isomor-
phism of I" onto I as E-modules. Therefore A/N as an E-algebra is central.
The subalgebra S’ = {a € A|daec M} of Lemma 3.4 is closed under E, so we
have the situation of Lemma 3.3, and A = S’ Q ,B.(E) = S[,, as an algebra
over K, hence also over K, where S’ =A/N is a simple algebra over E and
hence also over K. This completes the proof of the Main Theorem.®

One of the main tools used in the proof of the Main Theorem was the
passage from quasi-derivations of A to derivations of C(4). The proof of
Lemma 3.4 was the only place where we required, for the D-simple algebra
A itself, that D consist of derivations rather than merely quasi-derivations.
The following gives several cases where this hypothesis may be weakened.

COROLLARY 6.1. Let A be a D-simple algebra with a minimal ideal,
where D C qder A. Then the conclusion of the Main Theorem holds in each
of the following cases

(i) A has characteristic 0 ;

(ii) A ts commutative associative with a unit element ;

(iii) A is fintte-dimensional over a field and is either alternative (in-
cluding assoctative), or standard [1], [14] (including Jordan) of character-

2Added April 25, 1969. The proof of the Main Theorem remains valid for Lie triple
systems, and more generally for Q-algebras A where A is a K-module and each «€Q is
n-ary multilinear for some n = 2 (with the appropriate definitions of derivation, ete.).
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1stic + 2;
(iv) D = {d} and for each x,y in A there is a t = t(x, y) in T(A) such
that d(zy) = (dx)y + t(dy).

Proor. Case (i) follows from Lemma 3.2 and the (easy) characteristic 0
case of §4. Case (ii) follows from Lemma 3.2 and the Main Theorem since
here A = C(A). Case (iii) follows from the Wedderburn principal theorem
for alternative algebras [13] and for standard algebras [14] of character-
istic = 2, since this provides the splitting subalgebra needed in Theorem 3.3,
thus bypassing Lemma 3.4 (and §5). In Case (iv) the set S’ of the proof of
Lemma 3.4 is a subalgebra, and so as noted above the conclusion holds in this
case also. This concludes the proof.

The Main Theorem probably remains true for any quasi-differentiably
simple algebra with a minimal ideal. At any rate, Lemma 3.3 and Theorem
4.1, together with Theorem 5.2 and the argument of §6, provide a great deal
of information about such an algebra. It can also be seen that in the use we
have made so far of the concept, the definition of quasi-derivation could be
further weakened.

Given one of the non-simple algebras A of the Main Theorem, the algebra
S is uniquely determined up to isomorphism, since it is the unique simple dif-
ference algebra of A, and % is uniquely determined since p* is the composition
length of A(p the characteristic of S and of A). One of the principal difficul-
ties in proving the Main Theorem was finding a subalgebra of A corresponding
to S. It is easy to see that for any two such subalgebras there will be an
automorphism of A sending one to the other. However the subalgebra is not
in general unique. To show this we need only give an automorphism of A =
S ,,B.Z,) which moves S® 1. Thus suppose that S has a derivation
d’ # 0 and that z e B,(Z,) with « = 2* = 0, and let d be the linear mapping
of A determined by d(s @ b) = d'(s) b (s€ S, be B,(Z,)). Then d is a deri-
vation of A,d =#d*=0,expd =1, +d is an automorphism of A, and
expd)(SR1) = SK1.

We now discuss the conjecture of Zassenhaus mentioned in §1. For any
Lie algebra S over a field F' of characteristic » and any integer m > 0 he con-
structed [17, pp. €4, 67] a Lie algebra S, which he called a power ring of S.
This consists of the vector space over F' of all m-tuples a = (a,, ---, a,,_,) of
elements of S, with products given by [a, b] = ¢ where

