Qualify Exam on Differential Equation, Fall 2024

There are three parts. Choose 2 problems from each part to answer.

Part 1

Problem 1. Consider the system 2’ = rz + 2% — 2°, which exhibits a subcritical
pitchfork bifurcation.

(a) Find algebraic expressions for all the fixed points as r varies.

(b) Sketch the vector fields as r varies. Be sure to indicate all the fixed points and
their stability.

(c) Calculate 75, the parameter values at which the nonzero fixed points are born
in a saddle-node bifurcation.

Problem 2. Suppose A(t) and g(t) are continuous for —oo < t < oo and that
/ |A(t)|dt < o0

and
/ lg(t)]dt < oo

Show that the solution ®(t) of v = A(t)y + g(t) exists for —oo < ¢t < oo and
compute a bound for |®(t)| valid for —oco < t < 0.

Problem 3. Consider the system y' = Ay + g(t), where A is a n X n nonzero
constant matrix.

(a) If g(t) # 0 is continuous on (a,b), show that the system has at most n + 1
linearly independent solutions.

(b) If all eigenvalues of A have real part negative or zero and if those eigenvalues
with zero real part are simple, and j;zo lg(s)|ds < oo, show that every solution ¢(t)
on tg < t < oo is bounded.

Part II
Problem 1. Let u € C?(2) be such that

u(x) = ][ udS
OB (z,r)

for every B(z,r) C Q. Prove that « is harmonic in .
Problem 2. (Backwards Uniqueness for the heat equation) Let uy,us € C?(Ur)
solve the heat equation u; — Au = 0 with
up =ugy =g on OU x [0,T)
and uq(x,T) = us(z,T) for x € U. Prove that

Uy = ug within Up.
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Problem 3. Let u solve the wave equation in dimension one i,e. uy — Au = 0 in
R x [0, 00) with
u=g, us=h on Rx{t=0},

where g and h have compact support. Prove that for large enough time ¢ we have

k(t) = p(t),

where k(t) = 3 [*_uf(z,t)dz in the kinetic energy and p(t) = 1 [*_ u2(z,t)dz.

Part III

Please show all work. Unsupported results will not get credit. Use the back
pages if more space is needed.

Problem 1. Let the vector field v = wv(x,t) and scalar functionp = p(z,t) be
a smooth solution of the Euler equation in R3 x [0,1). i.e. vVv + Vp+ O =
0, divv=0.

(a). Determine the algebraic equation for the constants o and B such that
v = ﬁV(w/(l —t)8), p= ﬁP(x/(l —t)#) is a solution of the Euler equa-
tion for some stationary function V and P. These are called self-silimar solutions.

(b). Determine the equation satisfied by the above the functions V' and P in
terms of the variable y = z/(1 — t)'/2.

Problem 2. . (a). State the definition of W1?(D) space for a domain D in R".

(b).Prove from definition that the function v = In(1 + | In(1 + |z|)|)) in the unit
ball B(0,1) in R? is in W?(B(0,1)) space but not in L>°(B(0,1)) space. So that
the imbedding W™ into L™ is false.

Problem 3. (a). Consider the divergence form elliptic operator Lu = 8;(a (z)9;u(x))
in a bounded domain D such that u € H} (D) so that u satisfies the Dirichlet bound-
ary condition u(z) = 0 on dD. Here (a¥(z)) is a symmetric, positive definite matrix
with bounded measurable coefficients. Let A\; and Ay be two distinct eigenvalues
and u; and ug be their respective eigenfunctions of L (Lu; + Aju; = 0, i = 1,2).
Prove that u; and uy are orthogonal in L?(D), i.e. [, uiugda = 0.

(b). In the special case L = A and D = [0, 7] x [0, 7] C R%. Find all eigenvalues
Ak, k=1,2,3, ... using separation of variables.

(¢). Continue from (b). Find an explicit smooth function f such that the prob-
lem Au+ A\u = f in D with 0 boundary values does not have a solution.
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(d). Using the eigen values in part (b) to find a solution of the heat equation
Au— 0wu = 0in D x [0,00) with zero boundary value on 9D x [0,00) and initial
value ug(z) = sin? xq sin zs.



Qualify Exam on Differential Equations, Fall 2023
Please choose any TWO problems in each part.

