Real Analysis Qualifier — 2023

Undergraduate Problems

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit.

1. Describe a function f: (0,1) — R that is continuous but not uniformly continuous. Prove
that it has these properties.

2. Suppose that f: [0,1] — R has a continuous derivative f’. Prove that f is uniformly contin-
uous.

3. State the definition of continuity. Then show by definition that f(z) = x?+x+2 is continuous
on R.

4. Prove the series > 52, (—1)’a; is convergent, where the numbers a; > 0 decrease to 0 as i — oco.



209A

Choose one problem from 1-2 and one from 3—4. Please show all work. Unsupported claims will not
receive credit. In this part, R is equipped with Lebesgue measurable sets and the Lebesgue measure.

1. State the definition that a set in R is measurable. Use the definition to prove that the set of
irrational numbers in [0, 1] is measurable.

2. State the definition that a function from R to R is measurable. Let f,, n € {1,2,3,...}, be
measureable and prove that f = sup,, f,(x) is also measurable. Is the conclusion still true if
the index set {1,2,3,...} is replaced by the interval [0,1]. Why?

3. Suppose fn, f € L1[0,1] and f, — f a.e.

(a). Show by examples that even if lim,, fol fn exists, it may not equal fol f.

(b). Prove that [ |fo — f| — 0 if and only if [ [fa| — [ |f].

4. Compute the following limit and justify the calculation

1
lim (1+nz?)(1 4 ) "dz.

n—o0 0



209B

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit. In this part, m denotes the Lebesgue measure.

1. State the complex measure version of the Lebesgue-Radon-Nikodym (LRN) Theorem. Then
construct a measurable space (X, M) with two positivite measures v and A such that v < A
but dv # fdA for any f. Show all your steps and explain why LRN fails for your example.

2. State the Lebesgue differetiation theorem. Then use it to prove the following result. Let
E C R™ be a Borel set. Then for m-a.e. x € E, it holds that

lim m(E N B(r,x))

r—0  m(B(r,z)) =1

Note here B(r,z) = {y € R" : ||z — y|| < r} where || - || is the standard distance in R".
3. State and prove the Baire category theorem.

4. State and prove the Riemann Lebesgue lemma for functions defined on T = R/Z. Here you
may use the Stone-Weierstrass theorem and the fact that C(T) is densed in (L*(T,m), || - [|1).



209C

Choose one problem from 1-2 and one from 3—4. Please show all work. Unsupported claims will not
receive credit. In this part, R is equipped with Lebesgue measurable sets and the Lebesgue measure.

1. If f € LPN L for some p < oo and f € L4 for all ¢ > p, then

1f1loe = Jim_ 171l

2. State and prove Holder’s inequality for Lebesgue measurable functions on R.

3. Let f be a smooth function on R with compact support. Show that if the Fourier transform
of f also has compact support, then f =0 .

4. Show that any normed vector space can be embedded into a Banach space.



Real Analysis Qualifier — 2022

Undergraduate Problems

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit.

1. Suppose that f(z) has continuous first derivative on [0, 27]. Show that

27
lim f(x)sin(nz)dz = 0.

n—o0 0

2. Let f(z) : [0,1] — R be the function so that
1, z€Q
flx) = :
2, z¢Q
Prove using definition of Riemann integral that f is not Riemann integrable on [0, 1].

3. Prove from definition that the function f(x) = 0,z < 0; f(z) = e~%/*, z > 0 is differentiable
at z =0 and f'(0) = 0.

4. Prove using e-0 deifnition of continuity that f(z) = /x is continuous on [0, c0).



209A

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit.

1. Let (X, M, 1) be a measure space. Let N' = {N € M : u(N) =0} and
M={EUF:Ec€ Mand F C N for some N € N'}.

(a) Show that M is a o-algebra.

(b) Show that there is a unique extension 7 of u to a complete measure on M.

2. Let (X, M) be a measurable space and let p : M — [0, 00| be finite additive and p(@) = 0.
Show that u is a measure on (X, M) if and only if it is continuous from below. Recall that
we say p is continuous from below if {E;}° C M and E; C Ejq1 for all j > 1, then

p(U°E;) = lim p(Ej).
Jj—00

3. State Fatou’s lemma and Lebesgue dominated convergence theorem. Then use Fatou’s lemma
to prove the Lebesgue dominated convergence theorem.

4. Consider the measurable spaces X = Y = [0,1] and let M = N = By be the Borel-o
algebra on [0, 1]. Let m be the Lebesuge measure and v be the counting measure on [0, 1].
Consider the product space (X x Y, M ® N, u X v). Show that the Fubini-Tonelli therorem
fails for the product space by constructing an explicit measurable function f on X x Y where
the two iterated integrals are not equal. You have to show all the necessary steps of your
computation. Explain why Fubini-Tonelli theorem doesn’t work in this context.



209B

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit.

1. State without proof a version of the Lebesgue-Radon-Nikodym theorem. Let m be the
Lebesgue measure on [0,1] and v be the counting measure on [0,1]. Show that v does not
have a Lebesgue decomposition with respect to m.

2. State the definition that a function on R! is absolutely continuous. Prove that an absolutely
continuous function on R! whose derivative is 0 a.e. must be a constant.

3. State the closed graph theorem. Let Y = C[0, 1] be the space of continuous functions on [0, 1]
and X = C1[0, 1] the space of C! functions on [0, 1], both equipped with the sup norm || - ||sc-
Show that the differentiation map d/dz from X to Y is closed but not bounded.

4. Construct a sequence of functions on L?[0, 1] which converges to the constant 1 weakly but
not to 1 strongly. You may assume the Riemann Lebesgue lemma.



209C

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit.

1. Show that the dual space of L°°[0, 1] strictly contains L]0, 1].

2. Show that every closed convex set in a Hilbert space contains a unique element of minimal
norm.

3. Use function f(z) = 3 — = and Fourier series to show that Don>1 5= %2.

4. Suppose [ € L?(R). Show that the L? derivative f’ exists iff ff € L2, in which case
f(&) = 2mil f(£).



Real Analysis Qualifier — 2021

Undergraduate Problems

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit.

2

1. Prove using the e- definition of continuity that f(z) = z* is continuous on R.

2. Prove that if f: R — R is differentiable at zo and f(z) > 0 then g = /f is differentiable at
xo as well. Note g is well defined near xy. Do this using only the definition of the derivative.
(Don’t use the product rule, the chain rule, etc., unles you prove these.)

3. Use integration by parts to show that fol %d:p < 4f01(f’(x))2dx for all smooth f on [0, 1]
such that f(0) = 0.

4. Suppose that f: R — R is differentiable with |f’(z)] < M for all € R, where M is some
positive real number. Prove that

|f(x) — f(y)| < M|z —y| for all z,y € R.



209A

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit.

1. Given a measure space (X, M,u) and E € M, define up(A) = (AN E) for all A € M.
Prove that pp is a measure; that is, (X, M, ug) is a measure space.

2. If f: R — R is monotone then it is Borel measurable.

3. Given a measure space (X, M, p), let f € LT(M).! Define \(E) := [, fdu for all E € M.
Prove that A is a measure on M and that for all g € LT,

/gd)\:/fgdu.

4. Let (X, M, 1) be a measure space. If u(E,) < oo for all n € N and 1g, — f in L'(M) as
n — oo, then f is (almost everywhere) equal to the characteristic function of a measurable
set. 2

'Recall that L* (M) is the the space of all measurable functions from X to [0, 00].
211, is the characteristic function of E,, also often written xz,, .



209B

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit.

1. Let
et —1, x<0;
glx)=qe”, 0<a<l;
z+3, x>1.

Let v be the Borel measure generated by g, i.e. v((a,b]) = g(b) — g(a) for all numbers b > a.
Let v = A+ fdu be the Lebesque decomposition, where p is the Lebsgue measure and A is
singular w.r.t. p. Determine A and f explicitly.

2. State respectively the definitions that a function is of bounded variation and absolutely con-
tinuous on [0, 1]. Construct a continuous function on [0, 1] which is of bounded variation but
is not absolutely continuous.

3. Let X = [0,27], equipped with Lebesgue measure. (a). Let f, = sin?’(nz). Prove that f,
converges to 0 weakly in L?(X) as n — oo. That is, li_>m (g, fn) = 0 for all g € L?(X) where
n—oo

(-,-) is the inner product on L?*(X). You may assume Riemann-Lebesgue Lemma. (b). Prove
that f,, does not converge to 0 a.e.

4. Let [0,1] be equipped with the Lebesgue measure. Let L'[0,1] be the space of integrable
functions and LP[0,1], p > 1, be the space of functions whose p-th power is integrable on
[0,1]. Show that LP[0,1] is a meager subset of L'[0,1], i.e., LP[0,1] can be written as a
countable union of nowhere dense subsets of L'[0,1]. Hint: LP[0,1] = UX_{f : |Ifll, < N}.



209C

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit.

1. Let m be Lebesgue measure on the unit circle T = R/Z. Consider the space (L*°(T, m),||-||11)
where ||| = Jy |f]dm.
(a) Is it a Banach space? Prove your answer.

(b) Is it a separable space? Prove you answer. Here you may use the fact that trigonometric
polynomials are dense in (LP(T,m), | - ||z») for 1 < p < cc.

2. Let (X, M, ) be measure space where pu is a positive measure. Let {f,}n>1 be a Cauchy
sequence in (LY(X, ), | - ||z1)- Find a subsequence { fn, }x>1 of {f.} such that the pointwise
limit

f(@) = lim f (@)

exists for p-almost every x € X and f € L'(X, u).

3. Recall the Schwartz space S(R) is a Fréchet space via the family of semi-norms

= > swp

n,m:|n|+|m|<k z€R

:U”f(m)(:v)‘.

Consider the linear map A : S(R) — R where A(f) = [ [#f|dz. Show that A is continuous
with respect to the natural topology on S(R).

4. Recall the Fourier Transformation on S(R) is defined as

f(f) = (2%)_% /Rf(x)e_mfdac.

Show that f € C°(R) for each f € S(R).



Real Analysis Qualifier — 2020

Undergraduate Problems

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit.

1. Prove that if f: R — R is differentiable then so is f2. Do this using only the definition of the
derivative. (Don’t use the product rule, the chain rule, etc., unles you prove these.)

2. Let f: R — R and g: R — R be continuous functions. Show using the e-d definition of
continuity that the composite f o g: R — R is continuous.

3. Prove or disprove this statement: if f,,: [0,1] — R is a sequence of continuous functions and
fn converges uniformly to f: [0,1] — R, then

/Olfndx%/olfda:.

4. Prove or disprove this statement: if f: R — R is uniformly continuous, then f? is uniformly
continuous.



209A

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will

not receive credit. The notion of measure or measurable is in the sense of Lebesgue, unless stated
otherwise.

Suppose f,, f € L'[0,1]. Show that if f, — f in measure then

Yo f = S
lim/ L _dx— 0.
n—oo Jq 1—|—|fn—f|

2. Rigorously compute the limit
1 nxnfl
lim
n—oo Jq 1+zx
3. State and prove Holder’s inequality assuming Young’s inequality, which says
a? bl
ab < — + —
p q

if%+%:1,p,q>1anda,b20.

Let f be a bounded measurable function and g be an integrable function on R. Prove that

tim [ f@)ata+ )~ gl = 0.



209B

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit.

1. Find a sequence of measurable functions f,: R — R such that such that

lim / | fr(z)|dx = +00
R

n—oo
and

n—oo

lim / | fu(x)]*dx =0
R

even though both integrals are finite for all n. Prove the sequence has all these properties.

2. Give a function f: [0,1] — R that is differentiable at every point (including endpoints, where
we use the one-sided derivative) but is not of bounded variation. Prove that it has these
properties.

3. Find numbers a;; € R for 4,5 = 1,2,3,... such that

o o0
DD =1

=1 j=1

but

Prove that all the sums involved actually converge.

4. Prove that there is no metric on the set of rational numbers that gives Q its usual topology
but makes Q into a complete metric space. (The “usual topology” on Q is its topology as a
subspace of R.)



209C

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit. In what follows m denotes the Lebesgue measure and H denotes a Hilbert space.

1. Prove the following version of Riemann-Lebesgue Lemma. Let T = R/Z. Show that the
Fourier coefficients f: Z — C of f € LY(T,m), f(n) = [; f(z)e """ dx, satisfy

lim |f(n)] =0.
[n]—o0
You may use the fact that trigometric polynomials are dense in (L*(T,m),| - ||1)-

2. Let

f(€) = (2m)73 /R Fla)e—dz,

(a) State the definition of a Fréchet space.
(b) Describe the Schwartz space S(R) as a Fréchet space.
(c) Show that f € CY(R) for all f € S(R). Note that you need to rigorously justify your steps.

3. Let M be a closed subspace of a Hilbert space H. For each x € H, let P(x) be the closest
point to x in M.
(a) Show that P: H — M is well-defined and is a bounded linear operator.
(b) Compute its operator norm.