¢ =25 (Olay, b, (i=0,1,---,m — 1).
Based on his characterization of the d-simple Lie algebras over F' with a chief
(= T(A)-composition) series [17, pp. 61-79], Zassenhaus conjectured [17, p. 80]
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that if L is a differentiably simple Lie algebra over F' (presumably with a
chief series) then L = S*™ for some simple Lie algebra S over F' and some
n = 0. It turns out that we can show rather easily (we omit the details) that
S*™ and S;,; = S Q »B,(F) are isomorphic, under the following mapping

pn—1

(Sgy + vy Spu) = 2200 1S @it -+ i
where ¢ =4, + 40 + +++ +4,p",0=14,<p( =0, ---,p" — 1), I denotes
the residue class modulo p» of I/p”%', and B,(F) = Flz, ---,2,],22 =0
(7 =1, ---,n). Zassenhaus’ conjecture then follows immediately from the
Main Theorem. It seems clear that the tensor product form of S;,; used in
the present paper is a much more convenient construction than that of the
power rings.

7. The derivations of S,; and a condition for D-simplicity

In view of the Main Theorem, it is desirable to determine the derivations
of the algebra S;,; of that theorem. This we shall now do, of course in terms
of the derivations of S. We begin by determining the derivations of a large
class of tensor products.

THEOREM 7.1. Let A = SQ B, regarded as an algebra over F, where
F is a field, S and B are algebras over F, and B is commutative associative
with a unit element. If S or B 1is finite-dimensional and if S* = S or
{seS|sS = 8s =0} =0then
der A = (derS) ®Q B + I' ® r(der B)

(the sum being a direct sum as vector spaces) where 1’ denotes the centroid
of S and

(@ QRb)sRb) = (d's) Q (b,d) , (v®d")NsQb) = (vs) Q (d""D)
(d’eder S, d’"ederB).

ProoF. A straightforward verification shows that each d’® b and v Q d”
is a derivation of A. Now let d be a given derivation of A. We give the
proof in three parts.

(i) Proof of the theorem when S is associative with a unit element. We
identify the center of S with I'. Choose a basis {b;|7 e I} of B and a basis
{s; 7eJ}of I, and extend the latter to a basis {s;|jeJ’} of S where the
index set J' = J U J” with J N J” = @. Define linear transformations d! on
S (teI)and d} on B (jeJ’) by writing

ds@D =3, (ds)®b,, d1Rb) =3 s;R (d/b)
(seS,beB).
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Then each d! is a derivation of S since

T (s @b = (dls: @ )5 @ D + (5. @ Dils: ® )
= Y A(dis)s: + si(dis)} @ b,

and similarly each d7 is a derivation of S. Applying d to both sides of
RDARDL =1RXb(s®1) gives s@ A1 R b) = d1L R b)(s@1) since
1®b commutes with d(s®1), and hence 0=3.  [s, s,]Q (d/b) =

2 s I8, 8] @ (dyb) for all s in S and b in B. For a given b in B and each j
in J” write djb = 3 .., a;;b; (a;; € F'). Then

0=2"s [5,81® @) =2, [8 25, sl @b:

for all s. Hence Ej”,, a;;s; €l for all 7, a;; = 0 for all 4 and all j in J”, and
d7 = 0 for all j in J”. Then

ds@b) = QDA Y) = X, (@) @ bd + X, 55, D dl'b
=3 s @bb + T, 88 @ dyb (seS,beB),

and d has the form 3 di ®b; + 3., s; @ d}. By the definition of the d,
for each s in S, djs = 0 except for finitely many of the indices ¢. Therefore if
S is finite-dimensional, then d; = 0 except for finitely many 4, so that
2. d' @ b; e (der S) ® B, while of course the same is true if I is finite. Simi-
larly 3. s;Qd/el'® (der B). Finally, the sum is direct since if
2., diQb;el’ @der Bthen 3 (d:®b:)(s®@1) = 0 for all 5, and d} = 0 for
all 7. This completes the proof when S is associative with 1.

