NEW SIMPLE LIE ALGEBRAS OF
PRIME CHARACTERISTIC(Y)

BY
RICHARD BLOCK

1. Introduction. For a number of years, the only known simple Lie alge-
pras of characteristic >0 not analogues of the classical algebras of char-
acteristic zero were those of dimension p» of H. Zassenhaus [9], and of dimen-
sion np™ of N. Jacobson [5], both generalizations of the p-dimensional alge-
bras of E. Witt. During the last few years, a number of new classes of simple
Lie algebras have been determined. These are due to Kaplansky, who in [6]
noted the existence of a class of algebras of dimension rp*, 1 <7 <n, generaliz-
ing those of Zassenhaus and Jacobson; to M. S. Frank, who in [2] obtained
algebras &, of dimension (n—1)(p»—1); and to A. A. Albert and M. S.
Frank, who in [1] determined new classes of simple algebras £,, B, &, and
%, of dimensions (n—1)p", p?»—2, p»—1 and p"—2 respectively, and a gen-
eralization of the Zassenhaus algebras, of dimension p™.

In this paper we obtain a new class of simple Lie algebras, which we shall
designate by the symbol ¥(®, §, f). Here ® is an additive group, of order
p">1, which is a direct sum of a finite number of finite elementary p-groups
®g, * + +, Om. These groups are then finite dimensional vector spaces over
the prime field §,. We let m(®) denote the index m, allow @, to be zero, and
assume that either p>2 or = ®,. For :=1, - - -, m, we take §; to be a non-
zero element of ®;, and write §=6,+ - - - +3,. We index a basis of £(J, 8, f)
over a field § of characteristic p by the elements of @ other than 0 and —3§,
denoting by v(a) the basis element corresponding to a. Furthermore we as-
sume given, for each Z, a nondegenerate skew-symmetric biadditive function
fion (§;, @,) to §, such that, for =1, - - -, m, there are additive functions
gi hi, on ©; to §, with g4(8:) =0 and fi(a, B) =gi(a)hi(B) —gi(B)hi(c) for every
a and B in ®,. The definition of the algebra {(®, §, f) may then be completed
by defining multiplication in the algebra by wv(a)v(8)= D Mo filai, B)
-v(a+B—39,), where a; and B; are the components of « and 8 in ®,, and where
80 and v(0) denote zero. Then we shall prove that (@, §, f) is a central simple
Lie algebra. Its dimension is p»—2 except when & =®,, in which case the
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dimension is p”—1. The algebras for which =@, and ®=@, are direct
generalizations of the algebras £y and ¥;, respectively.

G. B. Seligman in [7; 8] considered algebras over an algebraically closed
field of characteristic p> 7, and proved that if a restricted simple Lie algebra
has a restricted representation with the associated trace form nondegenerate,
then the algebra must be classical. It has been an open question whether
there exist nonclassical restricted simple Lie algebras with any nondegznerate
trace form. We shall find a nondegenerate trace form for every one of the
algebras ¥(®, §, f), and shall determine which of them are restricted. These
restricted algebras generalize the algebras 8B,,. We shall show them to be the
same, up to isomorphism, as a certain class of algebras which we shall de-
note by L., these being subalgebras of the Witt-Jacobson algebras. We
shall also examine the closely related simple algebras &, and T. (#>2) for
the property of being restricted and having a trace form, proving that &, is
restricted, but has a nondegenerate trace form if and only if » =3, and that
<. is not restricted. Thus the algebras 8B, , and &; constitute the only known
nonclassical restricted simple Lie algebras with a nondegenerate trace form(?).

We shall show that if p>3, =y, @%Y, and n>2m, then (G, 9, f) is
not isomorphic to any previously known simple Lie algebra, even though its
dimension is not new(3). The question as to when algebras of the same dimen-
sion are nonisomorphic is a very deep one, especially when the strong prop-
erties of matrix algebras are not available. In general, it is not enough to
show that the algebras have Cartan subalgebras of different dimensions.
For it has not been known whether the Cartan decompositions relative to
two Cartan subalgebras of a simple algebra need be essentially the same. In
fact we shall give an example here, for any positive integer ¢ and any prime
characteristic, of one of our simple algebras (@, §, f) with Cartan subalge-
bras of ¢ distinct dimensions.

Here we shall make the first use of the algebras of derivations for distin-
guishing among algebras of the same dimension. For >3, we shall deter-
mine the algebra of derivations of &(®, 8, f), and show that two algebras
2, 6, f) and (', &, f) are isomorphic only if either =0, ¢ =0 and
m(®) =m (@), or G0, ®¢ 0 and min [2, m(®)]=min [2, m(®)]. More-
over the determination of derivations yields a proof that except for a 7-
dimensional algebra of characteristic 3 and possibly certain algebras of char-
acteristic 2, the algebras (@, 6, f) are nonclassical.

2. New Lie algebras. Let § be a field of characteristic p and let the non-
Zero group

(2) Certain of our results on restrictedness have also been obtained by Seligman.

(3) Added in proof. Since this was written, the paper of S. A. Jennings and R. Ree, On ¢
family of Lie algebras of characteristic p, Trans. Amer. Math. Soc. vol. 84 (1957) pp. 192-207,
has appeared. They determine simple Lie algebras of dimensions m(pn—1), mp", and p»—2,
where 1 <m <n. Their algebras of dimension p™—1 are included among ours, and the class of
their algebras of dimension p"—2 may be seen to be the same as the class of our algebras for
which @ =0.
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(1) @=®0+"'+@m

be the direct sum of a finite number of finite abelian groups ®g, - * *, Ome
Then every a in & has a unique expression as the sum

2) a=as+ "+ an
with components «; in @;. Select some § in &. Then
3) §=200+ -+ +om (6: € ©)).

Also let f=f(e, B) be a skew-symmetric biadditive form on ® taking values
in §. Now suppose that

u: a— ula) = Uy

is a one-to-one mapping of ® onto a basis of a vector space £ over §. Then
the multiplication table

() watty = 3 S, B)ulex + 8 — )

defines an anticommutative algebra { over §.

If ;=0 for more than one index ¢ then, by taking the sum of the @;
over those indices for which §;=0 and considering this as a single subgroup
O of @ with 8,=0, we get an algebra of the type defined by Formulas (1)
through (4), with smaller m and with §;70 except for one index, say 7=0.
Hence we may assume, without loss of generality, that

(5) 8 = 0, 8;#0 (i=1)°"’m)a

where we allow &, to be zero.

The definition of the algebra £ does not involve any expression of the form
flas, By) with a;E€@,, B;E®;, 17#j. Hence we may also assume, without loss
of generality, that all such expressions are zero, so that, denoting by f; the
restriction of f to &;, we have

f(a) ﬁ) = fO(CYO, 60) + .- +fm(am, Bm)'

We now determine when  satisfies the Jacobi identity. We have

(ttatg)ity = { 3 fas, B+ 8 — a»} "

1=0
m

2 flas, Bf(as + B — Si, v)u(a + B+ v — 8 — 5;).

,5=0

For any particular k and /, we take the term for which ¢=%, j=1 and, when
k1, the term for which 7=I, j=k, and add these to the similar terms in
(ugtty)tha—+(tyua)us. We get a term in u(a+B-+v —8x —8;) whose coefficient is
the following:
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Slew, Be)f(as, vi) + f(vi, aw)f(er, Br) + flaw, B)f (B, v1)
+ f(ﬂk; 'Yk)f(ﬁlr al) + f(ﬁk’ ‘Yk)f('yl) al) + f(7k; ak)f(')’l, ﬁl)7

plus a term, in case k3/, obtained from (6) by interchanging & and I. This
term is the negative of (6) since f is skew-symmetric and so the sum is zero.
In case k =1, the coefficient is given by (6) plus the expression f(ax, Bx)f(Y, Ox)
+ f(Bryve)f(ok,8x) + f(vr,0x)f(Br,6x). Thus, since (6) is zero when k=!I and
since u(a+4B-+vy—26;) =u(a+B+v—24;) only if 1=j, we see that the Jacobi
identity is satisfied if and only if

(7 flewi, B)f (v, 83) + f(Bsy vi)f(eiy 82) + f(vi, @)f(Biy 85) = 0

fori=1, - - ., mand for all @, B and v in ®.

If f(vvs, 6:) 0 for some v; in @;, then we take gi(a;) =f(a, 8;) and k()
=f(vi, o) [f(vi, 8:) ], so that g; and k; are additive functions on ®;, taking
values in §, with

(8) g:(8) = 0.
Moreover, (7) implies that
9 flas, B) = gi(a)hi(B:) — gi(B:)hi(as)

for every a;, 3; in ®;.

Conversely if g=g;, h=h; are given additive functions on ®;, with values
in §, satisfying (8), then taking f such that (9) holds, we have f(a; &)
=g(a;)h(8;). Hence for a=a;, 8=0; and ¥ =+, in ®; we have

fla, B)f(v, 82) + fB, v)f (e, 83) + fv, &)f(B, 85)
= [g(a@)2(B)g(v) + gBr(V)g(e) + g(¥)h(x)g(B) — g(B)h()g(v)
— gMrB)g(e) — gla)k()g(B)]R(G:) = 0,

and (7) holds. Thus we have proved the following theorem.

THEOREM 1. The algebra defined by Formulas (1) through (5) is a Lie
algebra if and only if it is true that for i=1, - - -, m, either f(a:, 8:) =0 for all
a; in &; or there exist additive functions g;, h; on ®&; with values in §, such that
(8) and (9) hold.

We note that the condition of Theorem 1 holds for any ¢ such that ®;
is a vector space over §, of dimension =<3, since (7) holds automatically
for such a ;.

3. Simple algebras. The algebra ® contains the one-dimensional ideal
o, since for any a in ®, uou.=0. Henceforth we consider the algebra &’
= —u,{. It has basis elements

Ve = (@) = U + uF (€ @, a=0),



1958] NEW SIMPLE LIE ALGEBRAS OF PRIME CHARACTERISTIC 425

and its multiplication is determined by

(10) vatg = 2 flai, B)o(e 4+ B = 8),  9(0) = 0.

=0
The subspace of & spanned by the basis elements v, for a> —§ forms an
ideal. For by (10), v,95 contains a term in v_; only if a+8—08;= —§ for some <,
in which case a;= —f; and f(«a;, 8:;) =0. We call this ideal (®, §, f). The con-
dition of Theorem 1 for an algebra to be a Lie algebra holds for the algebra
(@, 6, f) also, as follows from the proof of Theorem 1.