4. Let L : H — C be a bounded linear functional that is not identically zero. Show that
ker(L) :={z e H: L(z) = 0}

is subspace of H that has codimension one. That is, you need to find a subspace M C H such
that dim(M) =1 and H = ker(L) & M.



Real Analysis Qualifier — 2019

Undergraduate Problems

Choose one problem from 1-2 and one problem from 3-4. Please show all work. Unsupported
claims will not receive credit.

1. Find a function f: R — R that is differentiable everywhere but whose derivative is not
continuous everywhere. Prove it has both these properties.

2. Find a function f: R — R that is continuous at all irrational numbers and discontinuous at
all rational numbers. Prove it has both these properties.

3. Prove straight from the definition of Riemann integral that this function f: [0,1] — R is

Riemann integrable:
[0 i x<1/2
ﬂm_{1 if 2>1/2

4. Prove straight from the definition of Riemann integral that this function f: [0,1] — R is not

Riemann integrable:
_J 0 if z€Q
ﬂw_{1i£x¢@



209A

Choose one problem from 1-2, one from 3—4 and one from 5-6. Please show all work. Unsupported
claims will not receive credit. The notion of measure or measurable is in the sense of Lebesgue,
unless stated otherwise.

1. State the definition that a set in R is Lebesgue measurable. Prove that every countable set
in R is Lebesgue measurable.

2. Prove that every set S C R with positive outer measure contains a nonmeasurable set.

3. Construct a bounded open set O C R such that the measure of O is strictly less than the
measure of its closure O.

4. Let {fn} be a sequence of measurable functions on [0, 1]. Prove that the set of points = € [0, 1]
where f,(z) does not converge is measurable.

5. Let f: R — R be a measurable function. Prove that |f| is also measurable. Is the converse
true? Why?

6. State Egoroff’s Theorem. Use it to prove the Dominated Convergence Theorem for measurable
functions on the interval [0, 1] with Lebesgue measure.



209B

Choose one problem from 1-2, one from 34, and one from from 5-6. Please show all work. Un-
supported claims will not receive credit.

1. Find a sequence of measurable functions f,: [0,1] — R that converges to zero in measure but
not almost everywhere. Prove it has both these properties.

2. Find a sequence of functions f,,: [0,1] — R that converges to zero pointwise but has

lim fndx = +o00.

Prove it has both these properties.

3. Let ¢! be the space of real-valued sequences (¢;)$2; with 5%, |¢;| < oo, made into a Banach
space with the norm
o
lle = leil-
i=1

Find an infinite-dimensional closed subspace of ¢! that is not all of ¢L.

4. Let C0,1] be the vector space of continuous real-valued functions f: [0, 1] — R, made into a
normed vector space with the norm

1l = /[ 191 dz

)

Show that C[0, 1] is not a Banach space with this norm.

5. Suppose that V' is a Banach space and v; € V is a sequence with

o
> il < oo.
i=1
Prove that the sum
o
> v
i=1

converges in the norm topology on V.

6. Using the Baire category theorem, prove this version of the uniform boundedness principle:
if V and W are Banach spaces and S C L(V, W) is a set of bounded operators from V' to W
such that

sup ||Tv|| < oo for all x € V,
TeS

then
sup ||T|| < oo.
TeS



209C

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit. In what follows we use Lebesgue measure on [0, 1] and R.

1. For any f € C[0,1], the space of continuous functions on [0, 1] with the sup norm, define a
linear functional

1/4
Tf= / xf(x)dzx.
0
(a) Prove that T is a bounded linear functional on C0, 1].

(b) Find the norm of T'.

2. Show that the dual space of L>[0,1] strictly contains L![0, 1].

3. (a) State the definition of S(R), the space of Schwartz functions on R.
(b) Prove that f(z) = e~ is in S(R) and find its Fourier transform

ey = L e f(2)dx
fie) = o= [ e fayan.

4. (a) State the definition of S’(R), the space of tempered distributions on R.
(b) Prove that the Heaviside function

0 if z<0
h(”“")_{1 if >0

can be viewed as a tempered distribution and find its derivative.



Real Analysis Qualifier — 2018

Undergraduate Problems

Choose one problem from 1-2 and one problem from 3-4. Please show all work. Unsupported
claims will not receive credit.

1. Describe a function f:{0,1) — R that is conthmous but not uniformly continuous. Prove
that it has these properties.

2. Suppose that f: R — R has a coutinuons derivative f. Prove that f is uniformly contimous.

3. Prove or disprove this statement: if £: R — R is bounded and uniformly contivmouns, then f2

is wnifonnly continnous.

4. Describe a function f: [0, 1} — R that is not continunons but is Riemann integrable. Prove
that it has these properties.



209A

Choose one problem from -2, one from 3-4 and one from 5-6. Please show all work., Unsupported
claims will not receive credit.

1. Let f, be a seguence of measurable real valned functions on R. Show that
Y <G
A={reR| lim f,(2) exists}
n—+0C

is measurable.

2. Show that {0, 1] has the same cardinality as the power set of the set of all positive integers.

3. Prove that the product of two measurable real valued functions on R is measurable. (IHint:
show that if f is measurable, then f? is measurable.)

4. State the Dominated Convergence Theorem (DCT) and Faton’s Lemma. Show that DCT
follows from Fatow’s Lemma.

5. State Egoroff’s Theoram. Use it to prove the Dominated Convergence Theorem for measurable
fimetions on the interval [0, 1] with Lebesgne measnre.

6. Let f be an integrable function on R. Prove that

’!,1_13} / [fla+h) — flae)ldr = 0.



209D

Choose one problemn from 1-2, one from 3-4, aud one from from 5-6. Please show all work., Un-
supported claims will not veceive credit.

ot

. Describe a function f: [0, 1] — [0, 1] that is continuous, differentiable a.e., but not of bounded

variation. Prove that it is not of bounded variation.

Describe a set U C {0, 1] that is open, contains all the rational numbers in this interval, and
has Lebesgue measnre < 1/5. Prove that it has all these properties.

Show that if ¥ C €0, 1] is a dense linear subspace then ¥ separates points.

Let X and ¥ be topological spaces. Prove that f: X — Y is continuous iff for every net
(=3 o R,

{(zadaea in X,
ay —x == flry) -+ flz).

Suppose that ¥ is a uormed real vector space. Show that 1*, the real vector space of all
bomnded linear maps £: V' —+ B with the norm

= sup M@N,
O#vel “("t

is complete. (Don’t use a big theorem of which this is a special case: do it *by hand’.)

If V is a real Banach space, prove that there is a norm-preserving linear wap i: V - V',




209C

Choose one problem from 1-2 and one from 3-4. Please show all work. Unsupported claims will
not receive credit. In what follows we use Lebesgue measure on [0,1] and R.

1. For any f € C[0,1], the space of continuous functions on [0, 1] with the sup norm, define a

linear fimetional Tf = f1/* f(z)dz.
(a) Prove that T is a bounded lifi€ar functional on C[0, 1].
(b) Find the norm of 7.

2. Show that the dual space of L*°[0, 1] strictly contains £[0, 1].

3. (a} State the definition of S(R), the space of Schwartz functions on R.
(b) Prove that f € S(R) if and only if the Fourier transform f € S(R).

4. Let T’ be a tempered distribution on S(R). The Fourier transform of T is defined by

, [re= [
o e

for all # € S(R). Use these to find the Fourier transform of the first and second derivative of
dy, the Dirac delta supported at a point y € R, given by &y(z) = 3(z - 3).

and its derivative is !by

caf



Real Analysis Qualifier — 2017

Undergraduate Problems

Choose one problem from 1-2 and one problem from 3-4. Please show all work. Unsupported
claims will not receive credit.

1. Prove or disprove this statement: if f,: R — R is a sequence of continuous functions and
fn — f uniformly, then f is continuous.

2. Prove or disprove this statement: if f,g: R — R are continuous, then their product fg is
continuous.

3. Prove or disprove this statement: if f, g: R — R are uniformly continuous, then their product
fg is uniformly continuous.

4. Give a function f: [0,1] — R that is not Riemann integrable, and prove that it is not.



209A

Choose one problem from 1-3 and one problem from 4-6. Please show all work. Unsupported
claims will not receive credit.

1. Suppose that M is any o-algebra of subsets of a set X, and u is a measure on this o-algebra.
Prove or disprove this statement: there is always a o-algebra M containing M and a complete
measure @ extending p.

2. A collection A of subsets of X is closed under countable increasing unions if whenever
A; € Ais a sequence of sets with A; C A;41, then (J;2; A; € A. Prove or disprove this
statement: if A is an algebra closed under countable increasing unions, then A is a o-algebra.

3. Prove or disprove this statement: if the functions f,: [0,1] — R are continuous and for every
x € [0, 1] we have lim,,_,~ fn(z) = 0, then
1
lim [ fn(z)dz=0.
0

n—00

4. A sequence of measurable functions f,: X — R converges to zero in measure if for any
e >0,
lim p({z € X: |fau(z)] > €}) =0.
n—oo

Prove that if f,, converges to zero in measure and p is a finite measure then

: In
lim du = 0.
HOO/X T+ fal

5. Let f be a nonnegative function on R™ such that fRn f(x)Pdx < co. Prove that

f(z)Pdx = /ooptp_lm{x o f(z) > t}dt.
R" 0

where m(S) is the Lebesgue measure of the set S. Hint: use the Fubini-Tonelli theorem.

6. Let f be an integrable function on R. Prove that

tim [ 17(e-+h) ~ f(o)ldo =0.



209B

Choose one problem from 1-2 and two problems from 3-6. Please show all work. Unsupported
claims will not receive credit.

1. Prove or disprove: finite linear combinations of the functions {¢™"*},,cn are dense in C[0, 1]
with its usual sup norm topology.

2. Prove that if p, v, A are measures on the measurable space (X, M) and p < A\, v < A, then
pHv A

3. Let f = f(z) be an absolutely continuous function on [0, 1] such that f’ is in L?[0,1] and that
f(0) = 0. Prove that
f(x)

a—0+ g1/2
Hint: use the Fundamental Theorem of Calculus on f(z) — f(0).

=0.

4. Describe a set S C [0, 1] that is nowhere dense yet has positive Lebesgue measure. Prove that
it has these properties.

5. Suppose V is a real Banach space. Prove that a linear functional f: V — R bounded if and
only it is continuous.

6. Suppose f € L2[0,1] and f? € L?[0,1]. Show that f +1 € L3[0,1].



209C

Choose one problem from 1-2 and one from 3-6. Please show all work. Unsupported claims will
not receive credit. In what follows we use Lebesgue measure on [0, 1] and R.

1. Prove that if T is a linear map from a real Hilbert space H to itself that preserves the norm,
then T also preserves angles.

2. Show that L°[0, 1] is nonseparable, i.e., it does not have a countable dense subset.

3. If fe LPN L™ for some p < oo and f € L? for all ¢ > p, then

flloe = Jim 1171,

4. Suppose f € L?(R). Then the L? derivative f’ exists iff £f € L?, in which case f’(ﬁ) =
2mig f(€).

5. Suppose that f is continuously differentiable on R except at z1,...,z,,, where f has jump
discontinuities, and that its pointwise derivative df /dz (defined except at the the points x;)
is in L{ (R). Then the distribution derivative f’ of f is given by:

loc
= (df /dz) + Y [f(z;+) — f(a;—)]7a,0
7j=1

where 7, is the operation that translates a distribution by x.



Real Analysis Qualifier

PART 1

Solve one problem out of (1)—(2), one out of (3)-(4) and one out of (5)—(6).
In what follows, let (X, M, 1) be a measure space.

(1) Prove or disprove this statement: if f,: R — R is a sequence of
continuous functions and f,, — f uniformly, then f is continuous.

(2) Prove or disprove this statement: if f,g: R — R are continuous,
then their product fg is continuous.

(3) Prove or disprove this statement: there is a o-algebra M containing
M and a complete measure i extending p.

(4) A collection A of subsets of X is closed under countable in-
creasing unions if whenever A; € A is a sequence of sets with
A; C Ajqq, then U2, A; € A. Prove or disprove this statement: if
A is an algebra closed under countable increasing unions, then A is
a o-algebra.

(5) A sequence of measurable functions f,: X — R converges to zero in
measure if for any € > 0,

nh_)rrolou({x € X: |falz)| > €}) =0.
Prove that if f,, converges to zero in measure then

n

lim du = 0.

n—oo Jx 1+ |fn|
(6) Prove or disprove this statement: if the functions f,: [0,1] — R are

continuous and for every z € [0, 1] we have lim,,_,~ fn(z) = 0, then

1
lim [ fn(z)dz =0.

n—o0 0



PArT 11

Solve 3 out of the 5 problems below.

(1)

(2)

(3)

(4)

()

State the Holder and Minkowski inequalities. Use the former to
prove the later.

Let f € LY(R") and let
1
M(f) =sup ———
U) = Bl Jsen

where B(x,r) is the ball of radius r centered at x. Prove that there
exists a constant C' > 0 such that for all o > 0:

o M) >0}l < C [ 11y

You may use this fact: Let C' be a collection of open balls in R™
that covers a set U of finite measure. Then there exist finitely many
disjoint balls By,..., By in C such that the sum of the volume of
these balls is greater than 37 "a, where a is any number less than the
measure of U.