(ii) If U =T + T(S) then there is an algebra isomorphism = of UQ B
onto C(A) + T(A) with t(u Qb)) = u R I, (regarded as a mapping of A, where
l, is the multiplication by b on B), and I' and C(A) are commutative. U is
an (associative) algebra of linear transformations on S since vl, = [,, and vr, =
r,,. There is a unique linear mapping 7 of U ) B onto a space of linear trans-
formations of 4 with 7(xu @ b) = u® 1, (w € U, be B). Then 7 is one-one since
if (E, u; ® b;)(s @ 1) = 0 for all s then u; = 0 for all 7. Clearly ¢ preserves
multiplication. Therefore 7(7(S) ® B) = T(A) since (I, ®b) = l,5, and
7(r, @ b) = 7,85 If 7,7 €T then [v, 1S = ([v, V'1S)S = S([7, ¥']S) = 0 and
hence the hypothesis on S implies that I' is commutative. Also either 4> = 4
or{acAlaA = Aa = 0} = 0, so that C(A4) is commutative. We claim that
(' ® B) = C(A). Indeed if ce C(A) and we write c(s @ 1) = 3. 7(s) Q b,
(teS), we see that each v;eI'. But if be B then 1,®1,eC(4) and so
c(s@®b) =1L QbL)e(s@1) =32, 7(s) ®bb, and ¢ = 3. v b;. Herev; =0
except for finitely many 4, as in (i). Therefore z(I'® B) = C(4) and
(U Q B) = C(A) + T(A).
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(iii) Proof of the theorem when S is not associative or does mot have a
unit element. Since [d, T(A)] < T(A) and [d, C(4)] < C(A), commutation by
d gives a derivation of C(4) + T(A), and hence by (ii) also a derivation d of
U ® B. The center of U is I" since I' is commutative. Since U is associative
with a unit element, if {v;|j e J} is a basis of I' and {b;|i e I} of B then by
(i) there are derivations d; of U and d} of B such that

licew = Id, Zs@b]A: T&\(ls X b)
=Z‘Ei“d§(ls)®bib+Z‘EjeJ’les®d}'b (seS,beB).

Then with b = 1 and with di(: € I) defined by setting d(s @ 1) = Y _._, di(s) ®b;
(so that as in (i) each d} is a derivation of S) we have

Sl @b, =X, dil) @D (seS)
Hence 1, = d/(l,) for all 7, and (since Vibs = Ui j0)
l(d<s®5)~zig1d§<s)®bib~2j”rjs®d;~’b} =0 (se S, beB)

and the same equality holds with [ replaced by ». Thend,=d -3 _,d:®b; —
Eje(, v; @ d} is a derivation of A4, 0 = (d,S)S = S(d,S) = d,S?, and d, = 0.
The desired conclusion follows as in (i). This completes the proof of the
theorem.

In the course of the proof we have also established the following result
for the infinite-dimensional case.

COROLLARY 7.2. Let the hypotheses of the first sentence of Theorem 7.1
hold. If S has a unit element, then every derivation d of A has the form
22,4 Qb; + 3,7, ®d} where dicder S, d} cder B, and for each s in S
(resp. b in B), di(s) = 0 (resp. dj(b) = 0) except for finitely many i (resp. j)
(and every mapping of this form is a dertvation).

In order to drop the hypothesis that S* = S or {s€ S|sS=Ss=0} =0
we would have to take into account summands d’’ where d”’S? = 0 and
d"S C{seS|sS=Ss=0}.

We now apply Theorem 7.1 to the determination of der S;,; when S is a
simple algebra over a ring K and n > 0. Let E be the centroid of S, so that
E is a field containing K, and identify 4 = S;,; with S& .B,(F), with S
identified with S ® 1. If b € B,(E) then the E-linear mapping 7, of S &) ,B,.(F)
determined by 7,(s @ b') = s Q@ b’ (s€ S, b’ € B,(E)) is in C(A). It is easy to
show (see [4]) that every element of C(A) has this form. If [d, z,] = 0 for all
derivations of the form d = 1, ® d” (d” € der ,B,(E)) then d”b = 0 for all d”,
and b€ F1. Hence the differential centroid F' of A is a subfield of E, the
latter being regarded here as acting on A4 (and of course K, C F'). In particu-
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lar S is also an F-algebra, and we may now identify A with S ®,B,(F) and
der A with dery(S @,B.(F)). If d’ederS then d'®1leder(SQ,,B.(Z,))
and hence d’ is F-linear. Thus der S = der,S. Also der,B,(F) is the well
known np"-dimensional Jacobson-Witt algebra W, over F. We have now
proved the following result.