THEOREM 2. If the aigebra (O, 8, f) is simple then each f; is nondegenerate
and ® is an elementary p-group.

For suppose that f(a, 8:) =0 for some nonzero «; in ®; and every §;in ®;.
Then v(a;)vs=0 for every B8 in @, so that v(a;)§F forms a one-dimensional ideal
of (@, 6, f) unless a;= —06. If a;=—06 then v_»F forms a one-dimensional
ideal of ¥(®, 8, f) unless 26 =0, so that we may assume that m =1, that is,
8 =0;, that 26 =0, and that f(§, 8) =0 for every 8 in &. But then all elements
of the form v,+v.ys, aE®, a@5%0, §, span a proper ideal, since in this case
(Vatvars)vs= [f(co, Bo) +fler, B1)](@ars+2assss). Now if some ®; is not an
elementary p-group, then there is a nonzero element a;=py; in ®;, so that
Sflay, B:) =pf(vs B:) =0 and f; is degenerate. Thus if each f; is nondegenerate,
then each ®; is an elementary p-group, so that ® is also an elementary p-
group and the theorem is proved.

We shall henceforth assume that ®(®, §, f) is a Lie algebra, so that, if
17%0 and f; is nondegenerate, there are additive functions g;, #; on ®; such
that (8) and (9) hold.

We shall proceed to the proof of the converse of Theorem 2, making use
of the following two notions. For a in ®, a0, —§, and x= Y _g.0._s £svs in
G, 3, f), we say that a is x-admissible if £,7%0, and we define the length \(x)
of x to be the number of nonzero coordinates £ of x.

Albert and Frank [1] introduced the special cases of the algebras (@, 8, f)
for which @ =@, and @ =, calling the algebras &, and &, respectively. They
considered ® as being an n-dimensional vector space over the prime field §,.
The algebra , was proved to be simple for any p and #>1 under the assump-
tion that f(e, B) =0 only if a and B are linearly dependent over §,. For the
algebra £, the notation w, in [1] corresponds to our v.s Albert and Frank
proved, for every p>2 and #>1, that &; is simple if there is a fixed basis of ®
with § as a basis element, such that f(, 8) =0 implies that «, 8 either are
linearly dependent over §, or both have zero coefficient in 8. In the following
two lemmas, we shall prove £, and &; to be simple under the weaker hypoth-
esis that f is nondegenerate.

LemmA 1. If @ =, that is, m =0, and if f is nondegenerate, then (®, 8,f)
=R 15 simple.
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For suppose that M is a nonzero ideal of Lo and that x= D 4 &g is a non-
zero element of I of minimal length. If A(x) >1, let & and o’ be distinct x-
admissible elements of &. Then there is no v such that f(«, ¥) =0 and f(¢/, v)
#0, for otherwise xv, = 25 £f(B, ¥)vs4y would be nonzero and have smaller
length than x. Hence for any v in ®, f(e, v) =0 if and only if f(¢/, ¥) =0. Now
suppose that v is such that f(e, v)#0; then also f(a/, v)0. If we take
y=xvy= 2 s £f(B, ¥)Vssv, then a+v and o +v are y-admissible, y is a non-
zero element of I and N(y) =N\(x), so that y also has minimal length. There-
fore fla+vy, &' +v)=0 since f(a' +7v, &’ +7v) =0. But also f(a, ') =0 since
fle, &')=0, and so 0 =f(a+, &’ +7v) =f(a, v) —f(¢/, v). Hence for any vy we
have f(a, v) =f(, v), fla—a/, ¥) =0, so that by the nondegeneracy of f,
a—a’' =0 and a=d’, a contradiction.

Thus A(x) =1 and I contains some v, with a0. Let A be the set of all
B for which vgis in M. If BEA and f(B, v) #0 then y &Y, since vgvy—s=f(B, ¥)vy
#0. The nonzero element « is in Y and by the nondegeneracy of f there is an
o with f(a, ') #0. Thus ' is also in %. Suppose that y&A. Then f(«/, v) =0,
so that f(o/, a+7v) =f(/, &) #0 and a7 is in Y. We may choose v’ such that
fly, v') #0; thus v'&A. But then f(e, ¥') =0, flat+y, v') =f(v, ¥') #0, and
since a+7 is in ¥, so is v/, a contradiction. Hence A =@®, M contains every
basis element, M =L, and Lo is simple.

LEMMA 2: If p>2, & =0, and f is nondegenerate, then the Lie algebra
U, 8, f) =8 is simple.

In this proof we shall use our assumption that there are additive functions
g=g and h=h, such that (8), (9) hold. We note that by the nondegeneracy
of f, there is no nonzero « in ® such that g(a) =k(a) =0. Let I be a nonzero
ideal of ¥, x= D £&vs be a nonzero element of M of minimal length, and
suppose that A(x) >1. If g(a) =0 for some x-admissible «, then with v such
that g(v) #0, we have f(e, v) = —g(v)h(a) %0, Nxvy) SN(x), a+v —0 is (xv4)-
admissible and g(a+vy—28) =g(y) 0. Hence we may assume that g(B) 0
for some x-admissible 8. Now if g(a) =0 for some x-admissible «, then f(8, o)
=g(B)h(a) #0, xv.5%0 since B+a—3870, and N(xv.) <A(x), a contradiction.
Hence for every x-admissible 3, g(8)#0. Take an x-admissible « and let
Y =%0_qy2s. Then fla, —a+28)=2g(a)h(8) # 0, d=a+(—a+28)—3d is y-
admissible, ¥ ¥ 0 and N(y) =< A(x), so that A(y) = N(x). Thus 8 —a + &
=B+ (—a+28) —d is y-admissible for every x-admissible 8, and since § is
y-admissible and g(8) =0, we have g(8—a+08) =g(B8) —g(a) =0 for every x-
admissible 8. Now let « and B be distinct x-admissible elements of ®. If
a+B—86#0, then since N(xvs) <N(x), we have xvs=0, fla, B)=gla)h(B)
—g(@)h(a) =0, k(a)=h(B), a=p, a contradiction, while if a+8—05=0, we
obtain the same contradiction by using xv_g.

Hence A\(x) =1 and I contains some basis element v.. If g(a) =0, so that
k(a) #0, then with 8 such that g(B) #0, we have f(a, 8) = —g(B8) k() #0. Thus
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M contains v,,5_5 where gla+B—28) =g(B) #0, so that I always contains a
v, with g(v) #0. Now let 8 be such that g(8) =0 and B —3. It follows that
k(B+68)#0. Then M contains v,v_y4s+5 =f(y, B+6)vs, and thus M contains g
since f(y, 8+8) =g(v)h(B+68) #0. In particular I contains v; and so M also
contains 2,95=f(a, 8)v, and v, for any a such that g(a)#0, since f(e, 6)
=g(a)h(8) %20. Hence M contains every basis element and MM =2;.

THEOREM 3. Suppose that either - p>2 or &#®,, and that each f; is non-
degenerate. Then (O, b, f) is a central simple algebra. When & =&, the dimen-
ston of the simple algebra (O, 8, f) is p»—2, while when & =&, the dimension is
pr—1, where ®© is an elementary p-group of order p*, n>1, in etther case.

The simplicity of &(®, 8, f) when @ =y, ®, remains to be proved. We
note that if a; is a nonzero element of @;, then there is a 8; in @; such that
Sfles, B:) #0 and a;+B;—8:7#0, for by the nondegeneracy of f; there is a v;
in ®; such that f(a;, v:) 0, and if a;+v;—8;=0 then f(a;, 8;) =f(c;, ai+7:)
#0 and we could take 8, for 3.

Now let M be a nonzero ideal of (®, 8, f), and x= Y _s £v5 an element of
M of minimal length, and suppose that A(x) > 1. Then for some 7, and we take
12=0 if possible, there are distinct elements «; and af in ®; such that a; and
af are the components in @; of x-admissible elements @ and &’. We may as-
sume that some x-admissible element is not in @;. For otherwise we may take
an x-admissible 8;, a v; in &; such that f(8;, v:) #0, and for some j>7, an
element v,;7#0, —é;in &, and then, with v =+;4v;, we may use xv, in place
of x, since A(xv,y) S\(x) and B;++v:—0;+7; is (xv,)-admissible. Thus we may
suppose that the component «; of « is nonzero for some j#1, and also, by
multiplying x if necessary by v(y;) with f(6;, v:) 0, that a;8;. Choose ¢;
in ®; such that f(a;, €)7#0 and a;j+€;—8;7%0. We note that if 5%0 then
a;+08; is not x-admissible, for otherwise xv(e;) would be a nonzero element of
M of smaller length than x. Since xv(—a;) = D _s £8f(B:;, —a:)v(8—a;—8;) has
smaller length than x and so is zero, we have f(8; —a;)=0 for every x-
admissible 8. Now consider y=xv(—a;+€;) = s £f(B), €,)v(B—a;+€;—8;).
Then a—a;+¢€;—38; is y-admissible and A(y) S\(x), so that A(y) =\(x) and
o —a;+€;—38; is also y-admissible. Choose €; such that f(a! —a;, €;) 0 and
a! —a;+e;—8;7#0, and take z=1yv(e;) unless ¢;= — 4. If ¢,= —8 then m=1i=1
and j =0, so that by our assumption on ¢, we have 3=3¢ for any y-admissible
elements 8 and 8/, and we take z=vv(ao+e€o+€) in this case. Thus IR con-
tains 2, 270 and A(z) <\(y), a contradiction.

Hence A\(x) =1 and M contains some v, with a0. Let 8 be any element
of & other than —§; we shall show that v is in . For some 1, B, —4;, and
by multiplying if necessary v. by v(y:+7;) with f(a;, v:) #0, we may assume
that «;#0 for some jsi. Choosing a ¥, in &; such that f(a;y;) #0 and
a;+v;—0;7#0 and considering v,9( —a+a;+7v;) =f(a;, v;)v(e;+v;—90;), where
we first multiply v, by an appropriate v, in case —a+a;+7v;= —38, we may
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assume that a=a;is in ®;. Now for any B! £ —4§; in &,, we may choose 3!’
in ®; such that f(8¢’, B! +6:)#0 and —B{' +B!+68;7% —3&,. Also choose ¢;
such that f(a;, €;) %0 and —a;+€;5% —8;. Then M contains

vW(a)v(Bi’" — a; + &) = flay, )v(BY + ¢ — ;)

v(B + & — 8)v(—B! + B + 8: — &+ 8;) = f(BY, Bl + 8)v(B!).