Part A

Problem 1. For the following equation, sketch all the qualitatively different vector
fields that occur as r is varied. Show that a bifurcation occurs at a critical value of
r and identify the bifurcation type. Finally, sketch the bifurcation diagram of fixed
points z* versus r.
, x
x =rx—
14 22

Problem 2. Let A(t) be a continuous function from ¢ in R to the space of real-
valued d x d matrices, d > 1.
(a) Show that for every solution of the linear system, X' (t) = A(t) X (¢), we have

X @) < ||1X(0)]]efo 1AG)ds,
where [|A(s)|| is the operator norm and ||X (¢)|| is the usual Euclidean norm.

(b) Show that if fot [|A(s)||ds < oo, then every solution X (¢) has a finite limit as
t — oo.

Problem 3. (a) Let f(¢) be a nonnegative function satisfying the inequality

t
f) < K +e(t—a) JrKg/ f(s)ds,
on an interval o <t < 8, where €, K7, K5 are given positive constants. Show that
€
f(t) < Kyeaxp[Ky(t — o)) + E(@fﬂp[Kz(t —a)]-1).

(b) Let f(t,y) and g(t,y) be continuous and satisfy a Lipschitz condition with
respect to y in a region D. Suppose |f(t,y) — g(t,y)| < € in D for some € > 0. Let
¢1(t) be a solution of ¥ = f(t,y) and let ¢o(¢) be a solution of 3y = g(t,y) such
that |¢a(to) — ¢1(to)| < 0 for some ¢y and some § > 0. Apply the inequality proved
in (a) to find an upper bound of |¢2(t) — ¢1(t)| for all ¢ such that ¢;(¢) and ¢a(t)
both exist.



Part B

Problem 1. Suppose u € C? solves the wave equation u; —Au = 0 on R” x (0, 00).
Fix x € R”, ¢t > 0, r > 0, and define

Ui, 1) = OB(x, r)uly, 1)dS(y).
Prove that U satisfied

-1
Utt*Urr*n

U.=0 in Ry x (0,00).

(You can use known results from section 2.2 obtained on the Laplace equation with-
out providing any proof.)

Problem 2. Let  be a bounded domain in R™ with smooth boundary. Assume
that u € C%(Q) solves

Au = 2kt in Q,

with u = 0 on 9. Here k is a positive integer. Show that v =0 in Q.

2

Problem 3. Assume n =1 and u(z,t) = v(%).

(a) Prove that
Ut = Uz
if and only if
(%) 420" (2) + (2 + 2)v'(2) =0, z>0.
(b) Show that the general solution of (*) is given by

v(z) = c/ sTis2ds +d.
0

(c) Use part (b) and differentiate v(%z) with respect to z, and select a constant
¢ properly to obtain the fundamental solution of the hear equation in dimension
n =1



Part C
Question 1

Suppose u is a smooth solution of
up — Au—u =0
in Up with
u=0
on OU x [0,T] and
u(z,0) = g(z) > 0.
where ¢ is bounded but not necessarily nonnegative. Show that u > 0.

Question 2

Let U be a bounded domain in R™ with smooth boundary, f € L?(U) and u > 0
be a constant. Consider the Dirichlet problem

—Au+pu=f in U,
u=0 on ou.

(1) Define what is means for u € HE(U) to be a weak solution.
(2) Show that a weak solution exist.

Question 3

Consider the function

f(x):{x -1<z<0

siny 0<z<1

(1) Determine the weak derivative f'(z).
(2) Does f’(z) exist in the weak sense?



Qualify Exam on Differential Equation, Fall 2022
Please choose any TWO problems in each part.

Part A
Problem 1. Consider the system z/(t) = ra + 23 — 2°.
(a) Find algebraic expressions for all the fixed points as r varies.
(b) Sketch the vector fields as r varies. Be sure to indicate all the fixed points and
their stability.
(c) Plot the bifurcation diagram for —oco < r < oo. Find values of r at which
bifurcations occur and classify all the bifurcations.

Problem 2. A fundamental solution to the autonomous linear system, X'(t) =
AX, is a nonsingular matrix-valued function, ® : R — M%*? with ®'(t) = A®(t).
(a) Show that W(t) = e is a fundamental solution satisfying ¥(0) = I, the identity
matrix.