COROLLARY 7.3. If S is a simple algebra (of prime characteristic) over
a ring K and if n > 0 then der S;,, = (der S) Q,B.(F) + I' ®, W, (regarded
as acting on S @yB,(F)), where F is the differential centroid of S, I' is
the centroid of S, and W, is the Jacobson- Witt algebra over F.

We now give a condition on a set D of derivations of S;,; for S;,; to be
D-simple. If A = S ®.B, where S is simple with centroid £ and B = B,(E)
and if d =) di®b; + 1, @ d"” e der A, we shall say that d” is the component
of d in der B, and denote it by d,. A straightforward computation shows
that z,,, = [d, 7,] for all b in B.

PROPOSITION 7.4. Let A = S, tdentified with SQ .B,(E), where S s
a stmple algebra over a ring K and E = C(S), and let D be a set of E-linear
derivations of A. Then A is D-simple if and only if B = B,(E) is Dy
stmple, where D, = {d;|d e D}. In particular, S;,, ts differentiably simple,
and in fact d-simple for some E-linear derivation d.

Proor. In proving the first conclusion we may ignore K and regard S
and A as algebras over E. We first show that every ideal of 4 has the form
S ® H where H is an ideal of B. Thus let M be an ideal of A. If
2. 5; @b;e M where the s; are linearly independent over E, then, by the
density theorem applied to 7T(S), for each j there is an s} in S such that
sSsQRb;jeM. If sQbe Mthen SQb < M. It follows that {be B|3sec S with
s@be M} is an ideal H of B, and M = S® H. If H is any Dy-ideal of B
then S ® H is a D-ideal of A. Conversely if S @ H is a D-ideal we see that
d,H < H for all d in D. It is easy to see that an ideal H of B is a Dg-ideal
if and only if S ® H is a D-ideal of A. This gives the first conclusion. Now
let d = 1, ® d” where d” is the derivation of B given by

d’ = (0/0w) + 7(0/0%,) + « - + (v« -+ @,_))"7(0/0,)

(where B = E[w,, «--, z,], 27 = 0, (y(6/ox,)x; = 0;;4(i,5 =1, -+, n)). Then B
is d”-simple [3], d is K-and E-linear, and A is d-simple (just to show that A
is differentiably simple, it suffices to use {15 ®d/ox; | =1, ---,n}). This
completes the proof.

In discussing the converse of the Main Theorem it remains to show that
Sy (S simple) has a minimal ideal. Identify S, with S® , B.(%Z,), where



452 RICHARD E. BLOCK

B.(Z,) = Z,[®, -+, %,],6? =0(i =1, ---,n). Then it is easy to see that
S® @, -+ x,)*" is a minimal ideal of S;,, and in fact is contained in every
non-zero ideal of S;,;.

The following is an example of an algebra A over a ring K such that A
is differentiably simple as a ring but not as an algebra over K. Let Sbea
central simple algebra over Z,, A =SQ®,B.(Z) for some n >0, K =
B.(Z,), and regard A as a K-algebra in the obvious way. Then a derivation
of A, as a ring, is K-linear if and only if it has the form ) d! ® b; and A4, as
a K-algebra, has S® (x,, ---, x,) as a proper differential ideal.

8. D-semisimple rings

In this section we obtain a D-structure theorem which gives an analogue
of the part of the Wedderburn-Artin theorem which says that a semisimple
artinian ring is a direct sum of simple rings. We state the results for rings;
they can be extended to the case of algebras without difficulty.

Let A be a ring and D a set of quasi-derivations of 4. If I is an ideal of
A then the sum of all D-ideals of A contained in I is a D-ideal of A which we
denote by I,. If I is any D-ideal of A then D induces a set D, of quasi-
derivations of A/I, and by a slight imprecision in language we shall speak of
D-ideals of A/I rather than D, ,-ideals. Similarly if D consists of derivations
of A then D induces a set of derivations on I, and if D consists of quasi-
derivations and I is a direct summand of A then D induces a set of quasi-
derivations on I; in either case, if I is (D |I)-simple we shall also say that I
is D-simple.