Thus M contains v, for since B8; —&;, we may take B{ such that f(B/, 8:+35.)
#0 and then use v(8!)v(—B! +B+8;) =f(B!, B:i+0:)vs, unless —B! +B8+6;

= —3§, in which case with appropriate 8/, {; and {; we may use

vBDV(—B! + £+ 8+ &) = fB!, i+ 8)o(es + £,
(¢ + E)o(—8i — &+ B 8:) = f(&i, B + 8:)vg.

Hence I contains a basis of (@, 3, f) and M =G, 9, f) is simple.

Our proofs of simplicity are independent of {, so that the simple algebras
U@, &, f) are central.

We shall now determine which nondegenerate functions f satisfy the con-

dition of Theorem 1, which, as we have noted, is necessary and sufficient for
the algebra (@, §, f) to be a Lie algebra.

THEOREM 4. Suppose that § =0, is a nonzero element of the group @ =0,
and that g =g; and h="h; are additive functions on & with values in §, such that
2(8;) =0. Then a necessary and sufficient condition for the function f defined by
(9) to be nondegenerate is that ® be an elementary p-group, that is, a vector space
over the prime field §,, and that there exists a basis (8, B, - * +, Br) of © over §,
such that for some k with 0=k <r, g(8)=g(B1) = - - - =g(Br) =0 and the sets
{gBis1), - - -, 2B}, (B, - - -, h(Br) } each are linearly independent over .

For we already know that it is necessary that & be an elementary p-
group. It is also clear that g cannot be identically zero and that if g(8) =£k(B)
=0, then §=0. Then taking {6, B, -, Bk} to be a basis of the kernel of g,
and extending this to a basis of ®,the condition follows. Conversely if the
condition holds and f(a, 8) =0 for all Bin ®, then f(e, 6) =g(a)k(8) =0 so that
g(a@) =0, and f(a, B,) = —g(B,)k(a) =0 so that also h(a) =0, and therefore =0
and f is nondegenerate.

Henceforth we shall assume that whenever we refer to (@, 4, f), the
algebra is a simple Lie algebra. Thus in particular the dimension over §, of
each nonzero ®; will be greater than one.

4. Cartan subalgebras. In this section we assume that the base field § is
algebraically closed. Let § be a nilpotent subalgebra of a Lie algebra £ A
function p on O to § is called a root of £ with respect to 9 if there is a nonzero
x in  such that for every right multiplication R, with & in §, x is annihilated
by some power of Ry—p(h)I. The set of all such x is called the root space £,
for p. Then p=0 is a root, & is a subalgebra of &, the zero-subalgebra for 9,

and
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which contains §, and ® has a decomposition as the (vector space) direct
sum of all root spaces ,. If $ =8, then 9 is called a Cartan subalgebra of R,
and the decomposition of £ into root spaces is called a Cartan decomposition
of & The condition $ =8, is equivalent to the condition that the nilpotent
subalgebra 9 is its own normalizer, that is, that y& in © for every & in §
implies that y is in §. If x is a regular element of g, that is, if the zero-sub-
algebra § corresponding to x (or x§F) has minimal dimension, then this sub-
algebra 9 is a Cartan subalgebra of & Thus Cartan subalgebras exist for
any .

The property of being the zero-subalgebra for a regular element is not
used as the definition of a Cartan subalgebra, since such use would not be
of advantage in the existing structure theory, and since the property is very
difficult to prove for a given subalgebra. For zero characteristic, all Cartan
subalgebras of ® are conjugate and thus all are zero-subalgebras for regular
elements. However for prime characteristic, Theorem 6 below shows that a
Cartan subalgebra of a simple algebra { need not contain a regular element,
and that the Cartan decompositions relative to two Cartan subalgebras of &
need not be essentially the same.

We shall first determine Cartan decompositions for the algebra 2(®, 6,f).
Let Mo be a maximal subset of &, for which restriction of f is identically zero,
that is, a subset of &, such that for any 8 in ®,, f(e, 8) =0 for all & in N, if
and only if Bis in No. Then N, is a subgroup of Gy, and Ny=0 only if ,=0.
Let M; be the kernel of g;, 1=1, - - -, m, and let R*=No+ - - - +N.

THEOREM 5. The subspace Dn of O, 8, f) spanned by all v, with a in
N (a# —6) is a Cartan subalgebra of (G, §, f).

For O is clearly abelian. Suppose that x= Y, £, is in the zero-sub-
algebra of n. Then for the right multiplication R[v(8,)], 170, we have
*R[v(8) ]t = D4 &uf(¥5,8:)w,=0 for some ¢, so that gi(y:)=0 for any x-
admissible 4. Also for any a in N, we have xR(v,)¢= Z., £ (Yo, @)0y1ta=0,
so that f(vo, &) =0 for any x-admissible ¥ and any a in R, thatis, yeisin N
and v is in N for any x-admissible v, x is in Hn and Hx is a Cartan subalgebra.

Since O is abelian, any root p is linear on $n. Moreover vsR(v,)?
=f(B, a)?vs, so that vs[R(va) —f(B, @)I]?=0, and if f(8, @) =f(v, ) for all «
in N then B—+ is in N. It follows that any root p corresponds to a coset B+N
such that p(v.) =f(B8, &) for any « in N, and such that the corresponding root
space &, is spanned by all v, with v in 8+ 0. Thus if & has order p* and N has
order p", then $x has dimension p7—2 (or p'—1 in case @ =®y), each root
space &, for p>£0 has dimension 2", and the roots form an elementary p-
group of order p»—.

THEOREM 6. For any prime p and positive integer q, there exists a simple Lie
algebra of characteristic p with Cartan subalgebras of q distinct dimensions.
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We shall use for the required examples algebras (@, 8§, f) with @ =®,. Let
® be a vector space over $, of dimension r=g¢(¢g+1)/241, with basis B
={ﬁl, T, Br} =531U et U$4U{Br}, where 231={l31}, 5B2={B2, 33},
-, By = {B,_q, cee, B,_l}. Also let {{-;;:i,j=l, I & i<j} be a set of
r(r—1)/2 elements of § which are linearly independent over §,. We define
the skew-symmetric biadditive function f on & in terms of its values for the
elements of the basis B by setting f(8;, 8;) =£,; for 2 <j if B,, B; are in different
sets By or if j=r, and f(B;, B;) =0 if B, B; are in the same Bi. Then f is non-
degenerate, since if f(a, 8,) =0 for a0, then a =1¢8,, in which case f(a, 81) #0.
Thus (@, 8, f) is a simple Lie algebra. Let (k) be the subspace of @ spanned
by Bk, k=1, - - -, q. Then clearly f is identically zero on N(k) and if f(«, 7v)
=0 for every a in N(k) then v is in N(k). Therefore the subspace Hnn) of
(S, 8, f), spanned (over §) by all v, with a in RN (&), is a Cartan subalgebra of
dimension p*—1, k=1, - - -, ¢, and the theorem is proved.
5. Trace forms and restrictedness. A symmetric bilinear form ¢ on a Lie
algebra ® is called a trace form (or an invariant or associative form) if

(11) {(ab, ¢) = i(a, bc)

for every a, b and ¢ in L.
We define a bilinear form on (@, §, f) in terms of the form for the elements
of a basis by setting

(12) [(vayv8) = 1lifa+ B = —3, t(Vay v8) = 0if & + B # — 6.

THEOREM 7. The form defined by (12) is a nondegenerate trace form on the
simple Lie algebra (@, 8, f).

The form is obviously symmetric. To prove (11), it is enough to show
for basis elements v,, v, v, that f(vevs,vy) = t(vVa,vs0y). But (vavs,0,)
=>m o flay, ;3;)t{v(a+3—6.~), v.,} = > 7 fla;, BN, where N\;=1 or 0 ac-
cording to whether a+B+vy—08;= —& or not. Also #(va, Vpvy) = om0 f(Birys)
t{ve, v(B4+Y—8)} = 2rof(Bi YN When N\;=1, we have a;+B:+v:=0
and fa, B:) =f(—Bi—74 Bi) =f(—v4 B:) =f(Bs, v:), so that ¢ is a trace form.
Since the Lie algebra is simple and ¢ is not identically zero, ¢ is nondegenerate.

A centerless Lie algebra € over a field § of characteristic p is called re-
stricted if the pth power of every inner derivation is inner, that is, if for every
x in L there is an element z (necessarily unique) in € such that for every y in &,

(13) ¥(R.)? = ¥R,

holds for the right multiplications R, and R,. The element z is denoted by x”.
It then follows [3] that for any x, y in € and £ in §,

(14) (x+ )2 =27+ 97+ s(x,9), (Ex)° = a7,

where s(x, ) is a linear combination of (p —1)-fold products of x and y. If
2 is a subspace of an associative algebra % closed under commutation and
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(associative) pth powers, then for x in &, z2=x? satisfies (13) and & (assumed
to be centerless) is restricted; by (14) and the restrictedness of ¥, it is enough
that  contain the pth power of every element in some basis of it.

We shall prove the restrictedness of certain of the algebras £(®, 6, f)
by using particular representations of them. Let B,=F [z, - - -, 2.] be the
commutative associative algebra of all polynomials in 2, - - -, 2, with coeffi-
cients in {§, subject only to the restrictions that z{= - .. =z, =1, so that
B, has dimension p” over . A derivation of B, is determined by the values,
which may be arbitrary elements of 8., onto which it sends 2, .- - -, 2,. We
shall use the vector (ai, - - -, @,) to denote the derivation A4 which, for
i=1, - -+, n,sends z; onto a;. Then if B=(by, : + -, b,) is another derivation,
the commutator product of 4 and B is the derivation C=4-B= (¢, * - -, ¢n),
where

>, [da; eb; .
15) D D) =1,y ).
j=1 \02; dz;
Let x;=2;,—1,7=1, - - -, n. Then B, also equals the commutative associa-
tive algebra §[xi, + + -, x.] of all polynomials in x;, - - -, xa, subject only
to the restriction that x{= - - - =}, =0, and the derivation (a,, - - -, @,) is
also the unique derivation sending x; onto @, i=1, - - -, n. Since da/dx;
=3da/dz; for any a in B, (15) becomes
" /0a; 0b; .
(16) =3 (F0- 0 a) =1,y m).
1 \0x; 9x;
Now suppose that n=2m and let w1, - - -, un be arbitrary fixed nonzero
elements of §. Define 8B,,,, to be the set of all derivations of B.,, of the form
9% ¢ d¢ ¢ )
17 A4 =< cer s p — e, — gy —
17) (¢) M s ’ ) P P y T M 2 )
where the term of ¢ in (2, - - - 2,,)?7! has coefficient zero. Then B, is also
the set of all derivations
9¢ ¢ el é
(18) A(¢)=(#1 Yt m ’_I-‘l_—"'°’_l‘m_'>s
Xm41 O%om dx, 0%m
where the term of ¢ in (x; - - - %2m)?~! has coefficient zero. By (15) we have

(19)  A@)-AW) = 40), 0=Yu(—=-F % X

id <6¢ W d¢ GIP)

0z; 6Zm+j 6z,,.+,~ 0z;

and also the similar formula with x in place of . Write

(20) D(ks, =+« kom) = Az - - - 207,
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Then the D(kl, Ct oty kzm) with O§k1<P and (kly Tty k2m);é(0v T T 0);
(p—1, .+ -, p—1) form a basis of B,,,, over §, and by (19) we have

D(kl’ D] k2m)'D(sl: ) S2m)

1) = > wilkiSmys — Empisd) D(ks + 51, -+ ki + 5i — 1, ki
im1

4 Sivty 0ty B Smpi — 1, Bmgirt F Smpivn, 0 0y Rom T+ Som),

where the indices are to be added modulo p. Since (BiSmyi—Rmiiss) =0 if
kit+si—1=knitsmii—1=p—1, it follows that B, is closed under com-
mutator products, that is, L., is a Lie algebra.