(b) Show that X (t) = ®(¢)®(0) "Xy is a solution to the IVP, X'(t) = AX, X(0) =
Xo.

(c) Show that any fundamental solution is of the form, ®(t) = e4*M, for some
nonsingular matrix M.

(d) Consider the nonhomogeneous linear system,

X'=AX + f(t)

where f is continuous in time. Show that

¢
X(t)=a#)®(0) X, +/ D) (s)f(s)ds
0
is a solution to the initial value problem, X’ = AX + f(t), X(0) = Xp.

Problem 3. Consider the following first-order 2D system of ODEs:

() - (57%)

(a) Determine all the fixed points.

(b) Determine the corresponding linear system near each fixed point.

(c) Find the eigenvalues of each linear system. What conclusions can you draw
about the stability of the linear system?

(d) Draw a phase portrait of the nonlinear system to confirm your conclusions, or
to extend them in those cases where the linear system does not provide definite
information about the nonlinear system.



Part B

Problem 1. Let u € C?(2) be a harmonic function. Prove that
u(z) = ][ udS = udy,
OB(x,r) B(z,r)
for every B(z,r) C €.

Problem 2. (Backwards Uniqueness for the heat equation) Let uy,us € C?(Ur)
solve the heat equation u; — Au = 0 with

up =ugs =g on OU x [0,T]
and uq(x,T) = us(z,T) for € U. Prove that
U|p = Uz within UT.

Problem 3. (Finite propagation speed of waves)Let u solve the wave equation
uge — Au = 0. If u = up = 0 on B(z,t) x {t = 0} with ¢ty > 0, then v = 0 on
C(zo,t0), where

C(Z‘(),to) = {(.If,t) :0 S t S to,|$ —J)ol S to —t}.



Part C
Question 1

Assume U is connected. A function u € H'(U) is a weak solution of Newmann’s
problem
—Au=f inU
and

ou .
570 in OU

/ Du - Dvdx :/ fudx
U U

for all v € HY(U). Prove that the equation has a weak solution if and only if

/dex =0.

Let U be a bounded domain in R™ with smooth boundary, f € L?(U) and u > 0
be a constant. Consider the Dirichlet problem

—Au+pu=f in U,
u=20 on ou.

provided

Question 2

(1) Define what is means for u € H (U) to be a weak solution.
(2) Show that a weak solution exist.

Question 3

Suppose U is connected and u € WP (U) satisfies
Du=0

a.e. in U. Prove u is constant a.e. in U.



Printed Name: Signature:

DIFFERENTIAL EQUATIONS QUALIFYING ExaMm, FALL 2021

Instructions: Work 2 out of 3 problems in each of the 3 parts for a total
of 6 problems.

PART 1

Problem 1. Consider the system 2/(t) = ra(t) — sin x(¢).

(a) For the case r = 0, find and classify all the fixed points, and sketch the
vector field.

(b) Show that when r > 1, there is only one fixed point. What kind of fixed
point is it?

(c) As r decreases from oo to 0, classify all the bifurcations that occur.

(d) For 0 < r << 1, find an approximate formula for values of r at which
bifurcations occur.

(e) Classify all the bifurcations that occur as r decreases from 0 to —oo.
(f) Plot the bifurcation diagram for—oo < r < oo, and indicate the stability
of the various branches of fixed points.

Problem 2. Here is an iteration scheme of Tonelli, which can replace the
iteration scheme we have been using in all of the proofs of existence we have
seen: Fix T'> 0 and for n = 1,2, ..., define

- (t) . i) 0 § t §
TN mo+ [T (s, an(s))ds L<it<

for an initial value problem z/(t) = f(t,z(t)) and z(0) = zo. Use this
iteration scheme as an alternative in the proof of solution existence for the
IVP. State clearly the theorem you are proving including the conditions f
needs to satisfy, and then prove it.

3

Problem 3. Let A(t) be a continuous function from ¢ in R to the space of
real-valued d x d matrices, d > 1.
(a) Show that for every solution of the linear system, X'(t) = A(t) X (t), we
have \

X @) < [1X (0)]]elo 1A,
where ||A(s)]| is the operator norm and || X (¢)|| is the usual Euclidean norm.
(b) Show that if fg ||A(s)||ds < oo, then every solution X (¢) has a finite limit
as t — oo.