£ (y)ldy

(a) State the definition of weak and strong convergence of sequences
in a Banach space.

(b) Does weak convergence imply strong convergence? Explain why
it does or does not.

(c) Show that every weakly convergent sequence in a Banach space
is bounded with respect to the norm of the Banach space. (You may
assume the uniform boundedness principle.)

Prove that a linear functional f on a normed vector space is bounded
if and only if f~1({0}) is a closed subspace of X.

Show that the Banach space X = L'[0, 1] is not reflexive, namely X
is a proper subset of X**.



PArT II1
Solve 3 out of the 5 problems below.

(1) Prove that every closed convex set in a Hilbert space has a unique
element of minimal norm.

(2) If f € LP N L for some p < oo and f € LY for all ¢ > p, then

Ifllee = Jimm 11l

(3) Let f(z) = 3 — x on the interval [0,1). Extend f to be periodic

function on R. Use Fourier series of f to show that

1 2
>

k>1

(4) If ¢ € C*°(R), show that
k R A
o) = —1)——— W ()59
> O
where 6() is the k-th derivative of delta function.

(5) Show that L*°[0, 1] is not separable, i.e., it does not have a countable
dense subset.



Real Analysis Qualifier — 2016
Undergraduate Problems

Choose 2 problems from the following. Please show all work. Unsupported claims will not receive
credit.

1. Show that a continuous function on a compact interval has a maximum and minimum value.

2. Let f = xq be the characteristic function of the set of rational numbers. True or false:
(a) f is Riemann integrable on [0,1].
(b) f is Lebesgue integrable on [0,1].
Justify your answers. How would your answers be modified if Q were replaced by the set of irra-

tional numbers?

3. State the inverse function theorem for a function of two variables and give a sketch of the proof
of that theorem.

4. Show that if (x,)nen is an increasing sequence of real numbers then either x,, — x for some
x € R or for every M € R there exists n with x,, > M.

5. Find a sequence of continuous functions f,: [0,1] — R that converges pointwise but not uni-
formly. Prove that this is the case.

6. Give an infinitely differentiable function f: R — R for which f and all its derivatives f’, f”, f", ...
vanish at the origin, yet f is nonzero. Prove that this is the case.



Part A

Choose 2 problems from the following. Please show all work. Unsupported claims will not receive
credit.

1. Let {f,} be a sequence of real-valued measurable functions on a measure space (X, M, p).

Show that the sets
(a) A:=={x e X : f(z) — +oo},
(b) B:={zx € X : fu(x) > —o0}, and

(c) C:={zreX: nh_}rrolo fn(z) exists}

are all measurable.

2. State precisely the Lebesgue dominated convergence theorem and give a sketch of its proof.

[Advice: You may use, without proof, one of the other classic convergence theorems.]

3. (a) Let (X, M, ) be a measure space and f be a p-integrable function such that f(xz) > 0 for
p-almost every x € X. Show that if [, fdu = 0, where A € M, then p(A) = 0.

(b) Let A denote Lebesgue measure on R. Show that if f : [0, +00) — R is a Lebesgue integrable
t
function such that / f(z)d\(z) = 0 for each t > 0, then f(z) = 0, for every x > 0.
0

4. Show that

n
(a) lim (1 + E)Tle_gg” =1.
n—oo J n

(b) If

+oo e—xt
F(t) := / — dz,
0 1 + X

for each ¢t > 0, then F' is well defined, as well as twice continuously differentiable on (0, +o00) and
satisfies the differential equation

1
F'(t)+ F(t) = 7 for all ¢ > 0.

5. Let [a, b] be a compact interval. Show that if f: [a,b] — R is an absolutely continuous function,
then

b
/,, 1 (@)de = V7,

the total variation of f on [a,b].



Part B

Choose 3 problems from the following. Please show all work. Unsupported claims will not receive
credit.

1. State and prove Holder’s inequality assuming the elementary inequality ab < aP/p + b?/q for
positive numbers a, b, p, ¢ such that 1/p+1/q = 1.

2. Construct a sequence of L? functions on [0, 1] which converges to the 0 function weakly , but
which does not converge to 0 strongly in L? norm.

3. State the definition of an absolutely continuous function on R. Let g be a Lipschitz function
on [0,1] and f be an absolutely continuous function from [0, 1] to [0, 1]. Prove that the composite
g o f is also absolutely continuous.

4. State the open mapping and closed graph theorems. Use the former to prove the latter.
5. Let F' the the linear functional on C[—1, 1] defined by

Fz) = /0 x(t)dt—/olm(t)dt, vz € C[-1,1].

-1

Prove that the norm of F' is equal to 2.



Part C

Choose 3 problems from the following. Please show all work. Unsupported claims will not receive
credit. In what follows we use Lebesgue measure on [0, 1] and R.

1. Prove that if H is a Hilbert space, L C H is a closed linear subspace, and v € H then there exists
a point x € L achieving the minimum distance to v. In other words, if y € H then ||[y—v]|| > ||z —v]|.
2. Do all of these:

(a) Find a function f: R — R that is in L'°(R) but not L'?(R). Prove this is the case.

(b) Find a function f: R — R that is in L'2(R) but not L!°(R). Prove this is the case.

(c) Prove that if f € L'%(R) and f € L'3(R) then f € L'}(R).

3. Prove, from scratch, that if f € L*(R"™) then fe L>(R™).

4. Using the fact stated in Problem 3, prove that if f € L'(R™) then its Fourier transform f is
continuous and approaches zero at infinity.

5. Prove that there is a tempered distribution 7" € S(R)* given by

= lim M
T(f) —lew e T dz

+o00 o o
[Advice: Tt may help to show that T'(f) = lim M

dzx.]
el0 Je T



Real Analysis Qualifier

PART 1

Solve one problem out of (1)—(2), one out of (3)-(4) and one out of (5)—(6).
In what follows, let (X, M, 1) be a measure space.

(1) Prove or disprove this statement: if f,: R — R is a sequence of
continuous functions and f,, — f uniformly, then f is continuous.

(2) Prove or disprove this statement: if f,g: R — R are continuous,
then their product fg is continuous.

(3) Prove or disprove this statement: there is a o-algebra M containing
M and a complete measure i extending p.

(4) A collection A of subsets of X is closed under countable in-
creasing unions if whenever A; € A is a sequence of sets with
A; C Ajqq, then U2, A; € A. Prove or disprove this statement: if
A is an algebra closed under countable increasing unions, then A is
a o-algebra.

(5) A sequence of measurable functions f,: X — R converges to zero in
measure if for any € > 0,

nh_)rrolou({x € X: |falz)| > €}) =0.
Prove that if f,, converges to zero in measure then

n

lim du = 0.

n—oo Jx 1+ |fn|
(6) Prove or disprove this statement: if the functions f,: [0,1] — R are

continuous and for every z € [0, 1] we have lim,,_,~ fn(z) = 0, then

1
lim [ fn(z)dz =0.

n—o0 0



PArT 11

Solve 3 out of the 5 problems below.

(1)

(2)

(3)

(4)

()

State the Holder and Minkowski inequalities. Use the former to
prove the later.

Let f € LY(R") and let
1
M(f) =sup ———
U) = Bl Jsen

where B(x,r) is the ball of radius r centered at x. Prove that there
exists a constant C' > 0 such that for all o > 0:

o M) >0}l < C [ 11y

You may use this fact: Let C' be a collection of open balls in R™
that covers a set U of finite measure. Then there exist finitely many
disjoint balls By,..., By in C such that the sum of the volume of
these balls is greater than 37 "a, where a is any number less than the
measure of U.

£ (y)ldy

(a) State the definition of weak and strong convergence of sequences
in a Banach space.

(b) Does weak convergence imply strong convergence? Explain why
it does or does not.

(c) Show that every weakly convergent sequence in a Banach space
is bounded with respect to the norm of the Banach space. (You may
assume the uniform boundedness principle.)

Prove that a linear functional f on a normed vector space is bounded
if and only if f~1({0}) is a closed subspace of X.

Show that the Banach space X = L'[0, 1] is not reflexive, namely X
is a proper subset of X**.



PArT II1
Solve 3 out of the 5 problems below.

(1) Prove that every closed convex set in a Hilbert space has a unique
element of minimal norm.

(2) If f € LP N L for some p < oo and f € LY for all ¢ > p, then

Ifllee = Jimm 11l

(3) Let f(z) = 3 — x on the interval [0,1). Extend f to be periodic

function on R. Use Fourier series of f to show that

1 2
>

k>1

(4) If ¢ € C*°(R), show that
k R A
o) = —1)——— W ()59
> O
where 6() is the k-th derivative of delta function.

(5) Show that L*°[0, 1] is not separable, i.e., it does not have a countable
dense subset.



2014 Real Analysis Qual Exam

PArT 1

Solve one problem out of (1)—(2), one problem out of (3)—(4), and one prob-
lem out of (5)—(6).

(1) Prove or disprove this statement: the subset S C [0, 1] consisting
of numbers without a 7 in their decimal expansion is a Borel set
with Lebesgue measure zero. (If there is a choice, always use the
expansion without an infinite repeating sequence of 9’s.)

2) Prove or disprove this statement: if (X, M, pu) is a measure space
I
and f,: X — R is a sequence of measurable functions such that
fn — f pointwise, then f is measurable.

(3) Prove or disprove this statement: if X is a metric space then the o-
algebra of Borel subsets of X is generated by the collection of closed
balls in X.

(4) Prove or disprove this statement: the o-algebra of Borel subsets of
R is generated by intervals of the form [a,a + 1] for a € R.

(5) Prove or disprove this statement: if f,: R — R are integrable func-
tions with f, — 0 pointwise and

1

for all n,z, then
n—oo

lim fndz =0.
R

(6) Prove or disprove this statement: if f,: R — R are integrable func-
tions such that f, — 0 in measure, then f,, — 0 in L'.


James
Typewritten Text
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PArT 11

Solve one problem out of (1)—(2), one problem out of (3)—(5), and one prob-
lem out of (6)—(7).

(1) Let f(x) := f0+°° e~ % dt, for x > 0. Show that f is well defined
and C! (continuously differentiable) on (0,+00), and compute its
derivative.

(2) Let py,p2 be such that 1 < p; < pa < oo and let f € L' NLP2. Show
that the map p — || f||, is well defined and continuous on [py, pa].
[Hint: first state and prove a suitable inequality involving |f|?.]

(3) Show that the sequence of functions

9\ 1/2
fn(x) = <> -sin(nz), forn =1,2,3,...

T
is an orthonormal basis of L2[0, 7] but not of L?[0, 27, even though
it is an orthonormal sequence in L?[0, 27].

(4) Prove that if f: [0,+00) — R is a continuous function tending to
zero at infinity and such that

+o0o
/ f(x)e ™™ de=0forn=0,1,2,...,
0
then f is the zero function.

(5) State the duality theorem for LP spaces and give a sketch of its
proof when 1 < p < co. Briefly explain what happens when p =1 or
p = 00.

(6) Show that a uniform limit of continuous functions on [0, 1] is contin-
uous on [0, 1]. Is this true if [0, 1] is replaced by any metric space?

(7) Let f: R™ — R be continuously differentiable. Show that df = 0 if
and only if f is constant, and that df is constant if and only if f is
an affine function.



PART III
Solve one problem out of (1)-(2) and two problems out of (3)—(6).

(1) Prove that if f: [0,27] — R is continuous, then

2m
lim f(z)sin(nz) dx = 0.

n—oo 0

(2) What is the power series expansion of the function [ exp(—t?)dt?
Prove the power series converges to this function for all z € R.

(3) State and prove Holder’s inequality for functions on R.

(4) Let f be a smooth function on R with compact support. Show that
if the Fourier transform of f also has compact support, then f is
identically zero.

(5) Show that L'[0,1] is not the dual of L°°[0, 1].

(6) Show that any normed vector space can be embedded into a Banach
space.



Real Analysis 2013

PArT 1

Choose 3 problems from the following; however, you are not allowed to
choose both (1) and (2). A measure space is always a general (X, M, u). A
measure on R is Lebesgue measure, unless otherwise is specified.

(1) Show that [0, 1] is uncountable.

(2) Let f,, be a sequence of measurable real valued functions on R. Show
that A = {x € R|lim,,_,o fn(7) exists} is measurable.

(3) Let f € L'(R,dx) and F(z) = [*_ f(t)dt. Show that F(x) is uni-

formly continuous.

(4) Prove that the product of two measurable real valued functions on
R is measurable. (Hint: show that if f is measurable, then f? is
measurable.)

(5) Evaluate [ e 52~! sin? x dz for s > 0 by integrating e~ sin(2zy)

in a domain in R?. Exchange of iterated integrals needs to be justi-
fied.


James
Text Box
   Real Analysis 2013


PArT 11
Solve any 3 out of the following 6 problems.

(1) Prove that for all 1 < p < oo, the LP norm and sup norm on C|0, 1]
are not equivalent, and also C[0, 1] is not complete in LP[0, 1].