When yy= + + -+ =u,=1 and p>2, the algebra B,,,,, with the representa-
tion used in (18), was studied in [1] by Albert and Frank, who called it B,..

LEmMMA 3. If &¢=0 and &, - - -, O are 2-dimensional over T, then
(S, o, f) is isomorphic to an algebra B, ,, and conversely each B, is iso-
movphic to an algebra (O, 8, f) with O of this type.

Indeed for 7=1, - - -, m take a basis ¢;, §;—¢; of &; over §, and let
wi=f($s, 85), so that p;70. Then consider the mapping

w: v{ 2o (ki 4 knyi(8s — ?e)]} = D(ky, + + -, kam)
=1

for &y, - - -, kem in §,. Here v_; corresponds to D(p—1, - - -, p—1), so that

the linear mapping w* determined by w sends (@, 8, f) onto B ,.. It follows

from (10) and (21) that w* preserves multiplication of basis elements and

thus w* is the required isomorphism. The converse also follows, since u; de-

termines f;.
Now write
k n
(22) Eky, -+ - bem) = A(21 - - - 2om).
Then the E(ky, - -+, kom) With 0Sk;<p—1and (ky, -+ -, kam) #(0, - - -, 0),
(p—1, -+ -, p—1) also form a basis of B, and their multiplication table
is the same as that of the D, given by (21), but now of course E(gy, - * *, ¢2m)

=0 if g;=p for some j, 1 £j<2m.
LEMMA 4. The algebra B, is restricted.

Since Bn., is contained in the algebra of all linear transformations of
B:m, it is enough to prove that B, contains the (associative) pth power of
each of the basis elements E(ky, - - -, kam). This pth power is of course always
a derivation of Bum, so that it is determined by the values it takes on
%1, + - -, %em. If Cis a linear transformation of B sending x; onto c;j, then
for the (associative) product of C and E=E(k,, - - -, km) we have, by (18)
and (22),
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m
ky K i1 kam OC;
xJCE = CjE = Zp'i <km+ixl c ot X c o Xom
=1 ax,-

(23)

_ ac,
kim1 kam ,> G=1,---,2m).

k1
— kixl LRI xi’ . e . x2m
axm-{-i

Now first suppose that k;>1 for some ¢, 1 <t <2m. Then x; is a factor of
each x;E, and by (23), if «{ is a factor of each x;E* then x{*! is a factor of each
x;E2*1, Thus &7 is a factor of each x;E? and E?»=0.

Next suppose that each 2, is O or 1. If 1 £j<m and

] s sky kj 0 skom
(24) Cive = %E = RikmyjuiXy « ¢ - % ¢ Tmij 0 Xom

and we substitute in (23) with C=E* and ¢;=c;,, then in the right hand side
of (23) the two terms of the 7th summand cancel for 25 and we have

s+1
Cist1 = Ci o E = x;E
(25) 2.2 s+l (s+Dk 2%j—1 0 (4 1Dk am
P k]km-f-]/-‘J X1 IR C ot Xmyj t t t Xom

Since k;, kmyjare 0 or 1, (25) is (24) with s+1 in place of s. But when 1 £7<m,
by the definition of E we have (24) if k; =s=1, so (24) holds for s=p, and
x;E?=0 except when k;=Fk,;;=1 and k;=0 for 15j, m-+j, in which case
%;E? =pfx;. When m <j <2m, we have to interchange the exponents of x; and
%m4i in the right hand sides of (24), (25) and multiply by (—1)2, (—1)t!
respectively. Again x;E? =0 except when k;_,=Fk;=1and k;=0 for i=m —7j, j,
in which case x;E?=(—u;)?x;. Thus E»=0 unless E=A4 (x;xn.;) for some
J» 1=j=m, in which case E»=p!"'E, so that 8., is restricted.

THEOREM 8. The simple Lie algebra (O, 8, f) is restricted if and only if
Go=0 and Oy, - - -, On have order p2. These restricted algebras are the same,
up to isomorphism, as the algebras Bum,,, which are simple for p>2 or m>1.

The necessity of the condition for restrictedness is what remains to be
proved. Suppose that (®, 8, f) is restricted and that « is a nonzero element
of ®;. Then for any ug,

(26) v5(va)? = f(Bs, )f (Bs — 85, @) - - - f(B: — (b — 1)8i, )tp.

Denoted by ¢(B, ) the coefficient of vs on the right hand side of (26). Sup-
pose that (v.)?= Z:, £(v)vy. If =0 and B is some element of @, such that
f(B, @) %0, then ¢(8, a) =f(8, a)?#0. But v(B){ > v £(¥)v,} has no term in
v(8). Hence ®=0 and 77#0. Choose « such that f(a, §;) #0. For any nenzero
B in ©, v(B){ >y E(Y)vy} gives a term in v(8) only when y=3§,. But then
£(3:)f(B, 8:) =¢(B, @). When B=a we have ¢(B, @) =0 and f(B, §;) #0, so that
£(8:) =0 and therefore ¢(8, @) =0 for any B in @,.

Now let vy, + - -, v,, 8: be a basis of ®; over §,. Since f; is nondegenerate,
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Ff(ys, 8;) #0 for some s, say for s =1. Then ¢(v., ¥1) =0 so that f(v,—jd;, v1) =0
for some j in §,. By changing the basis element v, to v, —j78; if necessary, we
may assume that f(vy,, v1) =0. Since f(v1+6;, 8;) #0, we also have ¢(v,, v1+8:)
=0. Thus for some k in §,, f(yr—k8;, ¥1+8:) =0, f(vs, 8:) +Ef (71, 8:) =g: (vr)
“hi(8:) +kgi(v1)hi(8:) =0, gi(v,+Eky) =0. But 0=f(y1, v,+kv)=giv1)h:
- (v»+kv1), so that h(y,+ky1) =0 also. Thus v,+ky,=0, r=1, @, is 2-dimen-
sional over §,, and the theorem is proved.

6. The algebras &, and £,. The simple algebras B.,, are closely related
to the simple algebras &, of Frank [2], and T, of Albert and Frank [1]. We
shall use here the same notation as in the preceding section for B,

=F[xs, - - -, %] and its derivations. Then &, is defined to be the set of all
derivations 4 =(a,, - - +, @s) of B, such that the divergence

day " n dan

ax; 0%y
of A is zero and such that for each z=1, - - -, n and j=0, - - -, p—1, the
element a; has no term in x(%; - + + %;_1%:41 * - * %a)?~L It was proved in [2]

that for any #>2 and any prime p, &, is a simple Lie algebra of dimension
(n—1)(pn—1), and that &, is spanned by the derivations

ad od o
(27) Diy(d) = (g1, "+ " s8n)y &Gi=—> &=——» &=0 (k1)
dx; ox;
where d is any element of B, and ¢5#j, ¢, j=1, - - -, n. Then of course
(28) D,i(d) = — Dji(d),

and we also have, for 7, j, k distinct,

b () n() ()
( ) ’ 6x,~ B i axk * ax,- ’

In particular

(30) Dj(xjm) = — Dyj(xix;) + Da(xixe).

We shall write

8n

Ei(sy, - -+ sn) = Dis(mr' - - - 2.

Then &, is spanned by the elements E;;(sy, - -+, s») with i<jand 0S5k <p
for each s;. From (16) and (27) we may compute that
Eij(si, » + + 5 $a) Eij(ty, = -+, tn)

31
(3 = (sdj — sit)Eii(si+ ta, - - -yt ti— 1, - -+ ysi+ 45— 1, - - o satta)

and, for 1, j, k distinct,
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Eij(sl, c ey, Sn)’Eik(ll, ey t”)
= sixEij(s1+ by, - -yt ti— 1, st — 1,000 sat )
= SitiEa(sit by, ooy sit =1, -yt =1, e st )
+ stiEp(si+ty, -, sit ti— 2,00 0, sa ).
Using (30) we see that, for 7, j, k distinct,
Eij(s1, =+ + 5 sn) Dij(xix;) = (si — $) Eij(s1, « + + 5 Su)y
Eij(s1, - =+, sn) - Da(xixe) = (si — s — 1) Egj(s1, =+, Sn)

(32)

(33)

THEOREM 9. The algebra &, is resiricted.

As we noted in the preceding section, in order to prove &, restricted it
will suffice to show that it contains the (associative) pth power of each of the
derivations E;j(s1, * * +, Sa). If 4 is a linear transformation of B, sending x,
onto a;, then for the (associative) product of 4 and E=E(s1, - - -, s,) we
have

2 AE = a,E = ij;l <. x;j_l e A — sy - - x:‘_l N &;

dx; ax,-
the analogue of (23). Thus if 0<s;<p for some ki, j, then x:E? has x}
as a factor, so that E?=0 in this case. But if E=D,;(x¥x}), then, exactly as
for the element E(s;, 0, sj 0) of the algebra 8B,, we have E? =0 unless s;=s;
=1, in which case E?»=E. Thus &, is restricted.

In our examination of trace forms on the algebras &,, we shall use the
following lemma, which is itself of interest.