PART 2

Problem 1. Fix zg € R"™, ¢ty > 0 and define the cone
C={(z,t) :R"xR:0<t<ty,|r—x| <to—t}

Suppose u € C? solves the wave equation uy — Au = 0 with © = u; = 0 on
B(zg,tp) x {t = 0}. Prove that u = 0 withine the cone C.

Problem 2. Let © be a bounded domain in R" with smooth boundary.
Assume that u € C2(Q) solves

Au=u"+2u’ 4+ 3u in €,
with v = 0 on 9. Show that v =0 in .

2

Problem 3. Assume n =1 and u(z,t) = v(%).

(a) Prove that
Ut = Ug®
if and only if
() 420" (2) + (2 + 2)0(2) = 0, z > 0.
(b) Show that the general solution of (*) is given by

v(z) = c/ s"is72ds + d.
0

(c) Use part (b) and differentiate U(%) with respect to z, and select a

constant ¢ properly to obtain the fundamental solution of the hear equation
in dimension n = 1.



PART 3
Question 1
Assume U is connected. A function u € H'(U) is a weak solution of
Newmann’s problem
—Au=f in U
and

ou .
5—0 in OU

/Du-Dvdac:/fvd:U
U U

for all v € HY(U). Prove that the equation has a weak solution if and only

if
/ fdx =0.
U

Let U be the interval (0,1) in R. Show that if u is a smooth solution to

provided

Question 2

Ut — Ugg = 0
in U x (0,7] with
u=20
on 9U x [0,T] and
u(z,0) = u(z,0) = 0.
on U x {t = 0}, then u is identically zero.

Question 3

Suppose U is connected and v € WP (U) satisfies
Du=0

a.e. in U. Prove u is constant a.e. in U.



Qualify Exam on Differential Equation, Fall 2020

Choose 2 problems from each part to answer.

Part 1

Problem 1. Consider the conservation equation in the form,

Ou+ 0, (F(u)) =0, (t,z) € [0,00) X R,

{ u(0) = ug
where we assume that F' is twice continuously differentiable on R and strictly
convex. We will suppose that wu is a solution up to time 7" > 0.
(a) Let t — x(t) be a curve that satisfies &(t) = F'(u(t, z(t))) for 0 < ¢ < T. Show
that u is constant along such a curve.
(b) Conclude from (a) that the curve t — z(t) must be a straight line.
(c) Let A = F'(u) and show that A solves Burgers equation with A(0) = F”(uo);
that is
OA+ A0, A =0, (t,x) € [0,00) X R
{ A0) =X

Problem 2. Consider the following first-order 2D system of ODEs:
z=((1+2x)siny,1 —x — cosy).

(a) Determine all the fixed points.

(b) Determine the corresponding linear system near each fixed point.

(c) Find the eigenvalues of each linear system. What conclusions can you draw

about the stability of the linear system?

Problem 3. Derive the characteristic ODEs and solve the solution for

TUy — YUy = u, in {(z,y)]lz > 0,0 <y <z}
u(z,x) = 2%, for x > 0

Part I

Problem 1. Prove that for each connected set V' CC U, there exists a positive
constant C, depending on V', such that

supu < C'sup
v v
for all nonnegative harmonic functions u in U.
Problem 2. (Backwards Uniqueness for the heat equation) Let uy,us € C?(Ur)
solve the heat equation u; — Au = 0 with
up =ugs =g on OU x [0,T)
and uy(z,T) = ug(z,T) for x € U. Prove that

Uy = ug within Up.
1
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Problem 3. Let u solve the wave equation in dimension one i,e. uy — Au = 0 in
R x [0, 00) with

u=g, us=h on Rx{t=0},
where g and h have compact support. Prove that for large enough time t we have

k(t) = p(t),
where k(t) = 3 [*_u?(z,t)dz in the kinetic energy and p(t) = 1 [*_ u2(z,t)dz.