(2) Let (X,|| - ||) be a normed space. A set £ C X is called weakly
bounded if sup,c g ||z||« is finite. Here ||z||, is the weak norm. A set
E C X is called strongly bounded if sup,c ||z is finite. Prove that
FE is weakly bounded if and only if it is strongly bounded.

(3) Let X and Y be compact Hausdorff spaces. Show that the algebra

generated by functions of the form f(z,y) = g(z)h(y) where g €
C(X) and h € C(Y) is dense in C'(X xY).

(4) Let f be integrable over (—oo,00) and g € L>(—00,00). Prove:
oo

lim [ |g(x)[f(x) = f(z +1)]|dz = 0.

=0 J_

(5) Construct a function on [0, 1] which is continuous, monotone but not
absolutely continuous.

(6) Suppose f € LP([0,1]) for all p > 0. Prove that

1
ti 71, = exo( | nf)



Part II1
Solve any 3 out of the following 5 problems.

(1) Prove that if f € LP(R) and f € LY(R) with 1 < p < ¢ < oo, then
f € L"(R) for all r with p < r <gq.

(2) Starting from the definition of a Hilbert space, prove that if H is a
complex Hilbert space and v,w € H, then
(v, w)| < ol fJwl.

(3) Suppose f is in the Schwartz space S(R), and define the Fourier
transform of f by

fio = [ s o

Prove that
(k) = —2mik f(k).

Note: passing derivatives through integrals needs to be rigorously

justified.

(4) Prove that there exists a nonzero polynomial in n variables, P: R" —
R, such that if f: R™ — C is measurable and

1

for all z € R", then f € LY(R").
(5) Find a distribution 7" on R whose Fourier transform is the Dirac
delta supported at the number 2. Rigorously prove that
T(k)=6(k —2).



Printed Name: Signature:

2012 (reused)
REAL ANALYSIS QUALIFYING ExXAM 13 NOVEMBER 2010

Instructions:

e Work problems 1 through 3 and 6 of the remaining 9 problems.
e Show all your work and always justify your answers.

Hint: The length of a problem has little to do with its difficulty. I

(1) Let f:R™ — R be a continuous function. Show that f is uniformly
continuous on any compact set K C R".

(2) Let f:[0,1] — R be the function defined by
1 ifzeQ,
J@) = {0 otherwise.

Use the definition of the Riemann integral to show that f is not
Riemann integrable.

(3) (a) Let f:[0,1] — R be continuous with the property that

/1 flx)x"dx =0
0

for all n =0,1,2,.... Show that f is identically zero.

(b) Let (X,d) be a compact metric space. Show that the metric
space, C'(X), equipped with the sup norm, is separable.

Hint: think of the distance function.

For grader’s use only
7
8
9

10

11

12
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(4) (a) Let (X, A, n) be a measure space. Let (f,,)nen be a sequence of
nonnegative measurable functions. Use the Monotone Conver-
gence Theorem to prove that

/ (liminf f,)du < liminf/ fndps.
x v n X

(b) Give an example of a sequence of nonnegative Borel measurable
functions on the real line for which the inequality in Fatou’s
Lemma is strict—and prove that the inequality is strict.

(5) Let p be a finite measure on B(R). The goal of this problem is to
show that p is regular, that is for all A € B(R) and all € > 0, there
exists an open set O and a closed set F such that ¥ C A C O and
u(O\F) < e. In order to do this we define the family,

C={AeBR):Ve> 0,30 open and F closed
for which F* C A C O and pu(O\F) < €}.

(a) Show that (a,b) € C for all —oo < a <b < +o00.

(b) Show that C is a o-algebra.
Hint: The infinite union of closed set is not necessarily closed;
however, you can remedy this problem by using the fact that a
measure is continuous from above.

(¢) Conclude from (a) and (b) that u is regular.

(6) Let f be a positive function in L' N L®(X, M, u) with || f]|;« < 1,
where 4 is a finite measure. Show that

1
lim — (ft—l)d,u:/logfd,u
X X

t—0+ ¢
when log f is in L'(X, M, ).

Hint: You may use, without proof, the inequality logz <z —1 < 0
forall 0 <z < 1.

(7) (a) Prove the Cauchy-Schwarz inequality for a real Hilbert space.
(b) Let K = K(z,y) be a continuous function on [0, 1] x [0,1] and

define T': L?([0,1]) — L?([0,1]) for almost all x in [0, 1] by
1
Tf@) = [ KGn)iw)dy

Show that T is well-defined and is a bounded linear operator
that satisfies

1T < 1K | 220,17 xo,1) -



3

(8) Let (X,.A, 1) be a measure space and set LP = LP(X, A, u). Show
that given f € L' N L? we have the following properties:
(a) f e LP foreach 1 <p<2.

(b) lim |l fllp = [IfIlL1-
p—1t

Hint: In this problem, if you use a non-standard inequality, other
than the Holder or the Minkowski inequality, you must both state it
and then prove it.

(9) Let I*° = I® be the space of all bounded sequences in R and

c={z=(a,)p2; €1°°: lim z, exists and is finite}.
n—oo

Equip ¢ with the supremum norm, ||z]|, = [|#|;cc = SUp,>1|7x].

(a) Show that ¢ is a Banach space.
Hint: Prove that c is closed in [*°.

(b) Set

L(z) = lim =,
n—oo
for any = € ¢. Show that L is a bounded linear functional on c.
(c) Define p: [*° — R by

p(z) = lim sup x,,.
n—o0
Show that p is a sublinear functional on I*° and that p(z) = L(x)
for all x € c.
(d) Show that L has a linear extension (still denoted by L) from ¢
to [*° such that L(z) < p(x) for all z € [*® and:

(i) liminfx, < L(z) < limsupz, for all x € [*.
n—o0 n—00

(ii) L(x) > 0 for all = in {*° such that = > 0.
(iii) L is bounded with || L|| = 1.

(10) (a) Show that {(27)~!/2¢"*} . is an orthonormal basis for L2([0, 27])
(or, more precisely, for LZ([0,27]), the space of all square-
integrable, complex-valued measurable functions on [0, 27]).

(b) Show that for any 27-periodic, square-integrable function, f, on
R, we have the Fourier series expansion,

f= Z cne™®
nez
having the property that
1172 = leal?,
nez
and calculate the Fourier coefficients, ¢, in terms of f.



(c) Find the Fourier expansion of the 27-periodic function,

f(x):{l if0<z<T,

0 if % <z <27.

(11) Let X be a locally compact Hausdorff space (LCH). Recall that a
Borel measure, i, on X is a Radon measure if it is finite on all
compact sets, outer regular on all Borel sets, and inner regular on
all open sets.

(a) State one form of the Riesz representation theorem as it applies
to Radon measures.
(b) For each of the following, determine whether or not they are
Radon measures and explain why:
(i) The Dirac delta function (also called the Dirac measure)
on R.
(ii) Counting measure on R".
(iii) Lebesgue measure on R"™.

(12) Assume that f lies in L*(R?) N CY(R?), d > 1, and that Vf lies
in LY(R%). Let f be the Fourier transform of f. Show that (1 +
|£|2)%f(£) lies in L2(R%) if and only if both f and V£ lie in L?(R%).



Real Analysis Qualifying Exam, 2011

Name Score

Please show all work. Unsupported claims will not receive credit.

Part 1.

Answer three of the following problems.
1. Let C be a collection of open sets of real numbers. Show that there is a countable
subcollection O; of C such that UpecO = U2, 0;.

2. If f >0, [ fdu < oo, then prove that for every € > 0 there exists a measurable
set E such that pu(E) < oo, [, fdu> [ f—e

3. Suppose that v; is a sequence of positive measures. Prove the following. If
vj L, Vg, then 3772 vy Ly, and if 92, < g, Vj, then Y377 vy < .

4. Let E be a Lebesgue measurable set in R, whose measure is positive. Prove that
E contains a subset which is not Lebesgue measurable. You may use without
proof the standard non-measurable set in [0, 1]

5. Let f € L'(dz) and F(z) = [ f(t)dt. Show that F(z) is continuous.

Part II.
Answer three of the following problems.
1. State and prove a version of the Vitali covering lemma on R".

2. State a version of the Fubini theorem on double integrals. Give a counter
example when the absolute value sign is dropped from the integrand in the
condition of the theorem.

3. Show that every weakly convergent sequence in a Banach space is bounded with
respect to the norm of the Banach space.

4. State the open mapping and closed graph theorem. Assuming the open mapping
theorem, prove the closed graph theorem.

5. Let H be an infinite dimensional Hilbert space. Show that the unit sphere
S = {x € H|||z|| = 1} is weakly dense in the unit ball B = {x € H|||z|| < 1}.

1



Part III.

Answer three of the following problems.

1.

Show that set ¥ := {f = Xa;xg,/n € N,a; € C,m(E;) < oo} is dense in L?
for any p € [1, 00).

State and prove Holder’s inequality in R!.

Let f € LP(X) N L>®(X). (recall that this means f € LX) for all ¢ > p.)
Show that lim, o0 || fllg = | f]]oo-

Let fn(7) = §X[-1/n1/n)- Show (directly, instead of citing a theorem that im-
mediately implies this) that for any g € L(R), lim, o || fn * g||1 = 0.

(a) Compute the Fourier Transform of x_1 ).

(b) Compute the Fourier Transform of Smi#

(c) Are there any two non-zero elements f, g of L'(R) such that fxg =0 a.e.
9

) '
¢! (Hint: 7,h 7)



PArT 1

Choose 3 problems from the following; however, you are not allowed to
choose both (1) and (2). A measure space is always a general (X, M, u). A
measure on R is Lebesgue measure, unless otherwise is specified.

(1) Let X be a compact metric space. Show that if O,, is an open and
dense subset of X for n =1,2,... then O = N,0,, is not empty.

Hint: Create a shrinking sequence of closed sets F;, so that F,, C O,,.

(2) Let {ay} be a sequence in R and lim,,_,o a, = a. Show that
. artax+---+ay
lim =a

n—oo n

(3) Let f be a positive function in L' NL*> (X, M, 1), where X is a finite
measure space and assume that ||f|;«~ < 1. Show that

1
lim — t—ld_/l d
t_l}ggtx(f ) dp Xogfu

when log f is in LY (X, M, ).
Hint: First show that logz <2 —1 < 0 for all z < 1.

(4) We know that there exist a non-measurable subset of [0,1]. Prove
that E C [0,1] with m*(E) > 0 has a non-measurable subset.

(5) (a) Let f, g be measurable functions. Show that fg is also measur-
able. (Hint: show that f? is measurable.)
(b) Let {f.} be a sequence of measurable functions and f,, — f a.e.
as n — oo. Show that f is also measurable.

(6) For an integrable function, f, show that [|f|du = 0 if and only if
f=0ae.



PArT 11
Solve any 3 out of the following 5 problems.

(1) Suppose 1 < p < o0. If f,, f € LP[0,1] and f,, — f a.e. in [0, 1],
prove:

[fn = fllp — 0 if and only if || ful| — [|.f]]p-
Give a counterexample if the condition || f,|| — || f]|, is dropped.

(2) Let f :]0,1] — R be an absolutely continuous function. Suppose
f'(z) =0 a.e. in [0,1]. Prove f is a constant.

(3) State without proof a version of the Fubini-Tonelli theorem on double
integrals of nonnegative functions. Use a counterexample to show
that the nonnegativity is necessary.

(4) Let Y = C(][0,1]) and X = C([0,1]) both of which are equipped
with the L™ norm. Show
(a) X is not complete.
(b) The map % : X — Y is closed but not bounded.
(c) Is statement (b) a contradiction of the closed graph theorem?
Why?

(5) Prove that a linear functional f on a normed vector space X is
bounded if and only if f~1({0}) is closed.



Part II1
Solve any 3 out of the following 5 problems.

(1) Let f: X — R be p-measurable on X with

(%) / efldpy=1.
supp f

Prove that for all f in LP(X). For X = R and p being Lebesgue
measure, give an example of f satisfying (x) with f not lying in L>°.

(2) Let f lie in L?(R) and for any y > 0 define

y [~ 1
Show that:
(a) For each y > 0, g, lie in L*(R).
(b) For each y > 0, define the map, L,, on L*(R) by L,(f) = gy.
Show that L, is a bounded linear operator from L*(R) to L*(R).
(c) Asy — 0, g, — f in L*(R).

Hint: Think in terms of convolutions.

(3) Let f lie in L'(R) and recall that the Fourier transform of f is the
function f: R — C defined by

Flw) = /R F()e= 2 .

Prove that J/“\is uniformly continuous.

(4) Let f be in L?([0,00)). Prove or (by producing a counterexample)
disprove each of the following:

(a) If f is also continuous then limg .~ f(z) = 0.

n+1
o) Jm [ 1wl =o

(5) Suppose that f lies in LP([0,00)) for 1 < p < co. Prove that

(2) ] [ s

1 x

(b) lim xpl/ f(t)dt = 0.

r—00 0

< |1fllp ' for all z > 0,




Qualifying Exam, Analysis, 11/14/2009. ,ﬂ’i}\_ﬁ' o CA
Part T

Choose 3 problems from the following and work on them, but choose
only one out of (1)~(3).