LEMMA 5. Assume § algebraically closed and let © be the subspace of S,
spanned by all elements E;(s1, « « +, sa) with s;=s; and spy=s,—1 for k1, j,

where 1,j=1, - - - , n. Then O is a Cartan subalgebra of ..
For it follows from (31), (32), (28) and (29) that $ is abelian. Now let
P2, * + *, pn be elements of § which are linearly independent over §,, and write

b= Z p;Dli(xlx.-).

=2

Then b is in §, and by (33), (28) and (30), we have

Eij(sy, =+« 5 5a)-b = {pj(sl —5) 4+ 20 mlsi— s — 1)}2'511(31, Tty Sa)

kel,i
and, when 154, 7,
Eij(sy, + + 5 8a) b = {—m(a — 51— 1) — pj(s; — 51 — 1)

+ > p(—sit s+ 15— s — 1)} Eij(s1, - -+, $n)s

k#1,4,5
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Now choosing a basis of &, from among the E(sy, - - -, s.), we see that,
for any ¢ in &,, if (- (¢:d) -+ -b)=0 then ¢-b=0 and ¢ is in . Hence
9 is a Cartan subalgebra of &,.

THEOREM 10. When n> 3 any trace form on &, is identically zero.

We may assume that § is algebraically closed. Suppose that ¢ is a nonzero
trace form on &,, n> 3. Since &, is simple, ¢ is nondegenerate. But the restric-
tion to a Cartan subalgebra of a nondegenerate trace form on a Lie algebra is
always nondegenerate on the subalgebra. Thus for D = Djy(x1x;), there must

be some E=E;j(s1, + + +, sa), with s;=s; and sy =s;—1 for k=4, j, such that
t(D, E)#0. By (30) and (28), we may assume that z=1. Now since n> 3, we
may take an element¢c=(0, - - -+, 1, - - -, 0) with 1 in the kth place, k51, 2, ;.

Then for the right multiplication R, we have Di(x1x2x% ') (R.)?~'= —D,
while E(—R,)?!=0 since sy =s51—1<p—1. But by p—1 applications of (11),
we have (D, E) =t{ —Dya(xy20x27 1), E(RC)P‘l} =0, a contradiction, and the
theorem is proved.

We now consider the remaining case, n =3. Here we shall write, for 7, j, &
distinct,

eijf(@) = eij(ai, a;, ax) = Eijs1, 52, 53),
where
ap = §; (a1 =0,:---,p—1;1=1,23).

We define a symmetric bilinear form ¢ on &; in terms of the values of the form
for the elements e,;(a@) by setting

(34) tej(a),ealp—anp—a—1,p—a;— 1)} = aj
(i) j) k) = (1: 2, 3): (2> 3, 1),G3,1, 2))

and letting ¢ vanish on other pairs of elements e;;(a), except of course those
for which ¢ is defined through (34) by the use of (28) and symmetry of the
form.

We note that a basis of &; is given by all eis(a), e13(3), ex(y) such that ay
or as is nonzero, $17#0 or Be=p—1, and v1=p—1 and 7. or v; is nonzero.
Then in order to show that the effect of ¢ for an e;;(c) is the same as its effect
for the linear combination of elements in our basis which equals e;(a), it
suffices to show that the expressions

avl{ear(aq: ar a, — 1), eij(ﬁ)}
(g,r)=(1,2),(2,3),(3,1)

always vanish, and this follows from (34), each term vanishing unless o;+8;

=a;+B;=ar+PBr+1=p. Hence t is well-defined.
THEOREM 11. The form t is a nondegenerate trace form on S;.

We need to verify (11) for the elements e;;(e). By (28) and the symmetry
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of the form, it is enough to consider the following three types of substitutions
for a, b, c. First, when

a=ej(@), b=eiB), c¢=ei),
we use (31), and obtain ¢{(a-b, ¢) =0=t(a, b-c). Next, when

a=eijla), b=-ei;B), c¢=ealr),
we have

Ha-b, ¢) = (aB; — aB)t{ei(oi + Bi — 1, a; + B; — 1, au + Be), ex(v)}
and, by (32),
t(a, b-c) = t{ei(@), —BryiealB; + vi — 1, B + vi, B; + v; — 1)
+ Beview(B; + i, B + vh, Bi + vi — D},

so that #(a-b, ¢) =0=1¢(a, b-c) unless a;+B;+v:—1=a;4+B;+v;=ar+Bc+7v*

+1=p, in which case f(a-d, ¢)=(aBi—a;B)(—7vs)=(—Brv)a:i+Boyi)ea;
={(a, b-c). Finally, when

e =eij(a), b=-eaB), c¢=ealy),
we have
Ha-b, c) = {abresi(as + Bs — 1, a5+ By, ax + B — 1)
— aBiealai + B — 1, ar + B, @ + B; — 1), ea(¥)}
and
Ua, b-c) = tlei(a), —BrviealBs + vi, B+ ve — 1, 8 + v; — 1)
+ Boveen(Bi + vi B + v — 1, Bs + vi — 1)}

so that t(a-b, ¢) =0=1¢(a, b-c) unless a;+B:i+vi=a; +Bi+vi=cr+Bc+v: =2,
in which case £(a-b, ¢)= () (—7;) +(—aiB:)(—vs) = (—Bwyj)ei+ Bevi)ey
=t(a, b-c). Hence ¢ is a trace form and, since &; is simple and ¢ is not iden-
tically zero, ¢ is nondegenerate.

We turn now to the algebra <,. This is defined to be the set of all deriva-
tions (ai, * + -, @») of B, for which the divergence equals the coordinate sum,
that is, for which

day da,
\——’_ .. .+

6x1 axn

=a + ctt + Qn.
It was proved in [1] that for every n>2 and $>2, T, is a simple Lie algebra
of dimension (n—1)p" over §.

THEOREM 12. The algebra T, is not restricted.

For suppose that &, were restricted, with A =(ay, - - -, a,) the (restricted)



438 RICHARD BLOCK [November

pth power in T, of the derivation (x;, 1—x;, 0, - - -, 0). A simple computa-

tion shows that the ordinary (associative) pth power of (¥, 1 —;, 0, - - -, 0)
is the derivation (x;, —xi1, 0, + - -, 0) of B.. Hence for every element B
=(by, + -, b,) of T,, we must have B-4=B-(x;, —x1, 0, - - -, 0), that is,

n (3b; da; ) 9b; db;

35 ¢ ——b)=—x——x ib i=1,---,n),
(35) g(ax; ax; dxy ! dx2 Lt b & ")
where §,=—1,§=1and {3= - - - =§,=0. Firsttaking B=(1, —1,0, - - -+, 0),
we have

da; da;
(36) -~ == G=1,-"+,m).
dx; 0%
Then with B=(x;, 1—x1, 0, - - -+, 0), so that B-4 =0, we have
da; da; = 9da; da;

37 —tigg——x1——+ —2x1= —¢(a1— %) —— =0

(37 £ia1 T ¢i(ar 1) P y
(j=1;"')”)°

Taking j=1 in (37) we see that

(38) a1 = Xi1.

Now with B=(1—x,, %3, 0, - - -, 0) we use (38) and (35) for j=1 to obtain

—az—(l —-x2) =x1—(1 —x;»,), that iS, as = —X1.

We next take £>2. It follows from (37) and (36) that dax/dx;=0a:/9x,
=0. Hence using B=(1—x, 0, - - -, %, * * *, 0), where b, =x;, we obtain,
from the case j=Fk of (35),

aak
(39) a — — 2 = 0,

6xk
Finally, taking B=(0, 1, 0, ---, —1, -+, 0), where by=—1, we get
dar/dx, =0, which in combination with (39) shows that a,=0. Hence A4
= (%1, —x1, 0, - - -, 0), which is not in T,, a contradiction.

7. The derivation algebra of 2(®, §, f) and criteria for nonisomorphism.
Let D be a derivation of the simple Lie algebra {(®, §, f) and let ¢(a, v) be
the coefficient of 94, in 2.D, so that

(40) D: vy — Z C(a, ‘y)'va+-, = Z c(a, —a+ Y) Vs

~€® 7€®
where we may set
(41) e, —a) = cla, —a —8) =0

for every a in ®. Since D is a derivation, we have (v403)D = (vaD)vs+va(vsD)
for:every a, Bin @ with a, 85 —8. Thus
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> i {f(as, Bi)clatB—8i —(a+B—08)+7]
(42) 1eq =0

— fQrit8i, B)c(a, —aty—B+8) —fas, v:+8)c(8, —B+ry—a+8)}s,=0.
Take € such that y=a+8+e€70. Then (42) gives

m

(43) Z {f(ab Bi)e(a + B — diy e + &) — flas + & + 8;, Bi)c(a, € + 85)
=0

— flo, Bi + & + 8)c(B, e + 8:)} = 0.
Conversely, if the linear transformation D of (@, 8, f) satisfies (43) for every
o, B7# —§ and every € such that a+8-+€5£0, then it satisfies (42) and is a
derivation.

We shall use R, =R(a) to denote right multiplication on 2(®, 4, f) by the
element v, with a in @. Since right multiplication by v_; is a derivation on the
algebra ¥ =2 —%u,, where ¢ is defined by (1) through (5), and since (¥')?
C(G, 9, f), it follows that R_; is a derivation of (@, §, f). We shall call any
linear combination of the R, an extended inner derivation of (@, 9, f).

For any k and any %; in ®, define a linear transformation D(y;, — &) of
(@, §, f) by setting

(44) vaD (e, —8) = flaw, ve)v(a — &).
LEMMA 6. The mappings D(yr, —0x) are derivations of (O, 8, f).
We have c(a, €+08;) =0 for D(yir, —&r) unless e= —§;—8; for some 1.
When e= —§;— 8, the left hand side of (43) equals
fle, Bf(aw + B — 85, vi) — flai — 8k, B)f(ak, vi) — flasy, B — 8&)f(Be, va)
= flai, B)[f(eax + Br, vi) — flow, &) — f(Br, 1))
+ [f(es, BIf(viy 83) + ks c)f(Biy 86) + f(Br, vi)f(exs, 86)],

which clearly equals zero when 75k, and (7) gives the desired result when
i=k.

Now let goy, * - -, go,, be a basis of & over §, and ¢y, - - -, 04,y 6; 2
basis of ®; over §, such that f(oq, 8.) %0, 2=1, - - -, m. Denote by s;;(c)
the coefficient of ¢;; in e, for 2=0, - - -, m, and by s;(a@) the coefficient of §;
in @, for =1, - - «, m. Define linear transformations D(§, 0) and D(oj, 0)
of ¥(®, 4, f) by setting

(45) v,D(6,0) = [—1 + i sg(a)] Vg

if ®o=0, D(3, 0) =0 if o520, and
(46) v%aD(0ij, 0) = s5:(a)q,
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where these definitions of course depend on the particular bases chosen for
the ©.