Part III

Question 1
Assume U is connected. A function u € H*(U) is a weak solution of Newmann’s
problem
—Au=f inU
and

%:0 in OU

/Du-Dvd:E:/fvdac
U U

for all v € H'(U). Prove that the equation has a weak solution if and only if

/ fdx = 0.
U
Question 2

Let u € HY(R™) have compact support and u is a weak solution of the semilinear
PDE

provided

—Au+c(u)=f
where f € L?(R") and ¢ : R — R is smooth with ¢(0) = 0 and ¢’ > 0. Assume
c(u) € LA(R™).
Mimicing the proof of Theorem 1 in Ch 6.3.1 (without the cut-ff function), derive

the estimate
ID?ull> < C||f]|L2

Question 3
Let U be a bounded domain in R™ with smooth boundary. Assume that u €
C?(U) N H(U) be a strong solution to

Au = u’® +2u® + 3u in U,
u=0 on ou.
Show that u = 0 is the only solution.



PDE Written Qualifying Exam

Sep 24, 2019

NAME (please print):

1. Please answer each part of the exam according to the instruction.

2. The exam will be 180 minutes

Part 1 | 10 pts.
Part 2 | 10 pts.
Part 3 | 10 pts.
Total | 30 pts.




Part 1

Problem 1. In this problem, we will seek a solution on a portion of the plane (to be specified
in part (c)) to

2y0,u + 2x0,u = —u,
u(z,0) = ¢(x),

where ¢: R - R is continuous.

1.
2.

What are the characteristic equations for this PDE?
Solve the characteristic equations.

Using the solution in (b) to the characteristic equations, obtain an explicit solution to
the PDE in the form u = u(z,y) on the domain {(z,y) € R?:z >y > 0}.

Hint: You may find the identity, cosh? z — sinh® z = 1, useful

Problem 2. Consider the 2D-system, X = (22, -9sinz; —+z2), with x = x(t) = (21(t), 22(t)).

1.
2.

What are the equilibrium (fixed) points of this system?

Show that the equilibrium points consist of stable foci (inward spirals) or saddle points.

3. Sketch the phase portrait [that is, a group of representative trajectories] of this system,

including at least four equilibrium points in your sketch. You might find it useful to
plot the direction field [arrows representing the direction of the underlying velocity
field] at a few points to help fill in your sketch. (And this is one way to find, for
instance, the direction of the spirals.)

Problem 3. Let A(t) be a continuous function from ¢ in R to the space of real-valued d x d
matrices, d > 1.

1.

State, precisely, what the phrase, “A(¢) is a continuous function from ¢ in R to the
space of real-valued d x d matrices, d > 1,” means.

Show that for every solution x of the (non-autonomous) linear system, x = A(t)x, we
have

Ix(2)] < [x(0)[efolA@lds

where |A(s)|| is the operator norm and |x(t)| is the usual Euclidean norm. Note:
You do not need to prove existence of a solution, you may take that as given.

Show that if fOtHA(s)H ds < oo then every solution has a finite limit as ¢ — oo; that is,
limy o, X(t) = Xo for some vector X, € R%.



Part 2

Problem 1. Let u € C'(2) satisfy the mean value property

OB(z,r) B(z,r)

for each ball B(xz,r) c Q. Prove that u e C*().

Problem 2. Let T >0, ce C°(Q), and u € C2(Q7) n C°(Q) satisfy

u— Au+c(z,t)u=0 in Qp
u<0 on Ol'r,

where I'y is the parabolic boundary of Q7 = Q x (0,7). Prove that u <0 in Qp.

Problem 3. Fix zg € R™ and t; € R and let
C={(z,0)|0<t <ty, |x—x0|<to—t}.

Prove that if u = u; = 0 on B(x,t9)x{t = 0}, then u = 0 within the cone C' (Finite Propagation
speed for the Wave Equation).



Part 3

Problem 1. Fix a >0 and let U = B(0,1). Show that there exists a constant C' depending

only on n and « such that
f u?dx < C/ | Dul*dx
U U

{z e Ulu(z) =0} 2 a

provided u € H*(U) and

Problem 2. Let U be a bounded domain in R” with smooth boundary, f € L?(U) and g > 0
be a constant. Consider the Dirichlet problem

“Au+pu=f in U,
u=0 on ou.

1. Define what is means for u € H}(U) to be a weak solution.
2. Show that a weak solution exist

3. If f is smooth. What can we conclude about the weak solution.

Problem 3. Let U be a bounded domain in R™ with smooth boundary. Assume that
uwe C2(U)n H(U) be a strong solution to

Au=u® +2u® + 3u in U,
u=0 on ouU.

Show that u = 0 is the only solution.