(1)
/ Prove the mean value theorem: if a function f is continuous in [a, d], differ-
entiable in (a,b), then there is £ € (a, b) so that

f(0) = f(a)

 b-a

. = f'(€)
L/’i'\,\

holds.

(2) Show that a continuous function on [e,b] is uniformly continuous.

!l @) Prove the root test: let ) a, be a series and a = limsup {/|a,|. Show
Hat if @ < 1, then ) a, converges, and if o > 1, then ) a, diverges.

@Let {f+} be a sequence of Lebesgue measurable functions on R. Show
\theft sup,, fn 18 also measurable.

s
(\(5 /Let v be a signed measure on measurable space (X,B). Show that
Hahn decomposition is unique except for null set.

(6) (a) Let (X,B,u) be a measure space and ¢ non-negative measurable
function on X. Set vFE = fE.gdp. Show that v is a measure on 5.

(b) Let f be a non-negative measurable function on X. Then show that
/fdu: /fgdu.

(hint: first do it for a simple function.)

(7) Show that almost all real numbers with respect to Lebesgue measure

have the digit 7 in their decimal expansion. (Hint: Consider something
similar to Cantor set.)




Part 1II Zh on g
Choose 3 problems from the following and work on them.
& Prove that a topological space X is compact if and only if it has
the finite intersection property, i.e. every family of closed sets has nonempty

intersection if every finite subfamily has nonempty intersection.

(2). Let T be a linear map from the Banach space X to itself. Suppose
IIT]| < 1. Prove that I + T is invertible. Give a counter example if || T|| = 1.

(3). Let X be a complete metric space and {U,} a sequence of dense open
setsin X, n=1,2,.... Prove M52 U, is dense in X.

0
@‘/ Show that every weakly convergent sequence in a Banach space is
bounded with respect to the norm of the Banach space.

(/‘/(QL) Prove that a linear map from a vector space X to another vector
space Y is bounded if and only if it is continuous. State (without proof) the
. Hahn-Banach theorem.

i




Part 111 \}\ A
Choose 3 problems from the f*lowing.

\(/‘g)ilf f and its Fourier transform are both smooth functions on R"™ with
compact support, show that f is identically zero. \

(%uppose that f € LY(R™). Show that the Fourier transform of f is a
continuous function which vanishes at infinity.

(\3) Show that the product rule for derivatives is valid for products of smooth
functions and distributions.  Sol\gn

@g/ Let flz) = % — z on the interval [0,1), and extend f to be periodic

oi R. Calculate the Fourier transform of f. Use the Parseval identity to
show that 5,5, k=2 = m2/6. W e :




Qualifying Exam, Analysis, 11/1/2008,

Write the solutions for each part on separate bunches of paper, because we
grade them separately. Please do not mix.

Part 1
Solve 3 problems from the following.

1). Let f: [0,1] — R be a Riemann integrable function which is greater
than 1. Show that 1/f is also Riemann integrable on [0, 1].

2). Let f be a continuous function on [0,2%]. Prove that

2
lim flz)sin{iz)dx = 0.
XD 0

Herei=1,2,3, ...

3). Construct a strictly monotone function from [0, 1] to R whose derivative
is zero a.e. '

4). Suppose f is in LP(-00,00) and LI(—00,00), where I < p < g < co. Is
it true that f is in L"(—o0,00) for all r € [p, ¢]? Why?

5). State the Holder and Minkowski inequalities. Use the former to prove
the later.




Part 11
Solve 3 problems from the following.

(1) Use the open mapping theorem to show that if the vector space V is
complete in both of the norms || - ||; and [} - ||2, and that there is a constant
a > 0 such that af|v||y < {|vjjs for all v € V, then the two norms are equiv-
alent. State the closed graph theorem and use the above result to prove it. -

(2) State and prove some version of the Hahn-Banach theorem.

(3) Show that a vector subspace V in another vector space W is weakly
closed if and only if it is strongly closed.

(4} prove or disprove the following:
(i) The dual space of L1([0,1]) is L°°([0, 1]).
(ii) The dual space of L>°([0,1]) is L{[0,1}).




Part I
Solve 3 problems from the following.
1) Determine the Hausdorff dimension of the Cantor ternary set.

2) let X be a normed linear space, and ¥ a Banach space. Show that
B(X,Y), the space of bounded linear functions from X to Y, is a Banach
space.

3) Let H be a Hilbert space, and T a bounded linear operator from H
to H. Show that if TT* = T*7F, then

Wrjl = Tim /([

4) Let X, Y be Banach spaces and T a bounded lincar operator from X
to Y. Show that there is a constant ¢ > 0 such that |[T'z|| > c||z|| for any
z € X iff KerT = {0} and the range of T is closed.




Real Analysis Qualifier, November 2007.

Student ID number (Not name): Score

Please show all work. Unsupported result will not get credit. Fach problem is worth 10 points.
Note there are three parts in the exam. The problems are listed on pl, p5, p9 respectively. Please
use the space provided for you answer.

Part 1.

Choose 3 problems from the following.

1. Let C be a collection of open sets of real numbers. Then there is a countable subcollection {0}
of C such that
UpecO = U2, 0;.

2. Let f be a continuous real valued function on [z, 5] and suppose that fla) <7 < f(b). Show
that there is a ¢ € [a, 8] such that f(c) = r.

3. Use Vitali’s lemma to show that if f is absolutely continuous on la,b] and f'(z) = 0 a.e., then
f is a constant.

4. Let f be a bounded measurable function on [0,1]. Prove that

Hm {1 fllp = [[flloc-

yilaides]




Part 1T
Choose 3 problems from the following.

1. Use the open mapping theorem to show that if the vector space V is complete in both of the
norms || - |l; and || - ||z, then there are constants a,b > 0 such that

aljvlls < il < Bljv|ly

for all v € V. State the closed graph theorem and use the above result to prove it.

2. State and prove some version of the Hahn-Banach theorem.
3. Show that L*°[0, 1] is not separable.

4. Show that L'[0,1] is not a dual of any normed linear space.




Part 11

Choose 3 problems from the following.
1. Determine the extreme points of the unit sphere in [0, 1].

2. State (without proof) the Tonelli theorem for nonnegative functions in a product space of o
finite measures. Give a counter example showing the o finiteness is necessary in general,

3. Determine the Hausdorff dimension of the Cantor ternary set.

4. Let f and g be L2{R') and L'(R!) functions. Consider the function
h(z) =f Flz = y)g(y)dy.
Rl

Prove that & is a L?(R!) function. Moreover

[1Bllz < 1l fHla gl



Qualifying Exam, Analysis, 11/18/2006.
Part I

Choose 3 problems from the following, however you are not allowed to
choose both (1) and (2).

(1) prove the ratio test: let Yayp be a series, where a,, #£ 0 for all 7, and

Onyi
Oy

o= lim
=00

Show that if @ < 1, then Za, converges, and if o > 1, Ta, diverges.

oo 2
/ e " de.
—00

(3) State the Monotone Convergence Theorem (MCL) and Fatou’s lemma
(FL). Prove the MCT using F1,.

(2) Find the integral

(4) Prove Lebesgues’s decomposition theorem: Let {X,B, 1) be a o-finite

measure space and v a o-finite measure defined on B. Then there are mea-
sures vy and v so that v = vy + 1y, 1y L #, and ¥y << p. (Hint: use
Radon-Nikodym, consider A = 1+ )

(5) We know that there exist a non-measurable subset of [0.1]. Prove that
E C [0,1] with m*(E) > 0 has a non-measurable subset.

(6) Let {f.} be a sequence of real-valued measurable functions on a measure
space (X,B, ). Show that the sets

e A= {z € X|fo(z) — +oc}
¢ B={z € X|lim, o fulx) exists in R}

are measurable.




Part 11

Solve 2 problems.

(1). Let p denote the Lebesgue measure on R let { fa}Se be a sequence
of real valued, integrable functions on R!. All the following are on R! w.r.t
the Lebesgue measure.

Determine if the following statements are true or false. If false, give a
counter-example. You don’t have to provide proofs for the true statements.

(i) If fo—f a.e, then f,—f in measure.

({)If f,—f in measure, then f,—f a.e.

(iif) Iffn,—f in measure then, there is a subsequence {fa,} such that
frap—f ae. as k—ro0.

(iv) Iffo—[ in measure, then [p; |fn(z) — F(z)|dp—0.

(v) If fu—f in measure and f,, > 0, then Jplim, . fn > [ f.

(2.) Consider the operator
h(z) = fR flz—y)gly)dy.
(a) If f,g € L'(R), show that h € LI(R) with
WPllzacey < WAl llglragmy.
(b) If f € L®(R) and g € LY(R) , show that & € L®°(R) with

1Pl zeo(ry < 11 Fl noo sy gl 22 (e)-

{c) If f is a continuous function with compact support and g is inte-
grable, show that A(z) is uniformly continuous.

(3). Let f > 1 be a LD, 1] function. Prove that In f is a L?[0, 1] fune-
tion for all 1 < p < co.

(4). State the Tonelli theorem for double integrals (cf Royden Chapter 12)
and give an example showing the nonnegativity condition in the theorem is
necessary.




Part 111

Solve 2 problems, including (1).

(1)(a)What are the extreme points of the unit sphere in C(X }, where X
is a compact Hausdorfl space 7
{b) Show that C([0,1]) is not the dual of any normed linear space.

(2) Let X, Y be Banach spaces and 7 a bounded linear operator from
X and Y. Show that there is a constant ¢ > 0 such that }|T'z|| > cllzl|| for
any z € X if and only if KerT = {0} and the range of 7 is closed.

{3) Let X be a normed linear space, and X* is its dual space, t.e. the
space of real-valued linear functionals on X. Show that X* is a Banach
space.




Ph.D. Qualifying Examination (Real Analysis)
Spring 2005

Rules: There are three sections on this examination. Group I covers Undergraduate material
{Advanced Calculus), while Groups I and IIl cover Graduate material (Measure Theory and In-
tegration, along with Functional Analysis). The test consists of 6 problems, 2 from each group.
(Each problem is weighted equally. No extra-credit will be given for any additional problem at-
tempted beyond these 6 problems.) Please always justify your answers. Also, please indicate at the
beginning of the test which problems you have selected in each group.

Good luck!
GroOUP I

1. Let X be a complete metric space with metric d, and A be a subset of X. Prove that A is a closed
subset of X if and only if A is complete with respect to the metric d.

2. Let K be a compact subset of R™ and {B; };il a sequence of open balls that covers K. Prove

that there is a positive number ¢ such that each z-ball centered at a point of K is contained in one
of the balls 5;.

3. Prove the Root Test: let > a,, be a series, and

a = limsup ¥/ |a.|.

n—o0

Show that if o < 1, then ) a,, converges, and if o > 1, then ) a,, diverges.

/D" dz
o (TP 1)

5. Give examples of functions f : R — R such that

(a) f is discontinuous everywhere.
(b) f is continuous at exactly one point.
(c) [ is continuous on a dense set, and discontinuous on a dense set.

4. Find the integral




GroUP 11

6. Let 3 be a -algebra of measurable subsets of a measurable space X.

(2) Define what it means for a (finite) real valued function / on X to be measurable.
(b) Prove from your definition that if f and g are measurable, so is f + g.

7. Suppose that f(z) = 3777, axz®, where the az’s are real and $°%° jax| < 0o. Show that f is
of bounded variation on the interval [—1,1]. Hinr: Treat first the case in which all of the ay’s are
non-negative.

8.
(a) Let X be a Banach space, and T a bounded linear operator on X, T € B (X, X). Define
IT°l-
(b) Let X = R?, with the usual norm ||{z, y)|| = 1/7® + 42. Let T be the linear operator on X
which, in the standard basis {e; = (1,0),e; = (0, 1)}, has the matrix

(o 2)

9. Define what it means for two norms on the same Banach space to be equivalent. For
l<p<ooandz = (z1,75...,2,) € R", define ||, = [S°F , |2/, Define also Izl =
sup{|z;| : 1 <i < n}. Show that all of these norms are equivalent. You do not need to show that
R™ with such a norm is a Banach space.

What is ||T7}?

GRrour III'

10. Evaluate
N

lim N élog(l 1 (s/N))

N—oo 0

ds
14 82

Justify your calculations.

11. Let ¢ be a monotone increasing function on [0, 1] with $(0) = 0.
(a) What can be said about ¢’ (the derivative of 0?
(b) What can be said about ®(t) = [ ¢/(s) ds?
(¢) What can be said about ®'?
(d) What can be said about () = [ &'(s) ds?

12. Let X be a normed linear space, and X* its dual space of real-valued linear functionals. Show
that X is a Banach space. Note: X is not assumed to be a Banach space.

13. Let X and Y be Banach spaces and let 7' be a bounded linear operator from X to VY, 7
B(X,Y). Show that there is a constant ¢ > 0 such that 1Tz > ¢|lz|| for all z € X if and only if
kerT = {0} and the range of 7" is closed.