If the ideal I is an intersection [ M, of ideals of A then it is easy to see
that I, = N (M,),. If A is associative and R is the (Jacobson) radical of A
then we call R, the D-radical of A. For alternative rings (which of course
include all associative rings) the radical R is again taken to be the intersection
of the regular maximal left ideals, and R, is taken to be the D-radical. Then
again R equals the intersection of the primitive ideals [7] and also is the
largest ideal I which is radical in the sense that for every « in I the left ideal
generated by {yx — y |y € A} contains « (and so in the associative case every
2 has a quasi-inverse). Thus for alternative rings as well as for associative
rings we have two characterizations of the D-radical: R, is the (unique)
largest radical D-ideal, and R, = (P, where the intersection is over all
primitive ideals P of A. If A is a finite-dimensional Lie algebra then the
radical R is taken to be the (unique) largest solvable ideal, and in a context
in which finite-dimensional power-associative algebras are being discussed the
radical R is taken to be the (unique) largest nil ideal (this agrees with the
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previous definition in the alternative case). In all these cases we call B, the
D-radical of A and we say that A is D-semisimple if R, = 0. It is easy to see
that A/R, is D-semisimple.

We shall use the following dual to Lemma 2.1.

LEMMA 8.1. Let H be an associative ring, let M be an H-module with
a maximal submodule M,, and let D be a subset of Hom(M, M) such that
[D,H,l < Hy. If M,, ---, M, (for some q = 1) are submodules of M such
that M\, > M,> --- DM, and M;/M;., = M/M, for i =1, ---,q — 1, and if
de D such that dM, £ M,, then there is a submodule M,,,, with M, > M,.,,
and an index j, 1 < j < q, such that dM, < M;_, (M, = M), dM,.,  M;, and
the mapping m + My, +— dm + M; (me M,) is an isomorphism of M,/M,,,
onto M;_ M;. In particular M,/M,., = M/M,.

PrOOF. Let j be the largest index (1 < j < q) such that dM, < M;_,
and let M,., = {me M,|dme M;}. As in the proof of Lemma 2.1, the re-
striction to M, of the mapping m+— dm + M; is a homomorphism with image
M;_,/M; and kernel M,,,, and thus gives the required isomorphism.

THEOREM 8.2. Let I be an ideal of a ring A, let D be a set of quasi-deri-
vations of A, and suppose that A/I, has DCC on tdeals. If A/l is a direct
sum of simple rings then A/I, is a direct sum of D-simple rings. In fact
if AIl=8, @ --- DS, (S; simple) then A/l, = S,G,P --- P S.G:. where,
for each t, G; =1 or S; has prime characteristic p; and G; is a finite ele-
mentary abelian p;-group.

Proor. Without loss of generality we may assume that I, = 0. We first
suppose that A/I is simple, and apply Lemma 8.1 with H = T(A), M = A and
M, = I. By pcc the chain of ideals constructed by Lemma 8.1 cannot be ex-
tended past some ideal M;. Then M, is a D-ideal and hence M, = 0. Since
(AT} = A/l, T(A)(M:/M,+.) = Mi/M;,, for ©=0,1,---,1 -1, T(A)A = A,
and A* = A. Also I is nilpotent, as in Lemma 2.2. Since 4 has a T(A)-com-
position series, any D-ideal L = A is contained in a maximal ideal I’. If
I"'#Ithen I+ I' = Aand A/I' = I/I N I’ is nilpotent, contradicting 4% = A.
Therefore I’ = I © L, L = 0, and A is D-simple.

Next suppose that A/I = (L,/I) P - -+ P (L,/I) where the L; are ideals of
A containing I such that L;/I = S; is simple (k is necessarily finite by Dcc).
For j=1,---,k, let P; = Zi# L;. Then A/P; = (A/L)/(P;/I) = S; is sim-
ple, and A/P;, is D-simple with unique maximal ideal P;. Moreover
P,N---NPyp=(FP.N--+-NP)p =1, Wemay choose an index | < k and
a reordering of the P; such that P,N .- N P,, = I, and such that if
1<j<lthen M; = N;,......ix; Pip # I,. Consider the homomorphism 7 of
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A into (A/P,,) B --- D (A/P,,) given by & = (x + Py, -+, x + P, )(x e A).
This has kernel I,. Since M; & P;,, P;, + M; = A. Hence for any z + P,,,
there is a y such that ty = (0, +-+, ¢ + P;p, +++,0). Then 7 is onto and
All, = (A/P,) P --- P (A/P,,). Counting the number of maximal ideals on
both sides we get I = k, and so ! = k. This and the Main Theorem complete
the proof.