Printed Name: Signature:

APPLIED MATH QUALIFYING ExaM FALL 2017

Instructions: Work 2 out of 3 problems in each of the 3 parts for a total
of 6 problems.

PART 1

(1) Let (up)52; be a sequence of harmonic functions defined on an open
bounded subset U of R?, d > 2, with each u,, € C%(U). Assume that
Uy — w uniformly on U. Prove that u is harmonic on U.

(2) Consider the transport equation,

Ofij+u-Vfj=0 onRxU,
fi(0,2) = foj(x) onU,

for j = 1,2. Here,
e U is a bounded open subset of R?, d > 2, having C* boundary;

e u is a given time-independent vector field in C*°(U) with u-n =
0 on 0U;
o fi = fj(t,x), 5 = 1,2, is a scalar-valued function of time and
space;
e fo;,7=1,2 liein C(U);
You may assume the existence and uniqueness of solutions and the
existence and uniqueness of a flow map for u without proof. (Both
solutions and the flow map will be continuous in time and space.)

(a) Use an energy argument to prove that for all ¢ > 0,

1£1(8) — fa(B)]I72
t
Swm—hﬂéwyAMWMQMww

Here, the L?-norm is defined by
I = [ h)? o
U

(b) Using the flow map for u (or any other method you can come
up with) prove that for all ¢t > 0,

1f1(8) = o)l e < [Ifo,1 — fo2ll oo



(3) Let v: R xR? = R be a time-varying vector field. Assume that for
some My > 0, ||[v(t)|| e < M; for all t € R and for some My > 0,
v(t) has a Lipschitz constant no larger than M> for all ¢ € R.

(a) Show that for any (tg,%o) € R x R?, solutions to

x'(t) = v(t,x(t)),
x(to) = %o

are unique. (You do not need to prove existence.)

(b) Define Y: R x R? x R — R? by
Y (to, x0,t) = x(1),

where x is the solution from (a). Prove that Y is continuous.



(1)

PART 2

Let U be a bounded open set with smooth boundary 9U. Consider
the initial boundary value problem for u(z,t):

u—Au+bu=f, xeUt>0,

u(x,O) = g(a:), reU,

w+8+u=0 2€dUt>0,
where g—z is the exterior normal derivative [and b is a constant]. Show
that smooth solutions of this problem are unique.

(a): Find an explicit solution to the problem:

U — Ugpy = COS T, z € [0,27],t > 0,
uz(Oat) - u:l)(zﬂ_at) = 07 t> 07
u(z,0) = cosz + cos 2z, z € [0, 2m].

(Hint: consider v(x,t) = u(z,t) — cosz, and employ the separation
of variables to solve for v.)

(b): Does there exist a steady state solution to the equation in (a)
with the boundary condition

ug(0) =1, ug(2m) = 07

Explain your answer.

Find the solution of the partial differential equation
Uy + zzyuy = —u,

with the condition u(z = 0,y) = y? using the method of character-
istics.



PART 3

(1) Let U be a bounded domain in R? with a C* boundary, let f €
L?(U), and let 1 > 0 be a constant. Consider the Dirichlet problem,

—Au+pu=f in U,
u=20 on OU.

(a) Define what it means for u € H}(U) to be a weak solution to
this Dirichlet problem.

(b) Show that a weak solution exists.

(2) Let U be a bounded domain in R? with a C* boundary. Assume
that uw € C*(U) N H(U) is a strong solution to

Au=v*+u inU,
u=0 on JU.

Note that v = 0 is clearly a solution, but this is a nonlinear problem,
so we have no general uniqueness theorem that covers it.

(a) Use the weak maximum principle to show that u = 0 is the only

solution.

(b) Show the same thing using an energy method.

(3) (a) Prove that for any v € C'(R?) and any p € (1, 00),
O;ul’ = plulP~ d;usgn(u).

Here, the derivative is a classical derivative. Also, sgn: R — R
is defined by

-1 ifx <0,
sgn(z) :=<0 ifx =0,
1 it z > 0.

(b) Prove that for any v € H'(R?) having the property that |u| > €
for some € > 0,

Ojlul* = 2[ulOjusgn(u),
where now we mean the weak derivative. (This is the weak
derivative version of part (a) specialized to p = 2.)

Comment: The assumption that |u(x)| > € is not necessary,
but may help you in dealing with the sgn function, should you
choose to employ a sequence of smooth approximating functions
and use the result in part (a) for that sequence.