® @

Real Analysis Qualifier 05, Part I

1. Determine for which values of the real parameters o and 8 the following series converges:
i 1
ne(logn)f’

n=2

Justify precisely your answer.

/Show directly that if f : [0,1] = R is continuous, then it is also uniformly continuous. Is this
still true if [0,1] is replaced by either (0,1) or [0,00)7 Explain your answer.

111 1) Given f : [¢,5] = R a Riemann integrable function, we define F*: [a,B] - R by
T
r@) = [ 1o,

for cach ¢ € [a,b]. Show directly that if f is continuous af some point Zo of [a,b], then F is

differentiable at z, and F'(z,) = f(zo)-
Give an example of a Riemann integrable function f whose associated function F is differ-

entiable on [a, ] but satisfies F' # f.

IV. Show that if f : [0,1] -» C is continuous and satisfies, foralln e Z

1 .
/ f(t)eﬂn?rtdt — 0,
0 .

foralln € Z, then f = 0 on {0,1].
Does this conclusion still hold if Z (the set of all integers) is replaced by {0,1,2,...}7

AL_Let [a,b] be a compact interval and fn, f,g : [a,b] = R, for n = 1,2,.... In each case, ex-
plain whether the given statement is true or false (by quoting an appropriate theorem or giving a
counterexample):

(a) If each f, is C* (i.e., continuously differentiable), f, — f uniformly and f;, — g pointwise,
then f is C! and f' = g.

oY If f, — f pointwise and each f, is continuous, then [ is continuous.

(c) If there exists a finite constant M such that each fn is C! and satisfies |fa(x)] < M and
Ifi(z)] < M, for all z € [a,B] and n > 1, then the sequence {fp} has a uniformly convergent

subsequence on [a, b]-

VL Show that the equation 22-+22+...+12 = 1 defines the unit sphere as a smooth (i.e. continuously
differentiable) (n — 1)-dimensional surface in R", and calculate its tangent plane at every point.




Real Analysis Quaiiﬁer 05, Part I

1. Let £ C R" be a bounded domain and = be a L! function in £. Prove

1 Y 1
—_ P r_ -
J%H%[]Qlfnlul dz] exp[mlfgln lu| dz].

Here |©] is volume of Q.
)./Prove or disprove: any monotone function in some interval (a,5) C R is measurable.

3. Let f > 0 be a L? function on [a,b] C R, p > 0. Prove that

b o
/ frdo=p [~ W | () > i}lde
a 0

Here |[{x | f(z) > t}| is the Lebesgue measure of the set.

4. Let g be a bounded measurable function and f € L}{—o0, oo}. Prove

00

lim [ |9(@)[f(2) — f(z+ £)]|dz = 0.

50 f oo

- Let fr be a sequence of integrable functions on {a,b] C R, converging almost everywhere to an
integrable function f. Prove that

/blf—fnfdwo

/:]fnld:r:—)/:lf]dm

if and only if

when n = co.




Part iII

A

e

® L

Real Analysis Qualifying Exam
November 19, 2005

(a) Let X be a Banach space, and T a bounded linear operator on X, T B(X X).
Define || 7 Il

(b) Let X=R* with the norm " (x,v) ” = JJx*+y* . Let T be the linear operator on
X which, in the standard basis {e;=(1,0), e;=(0,1)}, has the matrix

b3

Define what it means for two norms on the same Banach space to be equivalent.

What is || 7|2

For 1<p< o0 and x=(x,,x;...,x,) € R", define ”x"p = [); s |PJ%’. Define also

”x " » = sup{ l x,-f : 1=i<n}. Show that all of these norms are equivalent. You do
not need to show that R" with such a norm is a Banach space.

Let X be a normed linear space, and X its dual space of real-valued continuous
linear functionals. Show that X” is a Banach space. Note: X is not assumed fo be a
Banach space.

Let X and Y be Banach spaces and let T"be a bounded linear operator from X to Y,
T € B(X)Y). Show that there is a constant ¢>0 such that " Tx " >c ”x" for all
x € Xifand only if ker 7= {0} and the range of T'is closed.

Show that the dual of L™[0,1] is NOT L'[0,1].




Ph.D. Qualifying Examination (Real Analysis)
Fall 2004

Rules: There are three sections on this examination. Group I covers Undergraduate material
(Advanced Calculus), while Groups II and III cover Graduate material (Measure Theory and In-
tegration, along with Functional Analysis). The test consists of 6 problems, 2 from each group.
(Each problem is weighted equally. No extra-credit will be given for any additional problem at-
tempted beyond these 6 problems.) Please always justify your answers. Also, please indicate at the
beginning of the test which problems you have selected in each group.

Good luck!
GRrOUP I

1. Let f be a continuous function on [0, 1]. Show that f assumes its maximum and minimum.

2. Let

oo

f(m)zzmmn, ~I<zr<l.

‘= nlla)

Show that the series converges absolutely and defines a continuous function J when o > 0is an
irrational number. (Note that I'(z + 1) = zl(z), z > 0.) Verify that

(1-2)f'(z) = af(z)
and deduce that
f($) = (1 - x)_as

giving the binomial expansion for general powers ¢v.
3. Give a precise statement of L’Hoépital’s rule. Give a careful proof of one of the cases.

4, Show that
® 2gint 2 * 2sin? r cos? * gin® ® sing T
d:t:/ M—dxzf dr = dr = —.
_/0 z? 6 x? 0 22 ¢ 2

3. Show that the set [0, 1] is uncountable.




Ph.D. Qualifying Examination (Real Analysis)

Fall 2004

Prelude: There are three sections in this examination. Group I covers Un-
dergraduate material (Advanced Calculus), while Groups II and III cover
Graduate material (Measure Theory and Integration, along with Functional
Analysis). The test consists of a total of 10 problems to be selected as follows:

Please do 3 problems from Group I, 4 problems from Group II, and 3
problems from Group III. (Each problem is weighted equally. No extra-
credit will be given for any additional problem attempted beyond these 10
problems.) Please always justify your answers. Also, please indicate at the
beginming of the fest which problems you have selected in each group. Good
luck!

GROUP 1

. . . 2
1. Find a power series expansion for f; e~V dt.

Justify rigorously your answer.

2. Let fpo(z) = %, for z > 0. Discuss the pointwise and the uniform

convergence of {f,}5>, on (0,c0) and on intervals of the form [a, 00), with
a > 0.

3. Let f(z) = [LePdt, forz €R

Show that f is differentiable and calculate f'(z).

4. Let f(z) = 0if z € Q and f(z) = 1 if v € R\Q. Is f Riemann
integrable on [0, 11?7 If so, calculate fﬂl fz)dz.
Justify your answers.

5. Let Ky and K, be disjoint nonempty compact subsets of R.
Show that there exists z; € K;(j = 1,2) such that

0 <|z: — o =1nf{lys — | 1y € K(, 10 € Ky}




Would that still be true if K7 and K, were only closed subsets of R?

6. Suppose lim, ., a, = A, where a, € C for all n > 1. Prove that

G+t a,
lm ———

n—00 n

= A

7. Show that the gravitational potential V(z,y,2) = ¢ (where ¢ is a
constant and r = /2% + 3% + 22 ) is a solution of the 3-dimensional Laplace

equation (away from the origin)
3V + oV N PV 0
or2 Ay 922




GROUP II

8. Show that the identity
00 ,—% _ ,—Tt
f e———im_dx = logt
0 z

holds for all £ > 0.
Justify your answer.

9. If f:]0,1] — R is absolutely continuous, show that f is a constant
function if and only if f' = 0 a.e. on [0,1]. Ts this statement still true if f
is only assumed to be differentiable (Lebesgue) almost everywhere on [0, 1]?
Justify your answer by either providing a proof or a counterexample.

10. Assume that ¢ € C*([0,1]), with ¢(0) = ¢(1) = 0. Show that

1 1
/ %gﬁ(m)d:cgll/ ¢ (x)*d.
o ¥ 0

11. Let {f,.} be a sequence of Lebesgue integrable functions on a measure
space (X, A, u} such that f, — f p-a.e., with f p-integrable.

I rove t.ha;t
n ,u > O = mn - [b.

12. Let f € L'(R") and g € LP(R"), with 1 < p < 0o. Show that

1S % gllp < [1fIlllglls

where (f * g)(2) = fg. f{( g{y)dy denotes the convolution of f and g.

13. Let f > 0 be a Lebesgue integrable function on [0, 1]. Prove that

) o
Hm flz)|sin(nx)|de =~ [ flz)dz
@lsintna)ide = [ 1)

n—oo

O




14. If E C R is a set such that m*(£) > 0 (where m* denotes Lebesgue
outer measure on R), show that F contains a non-measurable subset.

15. Let f : R — R be continuous and 27-periodic. Show that for every
g > 0, there exists a finite Fourier series

N
wlz) =ap + Z(an cos ng + by, sin nz)

n=1

such that |f(z) — ¢(z)] < g, forall z € R




GROUP III

16. (a) State (without proof) the Radon—Nikodym Theorem.

(b) Verify the uniqueness of the Radon-Nikodym derivative by proving
the following lemma: If (X, A, ) is a measure space and f € L(u) satisfies
Jifdp=0forall Ac A then f =0 p-ae.

17. Let K € L*([0,1] x [0,1]). Show that T : L*[0,1] — L0, 1], defined
(for f € L?[0,1] and a.e. z € [0,1]) by

1
TH@) = [ K@),
0
is a bounded linear operator on L?[0,1] and estimate its norm.

18. Let H be a Hilbert space, with inner product (-, ).
Assume that T, 7" 1 H — H are two functions on H satisfying

(Tz,y) = (z,T"y)

forall z,y € H.
Show that T and 7™ are bounded linear operators on H satisfying ||T1| =
I7*|| and [|TT*|| = ||T}>.

19. Which of the following statements is correct?
(a) L]0, 1] is separable.

(b) L*[0,1] is separable.

{¢) The (Banach) dual of L?[0, 1] is itself.

{d) The dual of L'[0,1] is L*[0, 1], and conversely.
(e) The dual of L*3[0,1] is L]0, 1], and conversely.

[Advice: In each case, justify briefly your answer.]
20. State the Hahn-Banach Theorem and give a sketch of its proof.

21. If X is a Banach space, show that there is a natural way of embedding
X into its second dual X** := (X*)* and that this embedding is a norm-
preserving operator. (Hence, X can be considered as a subspace of X**.)
Give an example where X = X and another example where X # X**.

22. Is the dual of L[0, 1] equal to L*°[0,1]?
(Carefully justify your answer.)




Ph.D. Qualifying Examination (Real Analysis)

Spring 2003

Prelude: There are three sections in this examination. Group I covers Un-
dergraduate material (Advanced Calculus), while Groups II and III cover
Graduate material (Measure Theory and Integration, along with Functional
Analysis). The test consists of a total of 10 problems to be selected as follows:

Please do 3 problems from Group I, 4 problems from Group II, and 3
problems from Group IIl. (Each problem is weighted equally. No extra-
~ credit will be given for any additional problem attempted beyond these 10
- problems.) Please always justify your answers, Also, please indicate at the
beginning of the test which problems you have selected in each group. Good
luck!

GROUP I

1. Calculate the volume of the unit ball in R®. (Show your work.) Explain
briefly how you would proceed to extend this result to R*, for any n > 1.

2. Show that the series > o (_él_n:l is convergent, and calculate its sum.

3. Let {z,} be a Cauchy sequence in a metric space. Show that if {2,}
admits a convergent subsequence, then the entire sequence is convergent.

4. Find the following sums:
(a)Zm”, lz| < 1. (b) Zn?a:”, iz < 1.
n=1 =1

[Advice: Justify your answers.]
5. Let .4 be the real vector space spanned by the functions

. -2 N
1,sinz,sin“z,...,81n" &,...,




defined on [0,1]. Show that A is dense in C[0, 1], the space of real-valued
continuous functions on [0, 1] equipped with the sup norm.

6. Let f: R? — R® be defined by
flxz,y) = (cos(v/2% + y2),sin(y/22 + y?)).

Show that f is continuously differentiable on {(xz,y) € R?:2>0,y>0}
and determine both directly and by using a well-known theorem whether f
is locally invertible near the point (2o, %) = (1,1).



GROUP II

7 Let {f.} be a sequence of real-valued measurable functions on a mea-
sure space (X, A, p). Show that the sets

() A={z e X: folz) > +oo},

(i) B={z € X : fo{z) = —cc}, and

{iii} C = {z € X : lim, o fu(z) exists in R}

are all measurable.

8. Let X and Y be Banach spaces and let B{X,Y) denote the space of
bounded linear operators from X to Y, equipped with its standard operator
norm. Show that B(X,Y} is complete. Is the agssumption that X be a
Banach space (rather than a normed space) necessary?

9. (a) State Holder’s Inequality for L? spaces.