LeEMMA 7. The mappings D (6, 0) and D(o,;, 0) are derivations of (S, 9, f).

For each of these mappings we have c(a, e+6;) =0 unless e= — ;. When
considering D(§, 0) we may suppose that &;=0. Then with e= —8§;, (43) re-
duces to

o, B2) {[— 2+ i: sia + 6)] - [— 1+ :le;(a)]
-~ [— 1+ ia(ﬂ)]} =0,

t=1
which clearly holds. Next consider D(g;j, 0). Then with e= — 8, (43) reduces
to f(aw, Bk) {s,-,-(a-i—ﬂ) —si;(@) —s45(8) } =0, which also holds.

We now begin showing that when p>3 the derivations discussed in
Lemmas 6 and 7, together with the extended inner derivations, span the
algebra of derivations of (¥, §, f). We shall henceforth assume that p> 3 ex-
cept when explicitly otherwise stated.

We shall also henceforth assume that, for any element vy in @, if we use
some coefficient ¢(y, {) (not multiplied by a factor which equals zero) then
v #% —48. Then in every case in which we shall apply (43) for which it could
happen that a or 8 was equal to —§, it will be possible, by a trivial modifica-
tion of the proof, to take & and 8 such that neither equals —§. We shall make
no further mention of this in applying (43) in the following proofs.

LEMMA 8. Suppose that o;E®; and B ESy, j#k. Then for any element 0
of © we have
(47) S(Br, Bi)c(ej, 0 — 8;) = fla, 0;)c(Be, 6 — ).

For if aj+Br+0—08;—08;=0 then (43) with e=0—48;—8; gives (47). Now
consider the case a;+Br+0—06;—08,=0. If 0540;, 0, then using (47) for the
previous case we have f(Bx, Ox)c(ej, 0 — 8;) = f(eej, 0;)c(Br + 0r, 6 — O0)
=f(B, Ox)c(aj+8j 0—28;) =f(aj, 6,)c(Bi, 0—20x), while if say f(a;, 6,)=0 and
f(Bx,8x) #0 then both sides of (47) vanish since c(e;, 8 —3;) =f(ct;, 05) [f(Bk, i) ]
-c(Br+0k, 0 —6x) =0, and the lemma is proved.

LeEMMA 9. If «, B; are in &; and if the component 8; of 0 is nonzero for some
177 then
(48) fB;, 8)c(az, 8 — 8;) = f(aj, 0:)c(Bj, 0 — ;).
For with v, such that f(y,, 6;) #0, Lemma 8 implies that
f(8, 6;)c(ei, 0 — 85) = f(Bj, 0)f(ets, 05) [f(vs, 0:)]7%c(vs, 6 — 82)
= fla;, 6;)c(B;, 0 — ;).
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All elements of & occurring in the proofs of the next three lemmas are in
®;. We shall drop the subscript j, write ¢, for c(e, 6 —38;) and take e=0—25;
in these three proofs.

LemMA 10. If a;, Bjand 0 are in &; and f(0;, 8;) #0 then (48) holds, provided
that a;+0—8; and B;+60—30; are nonzero.

For (43) implies that f(a, 8)ca—f(a+90, 8)ca—f(e, 0)cs=0, that is, f(8, 8)ca.
=f(a, 8)cs, and similarly f(8, 8)cs=f(B, 0)cs. Thus f(8, 8)ca=£(8, 0) [f(3, 6) ]
-f(e, 0)cs=f(e, B)cs, and the lemma is proved.

LeEMmMA 11. Suppose that o, B and 0 are in &, j#0, and that 6, 8;) =0 and
0736;, that is, g;(0) =0 and hj(0) #=h;(8;). Then (48) holds.

We may suppose that 60 since otherwise both sides of (48) vanish. We
shall first show that

(49) Cy = Cy43

for every 7. Suppose that g(y) #0. If ¢ is an integer such that {# —1 (mod p)
then y-+4y+4(0—26)#0 and (43) gives f(ty, 6 —8)cy=f(y, 0—8)c.y. Since
fltv, 0—06)=g(v)h(0—8)=0, we have ci,=1Ic,, Now with s such that 2s
= 1 (mod p), we have c_y=2c_,y= —25¢, = —¢,. Since y+(—v+8) +e=0—35
#0 and ¢, ,45-5=co=0, we have, by (43), f(—v+38, v+0—28)c,=f(v,
—v+6)c_y4s, that is, ¢y = —c_y4s, and hence ¢y5= —c_y=c,. Thus (49) holds
for any v such that g(y) 0.

Now suppese that ¥#0 and g(y) =0, so that k(y) 0, and choose  such
that g(n)#0. Since n+vy+e€>0, we have f(n,¥)cyy—s = f(n+0—38,7)c,
+f(n, v+0—20)c,, which reduces to

(50) Cory = G+ [B ]y + 8 — 8)cy.

Iterating this we obtain ¢,y =c,+t[R(y) |"*h(y+0—8)c,, while substituting
ty for v in (50) we obtain ¢ty = ¢4 + [B(tY)]7'R(ty + 0 — &)ci,. Hence
h(ty+0—08)cey=12h(y+0—08)c,, and it follows, using (41), that, for ¢
#0 (mod p), ¢y=0 if and only if ¢,=0. If ¢,0 then —n+(n+v+8)+e
=y+6—057#0 and, by (43), f(—n, 1+v+8)cy=f(—n+0—-6, n+v+3d)c_,
+f(_7]7 77+‘Y +0)Cﬂ+1+5’ that iS, f( - 'Y+8)C‘Y =f( - 'Y+9)5—n+f(""7, ’Y+0)
{eat [h(y) |th(y +8—8)c,}, whence h(y)h(y+8) =h(y+8)h(y+6—3) and,
by expanding,

(51) 2h(y)[R(3) — R(B)] = R(B)[R(B) — A(3)].

But when ¢, #0 then ¢, #0 also and we may substitute 2y for v in (51) and
obtain 44(y) [A(8) —h(6) ] =2h(y) [A(8) —h(@B)], k() =h(F), 6 =35, a contradic-
tion. Hence ¢, =0=c¢,;s and (49) holds for any ¥.

If a+B+e=0 then §= —a—0—28 and either g(a) =g(8) =0 and c,=cs=0
or g(a) #0 and, by (50), ¢s= —ca, f(B, 0) = —f(e, 0) and (48) holds. Similarly
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(48) holds when (a+6)+B+e¢=0. Now we may use (43) to obtain both
fle, B)eatrs—s = fla + 0 — 8, B)ca + fla, B + 0 — 8)csg and fla + 8, B)cays
=f(a+40, B)cars+f(a+38, B+0—8)cs, whence, by applying (49) and subtract-
ing,

(52) f(ﬂ) B)Ca-l-ﬂ = f(ﬁ: 6)C¢ +f(ﬂ1 6)63.

If f(B, 8) =0 then g(B) =0, f(B, §) =0, cs=0 and (48) holds, while if f(3, §) >0,
then (52) gives €as=¢a+¢s5, which with (43) and (49) gives

(53) f8, 8 = 8)ca = fla, 6 — 8)cs.

Multiplying both sides of (53) by k(8) [k(6 —8) ]!, we obtain (48), and the
lemma is proved.

LeEMMA 12. Formula (48) holds when j=0 and oy, Bo and 0 are in ©,.

In this proof we again drop the subscripts j=0 and denote ¢(e, 6) by c..
We may assume §#0. We shall first show that

(54) Cty = lCy

for any 4 and any integer ¢. If f(y, 8) #0 then y+4ty+6050 and, by (43),
f(y+0, ty)ey, +f(v, ty+6)cey =0, so that (54) holds for such 4. For any 5 such
that f(7, 8) #0, we have n —0+40 70, so that (43) gives f(n, —0)c,—o=f(n, —0)c,,
C,—8=Cy and, by iteration, ¢,y =c, for any integer {. On the other hand,
n+t0+6050, and (43) gives f(n, £0) oy =1(n, t8)c,+f(n, t0+8)cis, so that c,y=0
for t# —1 (mod p), while c_4=0 by (41). Thus (54) holds for v a multiple of 6.

Now suppose that f(y, 8) =0 and v is not a multiple of §. By the non-
degeneracy of f, we may choose 7 such that

(85) 0 # f(n, 6), f(n, 2v + 6).

Suppose that ¢,#0. Since n++v 4050, (43) gives f(n, ¥)Cory=F(n+0, ¥)cq
+f(n, ¥ +6)c,. But then f(n, v) #0, since otherwise we would have f(, v+6)
=f(n, 8) #0 and ¢, =0. Thus we have

(56) Coty = Gy + [f(’?; ’Y)]—lf(’?, ¥ + 6)cy.

Then since — 7+ (9 +v) +8 =0, (43) and (56) give f(— 0, 7 + ¥)cy
=f(=n+0, ntyv)ey+f(—n, 1+v+0)cora=f(—n, ¥+0)c_y+f(—n, v+b)c,
+f(—n, ¥+8) [f(n, v) 7 (n, ¥ +6)c,, whence f(n, ¥)f(—n, ¥) =f(—n, v+6)
-f(n, ¥+06), and 0 =f(n, ) [2(n, ) +£(n, 0) ] =f(n, 6)f(n, 2y +6), which contra-
dicts (55). Hence ¢, =0=c¢y,, so that (54) is true.

Now if a+B8+60=0thenB=—a—0, cs=C_ap=C—a= —Ca, f(B,0) = —f(e, 6)
and (48) holds. Similarly (48) holds if 2a+28+6 =0, so we may assume that
0#a+B+0, 2a+28-+06. Then (43) gives f(@, B) Cars =f(a+0, B)ca+f(a, B+8)cs
and fQ2a, 2B)csate8=f(2a+8, 28)cra+f(2c, 28+0)css, whence, by applying
(55) and subtracting, we get f(8, 28)cea+f(2c, 0)cas =0, which gives (48), and
the lemma is proved.
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LeMMA 13. The derivation D differs by an extended inner derivation from
a derivation for which c¢(B, {) =0 for every k and Bi in &, and every ¢ 0, — bx.

Indeed if 850, 8y, - - -, 8., choose j and a; in ®; such that f(a; 6;) %0
and ay40—§;7#0, and define
(57) ks = [f(ei, 0) ] %(exs, 6 — 3)).