Printed Name: Signature:

APPLIED MATH QUALIFYING ExaMm 11 OCTOBER 2014

Instructions: Work 2 out of 3 problems in each of the 3 parts for a total
of 6 problems.



PART 1

(1) Let Q be an open subset of R? and let

C(Q)={f: Q2 — R|f is continuous}

with the norm,

[l ey = suplf(z)].
z€eQ)

Prove that C(2) is a Banach space.

(2) Let Q be a bounded domain in R?, d > 1, with smooth boundary.

(a)

Use the divergence theorem to derive Green’s identity,

/Auv:—/Vu‘Vv—#—/ (Vu - n)v,
Q Q onN

where u and v are smooth scalar-valued functions on €, and n
is the outward unit normal vector.
Consider the Cauchy problem,

Ou = Au+cu for (t,x) € (0,00) x Q,
u(t,z) =0 for (t,x) € (0,00) x 0L,
u(0,z) = g(z) for z € Q,

on a bounded domain Q C R? having a smooth boundary. Here,
c is a positive constant. Suppose u; and uy are two smooth so-
lutions of the above Cauchy problem with different initial con-
ditions g; and go. Show that if g; and go are “close” in L?(Q)
then the solutions u; and us are also close in L?(£2) at any later
time ¢ > 0. Derive an estimate of how close. (Green’s identity
and Gronwall’s inequality will be useful here.)

(3) Let A(t) be a continuous function from ¢ in R to the space of square,
real-valued matrices.

(a)

(b)

Show that for every solution of the (non-autonomous) linear
system, x = A(t)x, we have

Ix(8)]| < [|x(0)]|efo 1Al ds
where ||A(s)]| is the operator norm and ||x()| is the usual Eu-

clidean norm.

Show that if fOtHA(s)H ds < oo then every solution, x(t), has a
finite limit as t — oo.



PART 2

(1) (a) Find the entropy solution to the Burgers’ equation u; +uug, = 0
with the initial datum

1 if £ <0,
glx)=<1—2 f0<z<1,
0 if x > 1.

(b) Consider the Burgers’ equation with source term 1 with the
initial datum «:

u +uugy =1, u(t=0)=uzx.

Find the equation for the characteristics and also find an explicit
formula for the solution of this initial value problem.

(2) Let f € C%(R3) be given. Define for x € R3
u(w) = [ B =) )y
R3

where ®(x) = #m. Prove that —Au = f in R3. You can use the
fact u € C?(R3) without a proof.

(3) Let u be a classical solution of the following initial boundary value
problem:

Up = Ugg, in (a,b) x (0,7)
u(a,t) =u(b,t) =0
u(z,0) = ug(z)

where ug is a continuous function.

(a) Show that the solutions are unique.
(b) Show that there exists a constant o > 0 such that

Ol 72 < e JluolZ-.



PART 3
(1) Let U be the open unit ball in R?.
(a) Let
u(z) = ||~
For which values of « > 0, d > 1, and p > 1 does u belong to
WhP(U)?
(b) Show that

u(z) = loglog (1 + ]:U|_1)
belongs to W12(U) but does not belong to L>®(U).

(2) Let U = (0,1)2, the unit square in R%. Can the Lax-Milgram theo-
rem be applied to the bilinear form, Blu,v]: H}(U) x H}(U) — R,
defined by

Lt owov o ov,

B = — [
[u’ U] /0 0 8x2 81‘2 81'1 8301

(3) Suppose u € C?(U) N C(U) and let

n
_ ij
Lu = g Uz s

ij=1
where the coefficient, a”/, are continuous and satisfy the uniform
ellipticity condition. Prove the weak maximum principle; namely,
that if Lu < 0 then

maxXu = maxu.
T U
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Instructions: Work 2 out of 3 problems in each of the 3 parts for a total
of 6 problems.

PART 1

(1) A fundamental solution to the autonomous linear system, x = Ax, is

a nonsingular matrix-valued function, ®: R — M¥*? with ®'(t) =
Ad(t).

(a) Show that ¥(t) = e4? is a fundamental solution satisfying ¥(0) =
I, the identity matrix. (You may use standard facts about e4?
without proof.)

(b) Show that x(t) = ®(t)®(0)"'x is a solution to the IVP, x =
Ax, x(0) = xp.