We remark that the theorem would be false without the assumption of
Dce on ideals, as is shown by the following example. A = F'[z] (F a field of
characteristic 0), I = (1 + «), D = {®(3/0x)}, where I, = 0 but (x) is a D-ideal.

COROLLARY 8.3. Let A be an (associative or) alternative ring with DCC
on ideals and with radical R, and let D be a set of quasi-derivations on A.
If A is D-semisimple and A/R has DCC on left ideals then A is a direct sum
of D-simple rings.

ProoOF. A/R is a subdirect sum of primitive rings which are either as-
sociative or Cayley rings [7]. Since A/R is artinian it is a finite direct sum of
simple rings by the same argument as in the associative case. Hence Theorem
8.2 gives the result.

We now discuss a similar result for an important class of power-associ-
ative rings, the flexible rings. A ring A is called flexible if (xy)x = x(yx) for
all z, y in A. Oehmke [10] proved that a finite-dimensional semisimple flexible
strictly power-associative algebra over a field of characteristic == 2,3 is a
direct sum of simple algebras with a unit element. Using Theorem 8.2 we
now give a new proof of this result, extending it to include the characteristic
3 case as well as generalizing it to a result on D-semisimple algebras. In giv-
ing this result we make use of the following definitions and facts. Let A be
an algebra over a field of characteristic = 2. Then A* denotes the algebra
with the same underlying vector space as A and with new multiplication z.y =
(1/2)(zy + yx). For each = in A let d, be the mapping of A into A defined by
d.y = [z, y] (y € A). A direct verification shows that each d, is a derivation
of A+ if (and only if) A is flexible. Obviously a subspace of A is an ideal of
A if and only if it is a {d, |« € A}-ideal of A*.

COROLLARY 8.4. Let A be a finite-dimensional power-associative algebra
over a field of characteristic #+ 2, with nilradical R and with a given (pos-
sibly empty) set D of quasi-derivations, and suppose that A is D-semisimple.
If A/R is flexible and strictly power-associative then A is direct sum of D-
simple algebras (and is flexible, strictly power-associative and has a unwit
element). If A has a trace form then again A is a direct sum of D-simple
algebras (and at characteristic = 5 is a non-commutative Jordan algebra).
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ProoF. The trace form case follows immediatly from Theorem 8.2 and
Albert’s theorem on trace forms [13, p. 136]. Also when A/R is commutative
the result holds by Theorem 8.2 and the fact [2, 8] that semisimple com-
mutative strictly power-associative algebras are direct sums of simple alge-
bras with a unit element (if S has unit element then so does SG) (the strict-
ness of the power-associativity is relevant only at characteristics 3 and 5).
Now suppose that A/R is flexible and strictly power-associative. Then (4/R)*
is commutative and strictly power-associative. Also (A/R)* has no non-zero
nil {d, |~ € A/R}-ideal. By the just proved commutative case, (A/R)* is a
direct sum of {d,|x e A/R}-simple ideals which have a unit element. These
ideals of (A/R)* are also simple ideals of A/R, and the unit element of (4/R)*
is also the unit element of A/R; this latter fact follows quickly from the
flexible law, as in [4], or, using power-associativity, from an idempotent de-
composition. We may now apply Theorem 8.2 to get the desired result. This
completes the proof.

The decomposition of a D-semisimple ring into D-simple ideals can also
be proved easily in the finite-dimensional associative case by using the mini-
mal D-ideals. Before discovering the present version of Theorem 8.2 the
author had used the minimal rather than maximal ideals to give a proof of
Theorem 8.2 in the case when A is a finite-dimensional power-associative
algebra and the S; have a unit element. This also gave Corollaries 8.3 and
8.4. This was announced briefly in [56]. After [5] was submitted, the author
received from T.S. Ravisankar, of Madras, India, a copy of a recent manu-
script which gives a proof, different from the author’s, that if a finite-di-
mensional flexible strictly power-associative algebra of characteristic = 2, 3
is D-semisimple (D a set of derivations) then it satisfies the conclusion of the
first part of Corollary 8.4. He also establishes in another proof the trace
form case (again excluding characteristic 3).