(b) Show that for any two nonnegative numbers a and b,

1 1
ab < —a? + b4,
p q

Use this to give g dlrect proof of Holder’s Inequality. G

1 i
10. If f e I‘I(R nL® R:)}or some ¢ € [1,0c), show that f € LP(R) for
all p > ¢ and that _
17 llo = Tirp—collfllp:

[Hint (for the first part): Show that ||fll, < [|f|l4-]

11. Let H be a real Hilbert space. State and prove the Cauchy-Schwarz
Inequality in H. When does equality hold?

12. Let f be a bounded measurable function on [0, +00). Show that

_ +o0 f(t)e—:ct
F(:}:) __/G \/1_5 dt, x > 0,

is continuously differentiable on (0, +00). Compute its derivative F'{z), for
z > 0.




GROUP 111

13. Let X be a Banach space, T : X — X a bounded linear operator on
X, and [ the identity operator on X. If ||T}] < 1, then show that I — 7T is
bounded and invertible on X. Calculate its inverse.

14. State the Baire Category Theorem and give a sketch of its proof.

15. Let X be a normed linear space and f be a nonzero linear functional
on X. Prove each of the following two statements:

(a) f is continuous if and only if its kernel is a closed subspace of X.

(b) f is discontinuous if and only if its kernel is dense in X.

[Recall that the kernel of f is equal to f~1({0}))]

16. Show that the Hilbert space L* == 120, +o0) is separable (i.e., admits
a countable dense subset).

[Hint: Consider a truncation of the power functions, for example.]
17. For n € Z, let f, : [0,27] — C be defined by f,(z) = ¢"?. Show that

the sequence {f,}ncz is an orthonormal basis of the complex Hilbert space
L3([0, 2)).




Ph.D. Qualifying Examination (Real Analysis)

November 23, 2002

Prelude: There are three sections in this examination. Group I covers Un-
dergraduate material (Advanced Calculus), while Groups II and III cover
Graduate material {(Measure Theory and Integration, along with Functional
Analysis). The test consists of a total of 10 problems to be selected as follows:

Please do 3 problems from Group I, 4 problems from Group II, and 3
problems from Group III. (Each problem is weighted equally. No extra-
credit will be given for any additional problem attempted beyond these 10
problems.) Please always justify your answers, Also, please indicate at the
beginning of the test which problems you have selected in each group. Good
Iuck!

GROUP I

1. Show that if {z,} is a convergent sequence in R*, with limit &, then
A:={z,:n>1} U{b}

is a compact subset of R*.
Would the result be true in an arbitrary metric space (rather than in R¥)?

2. Let fo(z) =cos(z -+ 2),forz € Rand n > 1.
Is the sequence {f,}%2, uniformly convergent on R? If so, what is its
limit?

3. Let {f.} be a uniformly convergent sequence of continuous functions
on [a,b| and let ¢ € [a, b]. Prove directly that

lim lim f.,(z) =lm lim f,(z).
N300 T—re T—re P O0

[Advice: You should give a direct proof and not quote a known theorem.]




4. Suppose that f is a real-valued continuous function on [a, b]. Show
that

b
n%rlgo f fz)sin{nz)dz =0

5. Let o
p(t) = / e dz, for t > 0.
0

Find to > 0 such that ¢{%y) = 1. Is such a point ¢y unique?
[Advice: Justify your computation.]

6. (a) Give the definition of differentiability of a function f: R* — R, at
the point o € R*.

(b) Show that if f is differentiable at a, then it is continuous at a. Is the
converse true? Explain your answer.



GROUP II

7. Given f € LP(R), with p > 1, construct a sequence {f,} of functions
in L*°(R) such that f, — f in LP(R).

[Hint: Truncate f.)

8. Show that a normed linear space F is complete if and only if every
absolutely convergent series of elements of F is convergent in F.

9. Consider the gamma function
I'(z) =f " te~tdt, for z > 0.
0

Show that T' is continuously differentiable on (0, +o0) and calculate its
derivative.

10. Let L% = L[0, 1} and L' = L*[0, 1].
Show that
(L) # L,
where (L°°)" denotes the dual of L.

11. Construct a sequence of functions { f, } thai converges in measure but
does not converge almost everywhere.

12. Let (A, A, 1) be a measure space. Let f be a bounded function defined
on a subset of A with finite measure. Prove that f is Lebesgue integrable if
and only if f is measurable.

13. Prove that for any set £ C [0, 1] with positive Lebesgue outer measure
(i.e., m*(E) > 0), there exists a subset of £ which is not measurable.

[Advice: You may assume, without proof, the existence of a non-measurable
subset of [0, 1].)



GROUP II1

14. (a) State (without proof) Fatou’s Lemma.

(b) Construct a sequence of nonnegative functions on [0,1] so that the
inequality in Fatou’s Lemma is strict.

15. Let LP = L?[0,1] be eguipped with its usual norm. Give a sketch of
the proof that LP is complete, for 1 < p < oo,

[Advice: You may use, without proof, the result stated in problem 8.

16. (a) State (without proof) the Hahn-Banach Theorem.

(b) Suppose (E, || - ||} is a normed linear space, F' is a closed subspace of
E, 29 ¢ F, 5 € E, and § = inf{|lzo — z|| : 2 € F}. Show that there exists
w € E' such that ¢(zp) =6, p(z) = 0 for z € F and ||¢f] < 1. (Here, E'
denotes the dual of F.)

17. Let g € L9]0,1] with I < ¢ < o0 and let p > 0 be given by %-J-%: 1.
Let F' be the linear functional on LP[0, 1] defined by F(f) = fol fgdz. Show
that I is continuous and that ||F|| = ||g]l,-

18. Let g,h,k be functions on R" of class L', L? and L?, respectively.
Show that the function B(z,y) := h(z)k{z — y)g{y), with z,y € B?, belongs
to L' on R?",



Department of Mathematics
University of California
Riverside, Ca 92521

Real Analysis
Qualifying Exalmnatlon

December 22, 2001

Instructions: Work 7 out of the following 9 problems!

L. Let f:[0,7} — R be a continuous function. Show that for every £ > 0,
there is a trigonometric function 7}, defined as

T
= E Qg coskx
k=0

such that supgcz<q | f () — Tn (z)| < &, and explain why this conclusion
no longer holds if the cosine function is replaced by the sine function in

To(z).
2. For every subset M C R define M +a={zx+a:zc M}.

(a) Let B C R be a Borel set. Show that ¥ + a is also a Borel set.

(b) If f M — N* is a Borel function and g is defined as g(z) =
Yome1 [z +n), x € R, show that [ g{x)du(z) < coiff f =0
p-alinost everywhere, where 2 is the Lebesgue measure on R, Give
an example to show that ” almost everwhere” cannot be omitted here.

3. Let f(z,y) = e~ cog 2, 0< 2 <0<y < oo, Using the elementary
result fom e PYdL = %\/3;; B > 0, justify the steps and complete the
following evaluation:

) o fo7 Flzw) dyde = 57 [ f(z,y) de dy, @ > 0, (dz and dy are
Lebesgue measure).

(b) JOa f[} f (=, '.fj) dydz = AC f“‘ cosa:d,r:

{c) Using integration by parts, show that [}’ f (z,y) dz = }—j_% (1 — e ¢os o:) +

e—ay2 sin o
ity

. oo pa 2 ’

(d) limg—o fy fy flzy) dzdy = f0°° TEady = 171'\[ 2 (You may use
the elementary fact that [ -3 e ,,dy = 1\/—ln —11—!’\/-—-—%%+ v2arctan (v/2y -+ 1)+
3V2erctan (V3y — 1) + C).




(e) Deduce that [j~ O dy = £v/2\/, even though 222 is ot Lebesgue

integrable on f.

. Give an example of a Lebesgue integrable function that is not Riemann
integrable. Work out the details!

. A function f is said to satisfy a Lipschitz condition on an interval a, b],
if there is a constant M such that |f(z) — f{y)| < M|z — gyl forall z,y €
[a, 0] .

(a) Show that a function satisfying a Lipschitz condition is absolutely
continuous.

(b) Show that an absolutely continuous function f satisfies a Lipschitz
condition if and only if |f| is bounded.

¢) Prove or give a counterexample: f satisfies a Lipschitz condition if
g p
one of its derivatives (say D7) is bounded.

. Let £°° be the space of all bounded sequences of real numbers. For (£,), .,
define -

H(é)nal”m = i‘;li |€,01
Show directly from the definitions that £*° is a Banach space.
. Let
S={f € L°(R): |f(s)] < 1/(1+2%)}

Which of the following statements is true? Prove your answers!

(a) The closure of & is compact in L°(R) with its norm topology.

{(b) S is closed in the L™ (R} with its norm topology.

(¢) The closure of S in the weak-* topology is compact in that topology.
(Hint: recall that L®(R) = LI(R)*.)

. State and prove the Radon-Nikodym theorem.

. Prove the Lebesgue Decomposition Theorem: if x4 and v are o-finite mea-
sures on the measurable space (X, A, ), then we can find measures v/, v,
with v == vy + 11, vo L pt, and vy < p. (Hind: use the Radon-Nikodym
theorem and consider the measure A = p+v.)




Real Analysis
Syllabus for the Qualifying Examination

1. Undergraduate material

1o

(=)
(b)

(c)
(d)
(e)
(f)
(g)

R and R™

Basic topology: compact and connected sets, convergent sequences, Cauchy se-
quences, metric space completion

Sequences and series - numerical

Continuity

Differentiation

Riemann integral

Sequences and series of functions, uniform convergence

Fourier series (chapter 8 in ref. (d))

Several variables: differentiation, inverse and implicit function theorem, Stokes the-
orem

Stone-Weierstrass theorem

Arzela-Ascoli theorem

Measure theory

(a)
(b)
(¢)
(d)

(e)
()

(h)

(a)
(b)

()

Abstract measures, Borel measures, and their properties

Measurable and p-measurable functions

Constructive measure theory: outer measures, Caratheodory extension, Lebesgue
and Lebesgue-Stieltjes measure, completion and unigueness, B C# £ C# P(R)
Integration: abstract Lebesgue integral, convergence theorems - dominated conver-

gence, monotone convergence, Fatou’s lemma.

Special examples: Cantor sets, Cantor functions, distribution functions

Convergence relations and examples: ae, unif, a.un, measure, mean COIVErgences;

Egorofi’s theorem: Lusin’s theorem; Littlewood’s 3-principles

Relation of Lebesgue integral to Riemann integral, characterization of Riemann
mtegrable functions

Fubini theorem (without proof)

. Functional Analysis

Lebesgue spaces: Jensen, Minkowski, Holder inequalities; completeness {Riesz-
Fisher); density theorems

Banach spaces: standard examples, bounded linear operators and functionals, du-
ality

The three basic principles: Hahn-Banach theorem, Baire category theorem, uniform



boundedness theorem, open mapping theorem/closed graph theorem
(d) Geometry: second dual, quotients, adjoints, direct sums, projections
(e) Radon-Nikodym theorem: decompositions - Hahn, Jordan, Lebesgue; Radon-Nikodym

theorem; characterization of dual of L?: fundamental theorem of calculus; change
of variables formula

(f) Regular Borel measures and the dual of C[a, b]
(g) Hilbert spaces: characterization of inner product, orthonormal bases - Parseval and

Bessel theorems, orthogenal projections, representation of the dual, Fourier series

4. References

(a) W. Rudin, Real and Complex Analysis

(b) H. Royden, Real Analysis

(c) E. Hewitt & K. Stromberg, Real and Abstract Analysis

{d} W. Rudin, Principles of Mathematical Analysis 3d. ed., (undergraduate material)
(e) T. Apostol, Mathematical Analysis (undergraduate material)

RV}



Ph.D. Qualifying Examination (Real Analysis)

November 18, 2000

Prelude: There are three sections in this examination. Group I covers Undergraduate material
(Advanced Calculus), while Groups IT and III cover Graduate material (Measure Theory and
Integration, along with Functional Analysis). The test consists of a total of 10 problems to be
selected as follows:

Please do 3 problems from Group I, 4 problems from Group 1, and 3 problems from Group I
{Each problem is weighted equally. No extra-credit will be given for any additional problem
attempted beyond these 10 problems.) Please always justify your answers. Also, please indicate
ot the beginning of the text which problems you have selected in each group. Good luck!

GROUP I

a) Give the definition of a connected set in Fuclidean space R".

(
{b) Show that if C C R™ is connected, then any continuous function f : ' — Z is constant.
{Here, Z = {0,£1,4£2,-- - } denotes the set of integers.) Is the converse true?

(

a) Let f(z) = ||z|, for z € R, where ||z|| = (3 5_, #2)'/? denotes the Euclidean length of
z = (z1,...,2,) € R*. Compute f'(z), the differential of f at x, whenever it exists. If f'(x)
does not exist for some z, explain why.

(b) Answer the same questions as in {(a) for the function f(z) = ||z]|?, for T € R".

3. Let {(z) = > o n ® forz > 1.
{a) Show that this series of functions is uniformly convergent on (a, +00), for every a > 1.
{(b) Show that { is continuous on (1, +00).