(c) Show that any fundamental solution is of the form, ®(t) =
e* M, for some non-singular matrix M.

(d) Consider the nonhomogeneous linear system,
x = Ax + b(t),

where b is continuous in time. (So b can vary with time, but
A cannot.) Show that

x(t) = ®(t)®(0) 1xq + /Ot d(t)® 1 (s)b(s) ds

is a solution to the IVP, x = Ax + b(¢), x(0) = xq.



(2) (a) Consider the linear system of ODEs,

Y1 =—Y1, Y2 = 2y2,

which has the origin as the only equilibrium point. Determine
the explicit solution to this system given the initial condition,
y(0) = a = (a1,a2). What are the stable and unstable mani-
folds for this system? (One or both might be empty.)

(b) Now consider the perturbed, nonlinear system,
i‘l = —7, i‘g = 21‘2 — 56.27:{),
which also has the origin as the only equilibrium point. De-
termine the explicit solution to this system given the initial
condition, x(0) = a = (a1,a2). (One method: let yi, y2 be
the solution to the linear system in (a) with initial condition,

(y1,2) = (1,1), assume that xo = c1ys + 293, and then deter-
mine ¢; and c¢3.)

(c) What is the stable manifold for the system in (b)?

(3) Consider the system of equations,

{ T = x3 — 21 f(21, 22),

Ty = —x1 — 22 f (21, 2),
where f lies in C1(R?).
(a) Show that if f is positive in some neighborhood of the origin
then the origin is an asymptotically stable equilibrium point.
(b) Show that if f is negative in some neighborhood of the origin

then the origin is an unstable equilibrium point.

Hint for both parts: Construct a Lyapunov function.



(1)

PART 2

Let g be a bounded, continuous function on R”. For (z,t) € R™ x
(0, +00) define

u(z,t) = /n O(z —y,t)g(y)dy,

where @ is the fundamental solution of the heat equation,
1 _le?
@(ZL’, t) = We 4t

Let 2p € R™. Prove that
li t) = .
(m)g&mo)um, ) = g(o)

Hint: You can use the fact that fR,,L ®(z,t)dr = 1 for every t > 0 without proving
it. You can also use without proving it the fact that for every ro > 0,

lim / D(x —y,t)dy = 0.
ly—zol>r0

(@,t)—(20,0)
In other words, ®(-,t) has mass one and as (z,t) — (o, 0) all the mass concen-

trate around the the point xg.

Let 2 C R™ be a bounded open domain with smooth boundary and
define the energy

E(w) = ;/Q|Vw\2dw — /BQ hw,

where h is a smooth functions defined on the boundary of 2. Suppose
u € C?(Q) satisfies

E(u) < E(w) for all w € C*(Q).

What PDE is w satisfying? What are the boundary conditions?
Prove it.

Hint: Start by considering perturbation u + ev where v € CZ(Q). This will give
you the PDE. Then consider perturbation u + ev where v € Cz(ﬁ) to get the

boundary condition.

Let u and v belong to C?(Ur) N C(Ur) and satisfy
up = Au+ f
v = Av + g.

Show that if uw > v on the parabolic boundary I'r and f > g in Up
then v > v in all of Up. This is called a comparison principle.



PART 3
(1) (a) Prove or disprove the following:

Let U be a bounded, open subset of R2. If u € W12(U), then
u € L*®°(U) with the estimate

ull oo @y < Cllullwr2w)
where C' does not depend on u.

(b) Let U be a bounded, open set in R™ with smooth boundary.
Show that

HDUH%%U) < Cllull 2y 1D ul| 20y
for all u € HE(U) N H?(U) where C does not depend on .

(2) Consider the following Dirichlet problem
—Autpu=f in U
u=0 on OU
where p is a given constant. U is a bounded, open subset of R™.

(a) Show the existence of a weak solution u € H}(U) of the above
problem for p > 0.

(b) Show the existence of a weak solution u € Hg(U) of the above
problem for p = 0.

(c) Discuss the problem when p < 0.

(3) Consider the Poisson equation with Dirichlet boundary condition:
—Au=f inU
u=0 onoU

where U is a bounded, open subset of R* and f € L?(U). We know
there exists a weak solution u € H}(U). Prove that u € H2 (U).
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