While discussing semisimple flexible algebras we also mention the deeper
question of determining the structure of A+ for a simple flexible algebra A
(of characteristic == 2). This was answered by the author [4] in the finite-
dimensional case as an application of the Main Theorem of the present paper.
Aside from giving a uniform proof of the various special cases proved by a
number of authors (see [4]), this solved the previously unsettled degree 2
characteristic p case, included as well consideration of nil simple algebras,
and showed that the result does not depend on power-associativity. Since the
Main Theorem has now been proved in a more general form than when [4]
was written, we now have the following form of the result on simple flexible
rings.
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THEOREM 8.5. Let A be a simple flexible ring of characteristic + 2. If
A 1s not anti-commutative and tf A* has a minimal ideal, then etther A+ is
simple or the characteristic is prime and A" = B,(E) for somen > 0 and
some field E containing the centroid of A.

The proof is essentially the same as for the finite-dimensional case in [4].
Since A~ is differentiably simple, the Main Theorem implies that if A* is not
simple then the characteristic is prime and there is a commutative simple ring
S such that A* = S,,, for some » > 0. The problem then is to show that S
must be associative, and this may be done by showing that S = E'1 where
E = C(8); for the details of the proof of this, see [4].

9. Semisimple Lie algebras

In this final section we apply the Main Theorem to the study of the
structure of finite dimensional semisimple Lie algebras of characteristic p.
The reason that this can be done is that in a Lie algebra L a non-abelian
ideal M is minimal if and only if M is (ad,L)-simple. We begin with a pre-
liminary result on the relation between L and its minimal ideals. All the
Lie algebras considered are assumed to be finite-dimensional over a field. For
any Lie algebra L we write inder L for the Lie algebra of inner derivations
of L, i.e., inder L = {ad x| x e L}.

LEMMA 9.1. Let D be a set of deritvations of a finite-dimensional Lie
algebra L and suppose that L is D-semisimple. Then L has only finitely
many minimal D-ideals, say L,, «+-, L., their sum M is direct, each L; is
(D U inder L)-simple, the mapping x+— ad,x(x € L) ts an isomorphism of L
onto a subalgebra of der M containing inder M, and the mapping di— d|M
(d € D) of D into der M is one-one.

Proor. Without loss of generality we may assume that D is a sub-
algebra of der L containing inder L. Since L is centerless we may identify
L with inder I, and thus since [d, ad,z] = ad,(dz) we may assume that L is
an ideal of D with 0 centralizer in D. Then it follows that the D-ideals of L
are exactly the ideals of D contained in L, and D is semisimple. Therefore
by replacing L by D it will suffice to prove the result when L is semi-simple
and D = inder L. With these assumptions, let M = L, + -.- - L, be a maxi-
mal direct sum of minimal ideals of L. Then M contains every minimal ideal
of L, the annihilator in L of M contains no minimal ideal of L (since any
such would be abelian) and so is 0, and hence x+— ad,« is an isomorphism of
L into der M. The remaining conclusions follow easily. This completes the
proof.
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In the case in which D = der L, the results of Lemma 9.1, except for the
final statement, are due to Seligman [16], but the proof given here is shorter.

COROLLARY 9.2. Let L be a finite-dimensional semisimple Lie algebra
with a set D of derivations. Then any minimal D-ideal of L is a minimal

ideal of L.

ProOF. A minimal D-ideal is differentiably simple and so any ideal of L
properly contained in it is nilpotent and hence 0.

We call the sum of the minimal ideals of a Lie algebra L the socle of L,
and if D is a set of derivations of L we call the sum of the minimal D-ideals
of L the D-socle of L. Thus if L is semisimple the D-socle equals the socle.