Then kg is well defined by (57) since Lemmas 8 through 12 proved that (47)
holds unless j=k>0 and either §=§; or a;4+0—38;=0 or B;+0—0;=0. We
also set ky=0 for §=0, &, - - -, 6n. Now consider the extended inner deriva-
tion R of (@, §, f) induced by right multiplication by Y g kws. For i in ®,
R maps v(Bx) onto D ofBifu)kwBrt0—0) = Dosms....s, c(Bry 0—05)
‘v(Br + 0 — 8x). Hence the derivation D—R has ¢(B:, 0 — 8:) =0 for 6
#0, 81, - + , Om, that is, c¢(B, {) =0 for { — &k, 61—, - - -, 8 — 0k But if
§=0;—20x for j#0, k, then with ¢; in ®; such that f(a;, §;) #0 we have a;+8%
+(—8:) #0 and, by (43), f(aj, 8;)¢c(Bk, ) =0, and the lemma is proved.

Recall that in selecting a basis of & over §, we chose ¢i such that
for, 0) #0, k=1, - - -, m. We shall write ox =0+ and f(o%, &) =as.

LeEmMMA 14. The derivation D differs by

m

2 (@)~ c(ox, —8&) DOk, —8k) — (284, —8¢) D(ow, —8:)/2}

k=1
from a derivation for which c(ay, — o) =0 for every k0 and oy in @.

By the definition of D(yx, —&) in (44), the conclusion of the lemma is
equivalent to the statement that, for the coefficients c(«, 8) determined by D,

(58)  clar, —=&) = (an)~{c(on, —8u)f(on, &) — c(28k, —8)f (v, 0u)/2}

for every k0 and a4 #3; in ®,. All elements of & occurring henceforth in
the proof of this lemma are in @, and we shall drop the subscripts & and de-
note c(a, —6i) by c.. By (43) we have

(59) fB, Y)cgrvy—s = f(B — 8, V)cs + f(B, v — 8)ev,

provided B+4v+(—28)7#0. If f(y, )0 then for any integer ¢ we have
v +ty+(—28)#0 and f(—38, tv)c,+f(v, —8)ce, =0, that is,

(60) ct‘y = tc-,.

Also when f(y, 8)#0 we have y+25+4(—28) %0, f(v, 28)cy4s=F(v, 28)c,
+f(v, 8)cas, €y13=cy+c2s/2 and, by iteration,

(61) Cytts = Cy + tcas/2.

If a=—0+43 or —g+23, then (61) and (60) give (58), so we may assume
that as —o+8, —0+25, 8. Then a+(s+08)+(—28)0, and, by (59) and
(61), we have
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(62)  fle, 0 + 8)cats = fla = 8, 0 + 8)ca + fla, o)cs + f(a, 0)cas/2.

Now if f(e,6)=0, we have (a+o)4+(—0c+4+8)+(—28)=a—56+#0 and
flato, —o+8)ca=f(a, —0)Cars+f(a, —0)c_sys, that is, by (62), (61) and
(60), — fla + 6,0)ca = — fla — 8,0)ca — fla,0)c, — fla,0)cs/2 + fla,0)c,
—f(a, o)ces/2, whence 2f(8, o)ca=f(c, o)cs, which gives (58) for the case
f(e, 8) =0. In particular it follows that (61) holds even when f(vy, &) =0.

Now a+0o¢+(—28)#0 and, by (61) and (59), fla, 0)Cars—f(a, 0)c2s/2
=f(at, 0)Caro—s=f(a—38, 0)ca+f(a, 0 —8)¢,, that is, fla, 0)Caro=Ffla—38, 0)cCa
+f(a, 0—08)c,+f(e, 0)ces/2, which, subtracted from (62), gives f(a, 8)Cays
=f(e, 8)ca+f(a, 8)c,. Thus if f(a, §) #0, then cars =ca+¢,, Which, substituted
in (62), gives (58), and the lemma is proved.

LEMMA 15. Suppose that c(ax, $) =0 for every k, ar in & and nonzero ¢.
Then c(e, $) =0 for every a and nonzero §.

For suppose that ¢(e, ¢) #0 for some a and nonzero {. Thus also a4 #0.
If a4oa;+(§—8:) #0, then, by (43), 0=£({s, ai)c(e, §), since c(as, § —8:+38;)
#0 only if { =8§;—49;, 177, in which case f(a;, {;+98;) =0. Similarly, if a +(—a)
+ (¢ —48,) #0, then f({;, agcla, §)=0. Hence f(a;, {;) =0 for all 7. Moreover
a+08;+(—8;) =a+{ 0, so that f(a;, §:)cla, ¢) =fla:+, 8,)c(e, ¢), that is,
&y 85) =0 for all 4.

Now suppose that 0#a;+{;, ¢ for some 7. By the nondegeneracy of f;,
we may choose 8; such that 0 #=f(a; 4+, Bi), f(§s Bi). Either a4+ (5 —8:) #0
or a—B+({—8;) #0. But c(@£8:—3d;, {) =0since f(a; £ B:—d;, £o) = £f(Bi{0)
#0. Thus (43) gives either 0 =f(a;+¢;, B:)¢c(e, ¢) or 0 =f(a;4§i, —Bi)e(e, §),
so that ¢(e, {) =0, a contradiction.

Hence for any 7 either a;+¢;=0 or {;=0. Then, since 0 #¢{, a+4{, we have
¢i=0 and ;0 for some j and o= —{r#0 for some k7j. Then f(oax, 6x)
=f(—{x O)=0. Now choose v; such that f(a; 7v;)#0. Then a4 (y;—ax)
+ (¢ —48;) has a nonzero component in @, so that (43) gives

flaj, vi)c(a + v; — ax — 85, %)
=flaj+i, vi)e(a, §) +flan+r+0k, —ar)ca, §—8;+8) +f(a), vitE)e(vi—an, §)
+f(ar, —ertEetd)c(yi—aw, C—8i+8)+ 2 fla, &it8:)c(vi—an, § —d+55).

17,k
But c(a+y;—ar—3§;, §) =0 since o —ax %0, c(y;—ou, §) =0 since —ou 4+
#0, and, when ¢#j, k, f(as, $i+0:)c(y;—ax, ¢ —8;—08:) =0 since either {;+48;
#0 or f(ay, ¢:+0;) =0. Hence we get f(aj, v;)c(e, §) =0, c(e, {) =0, a contra-
diction, and the lemma is proved.
LEMMA 16. Suppose that c(a, §) =0 whenever ¢ #0. Then the derivation D
differs by a scalar multiple of D(8, 0) from a derivation for which

c(t81+ + + - + tmdmy, 0) = O

for any integers ¢y, * - -+, tm.
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In this proof we shall write ¢(, 0) =c(a) =c.. By the hypothesis, there are

nonzero terms in (43) only when e= —§; for some j, in which case we have
(63) flag, B){c(a + B — 8) — ca — cs} =0,
provided a+B—8;7£0. Choose « such that f(a;, 8;) #0 fori=1, - - -, m. Sup-

pose that £;7#0 (mod p). Then with B=#d+ - - - +indn we have f(a;, 8))
=t;f(aj, 6;) #0, so that (63) gives

(64) clad 1014 - -+ twbm — 8;) = ca + c(t:61+ « + + + tmbm).

But then forz=1, - - - , m we have c(a+8;) =c.+¢(24;), so that, by iteration,
C((X +t161+ ct + tmam - 61) = Ca + tlc(zal) + t + (tj - 1)6(261) + e
+tmc(28,), which, combined with (64), gives

(65) c(tb1+ -+ + twdm) = 816(261) + - - - + (¢ — 1)c(28;) + - -+ Ftmc(20m).

Now when ®&,#0, choose 8y and 8¢ in @, such that f(8,, B¢ ) #0, and B; in
®; such that f(B8;, 8,;)70. Then with j=0, (63) gives f(B,, {3({){0(/30+B¢)
—c(Bo—B¢ +B:—8:) —c(B¢ +8.)} =0, while with j=i, (63) gives f(8; 8))
~{c(Bo4B:—8) — c(Bo—B3 +B:—8.) — ¢(85 +8:)} =0. Thus c(Bo+B:—3))
=c¢(Bo+pB:). Now with v such that f(y,, §;) #0 and c(y —8.) =¢,, (63) gives
v, 285) {ey—c(y—8.) —c(28,) } =0, so that ¢(28,) =0 for i=1, - - -, m, and
by (65) the lemma holds when &,540.

Now suppose that @y=0. By (64), we have c,+¢(28,) =c(a+8;) =ca
+¢(8:+40k) =c(a+0x) =ca+¢(20x), so that ¢(28,) =¢(26x) for 7, k=1, - - -, m.
Thus, by (65) and (45), v(t161+ + + + +imdm)D=c(26)(—14+H+ - - - +tn)
(881 -+ Ftmbm) =¢(200)v(001+ ¢ - - +twdm)D(8, 0), and the lemma is
proved.

LeEmMA 17. Suppose that c(a, §) =0 whenever either { #0 or o is of the form
8101+ - - - Ftmbm. Then D is a linear combination of the derivations D(cyj, 0).

By the definition of the derivations D(c;;, 0) in (46), it is enough to show
that

(66) Cats = Ca 1 Cs

for every a and 8, where in this proof we continue to write c(a, 0) =c(a) =c,.
We may again use (63) whenever o4-8—19;#0, and (64) whenever ¢;f(a;, ;)
#0. We shall first show that

(67) (@ — &) = ca

for any @ and any 4. It follows from (64) that if f(a;, 8;) #0 then c(a—38;)
=Co+(p—1)¢(28;) =ca, so that we may assume here that 1520, f(ay, 8;) =0,
and a0, §;, Now we may choose v such that, for some j, the expressions
flaj—0:v;), a—08:4v—38;, fla:+7v,, 85), flaj, v;) and a+y —§; are all nonzero.
Then, by (63) and the case of (67) alrcady proved,
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cla—d) Fey=claty—8—38) =claty—29) =catcy
so that (67) holds. Hence (63) reduces to
(68) fles, B){cars — ca = ca} =0,

again under the condition that a+48—§,;70.

If « has nonzero components «;, a;, 77, then we may take v such that
the expressions f(aj, v;), ¥ +a—9;, f(as, v:) and ¥y +a—a;—3§; are all nonzero.
Then ¢y+ca = Cyia = c(yFa—a;)+cla;) = cy+cla—aj)+c(e;). Thus ¢,
=c(a—a;) +c(a;), so that it is enough to prove (66) when «, 8 are nonzero
elements of ®; such that either f(a, 8)=0 or a+B—6;=0. Suppose that
a# —B3, —B446. Since f; is a nondegenerate form and p#2, we may choose
v in ®; such that 0#f(e, v), f(B, v), fla+B, v). Then (68) implies that
CarfFCy = CatBiy=Ca"tCopy=CatCs+Cy, and (66) holds when a# —f, —B+36..
But ¢(—a+6;) =c_a=c@p-—1a=(p—1)Ca, and the lemma is proved.

THEOREM 13. When p> 3 the derivations D(ox, —8x), D(6k, —6k), D(04;,0)
and D(8, 0), defined in (44)_, (46) and (45), together with the extended inner
derivations, span the algebra R(®, 8, f) of all derivations of (©®, 8§, f).

This is an immediate consequence of Lemmas 13 through 17.

We shall now determine the structure of the algebra 2*(®, 8, f) of outer
derivations of (9, 4, f). We shall write #, no, + - -, #., for the dimensions of
®, Gy, - - -, On over Fp.

When & =, the set consisting of the inner derivations R,, for all nonzero
ain @, and the derivations D(og, 0), * - +, D(oos, 0), is clearly linearly inde-
pendent over § and hus tis a basis of (®, 8, f). Since any two derivations
D(oj, 0), D(ow, 0) commute, ¥*(®, 4, f) is an n-dimensional abelian algebra
in this case.

Now suppose that @#®,. The set of derivations

R={Ra:a € G, a0}

is linearly independent, since wv(¢1)R_s= —f(01,81)v(01—8—08:)#0 while
v(a1) R, =f(o1, ¥1)v(61+7v—8:) has no term in v(s,—8—8;) when v —3d. The
set of derivations

S = {D(O’k, —3k), D((Sk, —Bk): k=1,---, m}

is also linearly independent, since Y ., [bxD(cx, —8x)+bi D(dx, —8;) ] maps
v(8:) onto zero only if by =0 and maps v(ox) onto zero only if ! =0. We define
a set of derivations ¥ by setting

T = {D@,0), D(oi;, 0):i=1,---,m;fj=2,-+,m — 1}
when @&,=0, and
T = {D(ow, 0), D(0s;, 0): k=1, -+, mozi=1,r - ,m;j=2,--+,m — 1}
when ®,0.
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Since 2.9(8;) = f(@yd:)ve = B si(@)f(045,0:)ve, we have R(8))
= D %3 (0ij 8D (a4, 0). Then when 25#0, D(coa, 0) is contained in the space
spanned by R(8;) and T since f(oa, 8;) #0. But the set ‘IU{D(au, 0, .-,
D(0'm1, 0) } is clearly linearly independent and thus iU{R(&l), -, R(6n)}
is linearly independent. Since v,Rs has no term in v(a—dx) for any k&, and
has a term in v, only if 8 =§; for some 750, it follows that RUSU T is linearly
independent. Then by Theorem 13 we have the following result.

LEMMA 18. The set RUIS\UZ is a basis of (S, 6, f) when & #=S,.

We continue to assume that @=®, We shall write R¥*; for the outer
derivation determined by R_;, and D*(e, B8) for the outer derivation deter-
mined by D(av B)) where (a) B) =(6ii’ O)r (6; 0)! (0’;, —al) or (Bt'; _61) Now

when @ =0, the set
(69) B = {R*—5’ D*(as, —8:), D*(8;, —8:), D*(aj, 0), D*(3, 0):
i=1,-,m;j=2,++,m— 1}

is a basis of 8*%(®, 4, f), and when ®,50, the set

€ = {R*_;, D*(or, —8), D*(8, —84), D*(o0z, 0), D*(osj, 0):
Lhk=1,-- mj=2--+,m—1;1l= 1’...’%}
is a basis of £*(@, §, f).
For any 4, j, kand }, D(¢;, 0) commutes with D(o4;, 0), D(8, 0), D(ak, —6i),

D(6x, —d:) and R_;. When j><k, D(B;, —9;) and D(yx, —0;) commute for
any B3;in ®; and v, in &, while

e D(os, —8:)- D(5:, —51)]
= [f(ai, a;)f(a;, 61’) - f(ai, 6:’)f(t¥i — &, 0'.') ]7)(0( - 251)
= f(os, 8:)f(as, —8:)v(a — 28,) = awaR(—36).

Moreover v.[D(v;, —8;)-R_;] has no nonzero terms except those in the ele-
ments v(a—6—8;—§;) with 4, j5%0. Hence all products of elements of € are
zero except when m =1, in which case

(71) D*(O’l, ‘—'51)'D*(51, —'51) = alR*_a 75 0.
If & = 0 then D(8, 0) % 0 and
va[D(, 0)- D(vi, —55)]

= {[— 1+ i Sj(a):lf(au i)

j=1

(70)

~ fla | - 2+ }Z: si@ [} ot = 59

= flou, vi)v(a — 8:;) = vaD(vi, —8:).
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Hence
(72) D*(8, 0)- D*(ay, —8:) = D*(0sy —83),

D*(5, 0)- D*(8;, —8;) = D*(;y — 8,),i=1,- -+ ,m.
Furthermore

%.[D(5, 0)-R_;] = [—1 + gsj(a)][ if(ai, —6)v(a — § — ai)]

i=1

- {f(a.-, )| -9+ T 5@ Jofa = 5 - a.»)}

i=1 j=1

= i (m + 1)f(ai, —8:)v(e — 6 — 8;) = (m + 1)vR_s.

1=1
Hence

(73) D*(5, 0)-R*_5 = (m 4+ 1)R*_,,

and we have determined all products of elements of 8. We collect these re-
sults in the following theorem.

THEOREM 14. Suppose that p>3. If &=y then the algebra L*(O, 8, f) of
outer derivations of (O, 8, f) is an n-dimensional abelian algebra. If &,=0,
then *(O®, 8, f) has dimension n+2, with a basis B given by (69), and all non-
zero products of elements of B are given by (72), (73) and, in case m=1, (71).
If &¢%0 and O #=O,, then L*(O, 8, f) has dimension n+1, with a basis €
given by (70), and is abelian unless m =1, in which case the only nonzero product
of elements of € is given by (71).

We deduce as immediate consequences of this theorem the solvability of
*(@®, 8, f) and our criterion for nonisomorphism of algebras (®, 8, f) of the
same dimension. We let m(®) denote the index m occurring in the direct sum
decomposition (1) of @.

COROLLARY 1. Two algebras {(®, 8, f) and (&', &', f') of the same dimension
are isomorphic only if either &y=0, & =0 and m(®)=m((®’), or &0,
®¢ #0 and min [2, m(®)]=min [2, m(®")].

This follows upon our noting the dimensions of the algebras of outer
derivations and their squares, since if §, =0 then [*(®, 8, f) ](2) has dimension
2m-+1 when m=+150 (mod p) and dimension 2m otherwise, while if &0
then [2*(®, 8, f)](?) is one-dimensional if and only if m =1.

COROLLARY 2. The algebra *(Y, 8, f) is always solvable.



1958} NEW SIMPLE LIE ALGEBRAS OF PRIME CHARACTERISTIC 449

Indeed the second derived algebra [2*(®, 8, f)]® is always zero unless
®=G,, in which case [2*(®, §, f)]® =0.

By examining the dimensions of the known algebras and applying Corol-
lary 2, we find that when p>3 one of our algebras (®, 4, f) may be iso-
morphic to a previously known nonclassical simple Lie algebra only if & =®,,
& =@, or n=2m, Moreover by Theorem 8 (on restrictedness) it follows that
if p>2 and n>2m then {(d, §, f) is not isomorphic to any classical algebra.

The algebras ¥(®, 8, f) for which n=2m are the same as the algebras
LB, considered in §5. Let P, be the simple Lie algebra of all r-rowed square
matrices of trace zero modulo scalar matrices. Then 8B,., and P, have the
same dimension when r=pm It is proved in [1] that %, is isomorphic to
B, if and only if m=1 and r=p=3, and the proof for B,, may easily be ex-
tended to a proof for B,,,.. However, this theorem is an immediate conse-
quence of results on the derivations of the algebras, and we include it in our
final corollary.

COROLLARY 3. When p>2, (O, 8, f) is isomorphic to a classical algebra
only if p=3 and (O, 8, f) is T-dimensional. When p=2, (@, 8, f) is not iso-
morphic to any algebra P..

For it is proved in [9] that the algebra of outer derivations of P, has
dimension 0 or 1 for any p, and it is proved in [4] that when p>2 all deriva-
tions of the classical algebras of types B, C, and D are inner. But for any p,
the outer derivations D*(gy, —8&,), D*(8;, —&1) (or D*(op, 0), D*(cp2, 0)
when @ =®,) of (), 8, f) are linearly independent. There is no isomorphism
between &(®, 8, f) and an exceptional simple algebra of dimension ¢ unless
p=2 and ¢=14, since otherwise their dimensions are distinct.

BIBLIOGRAPHY

1. A. A. Albert and M. S. Frank, Simple Lie algebras of characteristic p, Univ. e Politec.
Torino Rend. Sem. Mat. vol. 14 (1954-1955) pp. 117-139.

2. M. S. Frank, 4 new class of simple Lie algebras, Proc. Nat. Acad. Sci. U.S.A. vol. 40
(1954) pp. 713-719.

3. N. Jacobson, Abstract derivation and Lie algebras, Trans. Amer. Math. Soc. vol. 42
(1937) pp. 206224,

4. , Classes of restricted Lie algebras of characteristic p. 1, Amer. J. Math. vol. 63
(1941) pp. 481-515.

S. , Classes of restricted Lie algebras of characteristic p. 11, Duke Math. J. vol. 10
(1943) pp. 107-121.

6. 1. Kaplansky, Seminar on simple Lie algebras. The First Summer Mathematical Insti-
tute, Bull. Amer. Math. Soc. vol. 60 (1954) pp. 470-471.

7. G. B. Seligman, On a class of semisimple restricted Lie algebras, Proc. Nat. Acad. Sci.
U.S.A. vol. 40 (1954) pp. 726~728.

8. , On Lie algebras of prime characteristic, Memoirs Amer. Math. Soc., no. 19, 1956.

9. H. Zassenhaus, Uber Lie'sche ringe mit primzahlcharakteristik, Abh. Math. Sem. Univ.
Hamburg vol. 13 (1939) pp. 1-100.

THE UN1vERsITY OF CHICAGO,
CHicaco, ILL.