The determination of the differentiably simple algebras and their deri-
vation algebras leads quickly vta Lemm 9.1 to the following description of all
the semisimple Lie algebras (and their derivations) in terms of the socle.

Let S, ---, S, be simple Lie algebras over a field F' of characteristic p,
and let n,, ---, n, be non-negative integers (not necessarily distinct). Write
S = @;_, S; ® B; where B; denotes B, (F') and B; = F if n; = 0 (all algebras
and tensor products considered here are over F'), and identify S with inder S,
so that

S = inder S = @;_, (inder S;) Q B;
C der S = @], ((derS) ® B, + I'; Q der By)

where T"; denotes the centroid of S;. Now let L be any subalgebra of der S
containing S (hence L 1is uniquely determined by a subalgebra of
@®,_, ((outder S;,) ® B, + I'; Q der B;)). For i =1, ---, rlet L; denote the set
of components in der (S; ®Q B;) of elements of L, and if S is central, so that
der (S; ® B;) = (der S;) ® B; + 15, Q der B;, let L, denote the set of com-
ponents in der B; of elements of L, (in the terminology of §7).

THEOREM 9.3. Ewvery finite-dimensional semisimple Lie algebra of
prime characteristic is isomorphic to one of the algebras L just constructed,
and the semisimple algebra uniquely determines r and the pairs (S;, n;),
g =1, «--, r, up to isomorphism and reordering. The algebra L constructed
1s semisimple if and only if S; Q B; 1s L;-simple (which when S; is central
is equivalent to B; being LBi-simple) for o =1,.--,r. The mapping
xi—ad,x (x € N, sL) is an isomorphism of the normalizer of L in der S onto
der L. The same results hold with differentiably semisimple in place of
semisimple provided the condition on L; (or Ly) ts replaced by the same
condition on (Ny. sL)i(0r(Nuor sL).)-

Proor. By Lemma 9.1 any semisimple algebra with socle M is isomorphic
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to a subalgebra of der M containing inder M, and by the Main Theorem M is
isomorphic to some S of the above form for suitable pairs (S;, n;), these being
essentially uniquely determined by M. This gives the first sentence. The
ideal S; ® B, of L is minimal if and only if it is L-simple, or equivalently L.-
simple, and when S; is central this is equivalent to B; being L, -simple.
Since the centralizer of S in L is 0, every minimal ideal of L is contained in
S. Hence if each S; R B; is minimal then L is semisimple. Conversely if L
is semisimple then each S; ® B; is minimal because any ideal of L properly
contained in S; ® B, would also be a proper ideal of S; ® B; and hence nil-
potent. This proves the second sentence. The mapping 7 defined by za =
ad, x(x € Ny, sL) is a homomorphism into der L. If ad,x = 0 then adsx = 0
and x = 0. Hence 7 is one-one. Suppose d eder L and let x be the unique

element of der S such that wx(s) = [x,s] = d(s) (s€S). If yeL and se€8S
then

(dy)(s) = [dy, S] = _[y7 dS] -+ d[y’ 8] = —[ya [CU, S]] =+ [93, [y: S]] = [x: y](S) .
Hence d = ad ,2, © € N4..sL and 7 is onto. The final statement may be proved
the same as the first two by replacing semisimple, socle, ideal by differenti-

ably semisimple, etc., and L-simple by (der L)-simple, using the characteri-
zation of der L just obtained. This completes the proof.

COROLLARY 9.4. Let F be a field of characteristic p. If every simple
Lie algebra over F of dimension < m has all its derivations tnner then
every semisimple Lie algebra over F of dimension < min{m + 1, 3p} is «a
direct sum of simple algebras.

This is an immediate consequence of Theorem 9.3, and gives a generali-
zation of Kostrikin’s result [9] that a semisimple Lie algebra of dimension < p
over an algebraically closed field of characteristic »p > 5 is a direct sum of
simple algebras (of classical type). On the other hand, Theorem 9.3 shows
that starting from a 3-dimensional central simple Lie algebra over F', we can
construct a semisimple Lie algebra of dimension 3p + 1 and a perfect semi-
simple Lie algebra of dimension 4p, neither of which is a direct sum of simple
algebras.
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