4, {a) Give an example of a sequence of real-valued functions {f,} which converges pointwise
but not uniformly on [0, 1].

{(b) Give an example of a series of differentiable functions Y >°  f, which converges uniformly
on [0, 1] but such that there exists zq in [0, 1] at which the series of derivatives >~ | f!(zg)
does not converge.

5. (a) State (without proof} the Stone-Welerstrass Theorem (for real-valued functions).

(b) Show that the algebra (of real-valued functions) generated by the set {1,z%} is dense in
C0, 1] but is not dense in C[—1, 1]. (Here, C(I} denotes the space of real-valued continuous
functions on 7 and is equipped with the topology of uniform convergence.}




GROUP II

6. Let F be a Banach space and let L{F) denote the space of bounded linear operators from
E to itself, equipped with its usual norm. Show that L(F) is a Banach space (that is, show
that L(E) is complete for its natural metric).

Fit) = f"o sin(z2t) J

oo 1A a?

7. Show that

is well-defined and continuous on R.
8. Show that every nondecreasing function f: R — R is Borel measurable.

9. Let (X, A, ) be a measure space and f : X — R be a measurable function. Let ¢ € [0,1]

" 1 4 1-4
and p, g, s be three strictly positive aumbers such that — = -~ + ~——.

§ P q
Show that

11l < WAl 1Al
(Here, for example, || f||, denotes the LP-norm of f.)

Please note: You are allowed to use a well-known inequality.

10. Show that the normed space L?[0, 1] is separable but that L>[0,1] is not.

(Recall that a metric space is separable if it contains a dense and at most countable subset.
Further, here, for example, L*[0, 1] is equipped with Lebesgue measure on [0, 1].)

11. Show that any Borel measure ;7 on R which is translation invariant and such that p([0,1})) =1
must coincide with Lebesgue measure on R. '

(Recall that u is translation invariant if u(e + B) = p(B), for every a € R and Borel set
BCR wherea+B={a+z:2¢€ B}.)

12. Let (E,|| - ||) be a normed linear space and let T : £ — E be a linear map. Show that the
following statements are equivalent:

(i) T is continuous.

(ii) T is continuous at 0.

(iii) 7 is bounded; i.e., there exists C' > 0 such that

Tz|| < Cllz||, forallz € E.



13.
14,

15.

16.

17.

18.

GROUP III

State precisely and sketch the proof of the Baire Category Theorem.

State precisely and sketch the proof of the Hahn-Banach Theorem.

State precisely Lebesgue’s Dominated Convergence Theorem (but do not sketch its proof).
(iive an example showing that if the dominating condition is not satisfied, then the conclusion
of the theorem does not hold.

Given 1 < p < oo, show that L¥(R), equipped with its usual metric (and with Lebesgue
measure), is complete.

Let H be a real Hilbert space. Show that its dual H’ is isomorphic to H. (Here, H’ denotes
the space of continuous linear functionals on H.)

| Advice: Justify precisely your answer.]

(a) State (without proof) the Closed Graph Theorem and the Open Mapping Theorem.
(b) Assuming the Open Mapping Theorem, deduce the Closed Graph Theorem.
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Ph.D. Qualifying Exam (Real Analysis)
September 25, 1999

Directions: Please do all 15 (equally weighted) problems.

1. Show that a (scalar-valued) continuous function on the interval {0, 1] is neces-
sarily uniformly continuous.

2. Give an example where the integral and sum of an infinite sequence of continuous
fimctions cannot be interchanged. State (without proof) a theorem guaranteeing
that this interchange can be carried out.

3. Describe the Cantor (ternary) set C via “removing middle thirds” and show
that C' is uncountable and has measure 0.

4. Prove or disprove the following statement:

A real-valued continuous function on the interval [0, 1] that is differentiable with
derivative = 0 everywhere except on a set of (one-dimensional) measure zero is
necessarily constant.

5. Given a Banach space X, denote by £{X) the space of bounded linear operators
from X to itself, equipped with its usual norm, and let G denote the set of invertible
elements in £(X).

(a) Show that if A € £{X) and ||4| < 1, then I — A € G; further, compute
(I—A)~1

(b) Show that G is an open subset of £(X) and that the map ¢ : G — G defined
by ¢{Q) = @~! is continuous.

6. Sketch the proof of the Hahn-Banach Theorem. [Advice: You should explain
the basic steps involved in the proof, but you do not need to provide every technical
detail.]

7. State and prove the Baire Category Theorem. Moreover, give at least one
significant application of this theorem in real or in functional analysis.

8. If {f.} is & sequence of pointwise bounded functions on [a, b], show that there
exists a subsequence of {f,,} which converges on a dense subset of [a,b]. (Assume
that the functions are R¥-valued.)

9. Let X be any compact subset of R containing an interval (of positive length).
Is it possible that {f € C(X) : |f(z)| €1, Yz € X} is a compact subset of C(X)?
Prove your assertion.

10. State Fatouw’s Lemma. Prove the Lebesgue Dominated Convergence Theorem
using Fatou’s Lemina.

Typeset by Ap45-TrX
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11. State the Fundamental Theorem of Calculus (FTOC) (relating a function #
to the integral of its derivative) in its most general form, stating the necessary and
sufficient condition {C) that F must satisfy in order that the theorem hold. Finally,
consider F'(z) = |z| on R. Illustrate the truth or falsity of the FTOC in this case;
i.e., show that F(z) either does or does not satisfy C and also that F(z) does or
does not satisfy the statement of the FTOC.

12. Let L' be the Banach space of Lebesgue integrable functions on {0, 1]. Let F
be a bounded linear functional on L'. Prove that there is a bounded measurable
function g so that F(f) = fDI fx)g(z)dz, f € L'. (You may use properties of
absolutely continuous functions, density of step functions, etc. You may NOT use
the fact that the dual space of L! is L®.)

13. Let f : R® — R be a differentiable function that is homogeneous of order & (i.e.,
FOB1, oy AZp) = Mo f(z1, .., Z0), YA € R). Show that 15 + -+ Tnpee =k f
(ie., & (&) = k [(D)).

14. Let f: R® — R be a differentable function. Define the directional derivative
of f (at Z) in the direction of the unit vector # € R™. Show that this derivative has
maximum modulus when v is in the direction of the gradient (f') of f.

15. Let f(z) be a continuous function from {a, b] into itself.

(a) Prove from basic principles that f(zo) = z¢ for some zq € [a, b].

(b) Assume in addition that the derivative f’ exists on (g, b) and that |f'(z)} < o,
for some 0 < & < 1. Prove that the fixed point zg is unique and state and prove
an algorithm for finding zg.



Real Analysis
Qualifying Examination
October 21, 1998

Prelude: there are three sections in this examination: Group I covers Advanced
Calculus; Group II covers Measure Theory & Integration; Group III covers Functional
Analysis. Please do 3 problems from Group I, 4 problems from Group II, and 3
problems from Group III.

GROUP I

1. Let X be a compact topological space. Suppose that f : X — R has the

property that {z{f(z) > a} is closed for each a € R. Prove that f is bounded above
and that it attains its least upper bound.

2. Let f be a continuous function on {0, 1] such that
1
/0 ' flz)dz =0, foralln=10,1,2,...

Show that f(z} =0 for all z € [0,1].

3. Let oo
cosnxr
flz)y=> (=1 ~—, z€R
n=0

At which points is f well-defined? At which points is it continuous?

4. Let f:[0,1] x R — R be a continuously differentiable function. Define for
te(0,1]]and n=1,2,3, ..

() = e
bar(t) = wn(t) + [ (6 pa(0)at

Show that the sequence (y,) converges uniformly to a continuous function on [0, 1].
HINT: Use the Cauchy criterion.

5. State the Inverse Function Theorem for functions from R" into R"™. What
conclusion can drawn from this theorem about the function f(z,y) = (z +y,z* — )
near the point (0,0) in R??

6. Show that the series S; = %2, ng" and S, = .°°, n®g™ are uniformly conver-
n=1 q

n=1

gent for 0 < ¢ < 1. Show that S5} = q(1 — g)~2. Using this find a similar expression

for S,. \C"\\M LB

7. Let X be a compact subset of R containing an interval of positive length.Is it
possible that {f € C(X)| |f(z)] € 1,forall z € X} is a compact subset of C(X)?
Prove your assertion. Here C(X) is the space of continuous functions on X.

1




GROUP 11

8. Prove or give a counterexample: Let (f,) be a sequence of real-valued Lebesgue

integrable functions on [0, 1] equipped with Lebesgue measure. If f, > Oand [§ fo(z)dz >

1foralln=1,2,...and if f, — f almost everywhere, then [ f(z)dz > 1.

9. Fix a measure space {{,Z, ). Assume that f € L7(Q, 3, p) for some 0 <

r < co. Show that limp o | fllp = || fllee. (Note the right hand side may be finite or
infinite.)

10. Suppose that the sequence of real-valued functions (f,) converges to f in L}
on {0, 1} equipped with Lebesgue measure and that f, converges to g pointwise almost
everywhere. Show that f =g a.e.

11. Prove or disprove: Every Lebesgue integrable function on R tends pointwise
to 0 at infinity.

12. Show that every complex measure has a unique decomposition as the sum of
a discrete measure and a continuous measure.

13. Show that for all » > 0 it is true that

./000(/01' e~V sin zdz)dy = ]Gr(f:o e~V sin zdy)dz

Use this to show that

0 gin x Var

P lir =Y

0 VZ 2

Note: Some useful integrals are given below in the postscript.

14. Prove that if (X, %, 4) and (Y, T,v) are measure spaces, then there exists a
measure 7 on £ X T such that

m(A x B) = u(A)v(B)

for A€ ¥ and B € T. Moreover, show that if both measure spaces are o-finite then
7 is unique.

15. Find the linear function f(z) = A 4+ Bz with A, B real such that

1 1
2 2 2 2
/0 |z* = f(z)|*dz Sfo |z* — (a + bz)|*dz
for all real a,b.

16. Let (R, B, 1) be Lebesgue measure on the Borel sets of Euclidean n-space.
If T : R® — R™ is the shift operator defined by (T f)(z) = f{z + =) for a fixed
x5 € R®, verify that, for each p-integrable f, Tf is measurable and p-integrable and
that fra fdu = [pe(Tf)dp.

0.L.




GROUP III

17. Prove or disprove:
(i) The dual space of L'(R) is L*(R).
(ii) The dual space of L*(R) is L'(R).

18. Let (Q,X, ) be a finite measure space. Fix 1 < p < oo and define the
conjugate exponent of p to be g such that 11—, + % = 1. Show that the dual space of
L?(u) is isometrically isomorphic to L?(y).

19. Show that the canonical injection of a Banach space X into its second dual
X** is an isometric isomorphism of X onto a subspace of X**. Give two examples of
infinite-dimensional Banach spaces: one for which the range of the injection is onto
all of X** and one for which it is not.

20. Let X be a linear space which is a Banach space under each of the norms
Il 1l1, I - la- If there is a positive constant A such that |jz{]; < Allz||; for all z € X,
prove that there is a positive constant B such that ||z|js < Blz||, for all z € X.

21. I vy,...,v, is a vector space basis of a subspace V of the Hilbert space H
and if f € H, then describe in terms of f,v,...,v, the point in V nearest to f.

22. If v,...,v, I8 a vector space basis of a subspace V' of the Banach space
X and if f € X, describe in terms of f,v;,...,v, a point in V nearest to f (via a
Hahn-Banach separating functional hsy € X*). In the special case that X = L?[0, 1],
1 < p < oo, show the exact form of h;y.

23. Show that the space I® of all bounded sequences of real numbers is a Banach
space when equipped with supremum norm.

Postscript: here are three integrals (two indefinite and one definite) that may be
of use in the second part of problem 13.

/e““ sin tdt = _asint+cost _,

1+ a2
1 1 2 2
dy4= [In( +y\/—+'g + 2 arctan y\/i
L+yt 42 1—yv2 492 -y
fme_“d'u,=ﬁ
0 2



Real Analysis Qualifying Exam
October 17, 1997

Note: Part A is advanced calculus, and students should attempt three questions
from this part.

Part B and Part C are on measure theory and functional analysis. Students

should attempt 3 problems from one and four problems from the other of Parts B
and C. Thus the test is for 10 problems in all with a lot of choice.

GROUP 1

(7]

. Let f:[0,1] — R be a continuous, but not necessarily differentiable, func-

tion. Show that it attains a maximum at some point of the closed umit
interval.

. Hfan, = aasn - o0 (an,a € R) show that lim (1 + 2=)" = e by first

n=—rCo
establishing that lin% k};ﬂ?’—m) =1 and then using it.
T—

. State the Inverse Function Theorem for functions from R” into R". What

conclusion can be drawn from this theorem about the function f(z,y) =
(z + y,z* — y) near the point (0,0) in R2?

Prove or give a counterexample: the set R of real numbers with its usual
topology is a union of nowhere dense subsets.

Prove that if X and ¥ are topological spaces, f: X — Y is continuous, and
K C X is compact, then f(K) CY is compact.

GROUP I1I

. Verify the truth of the following statements:

There is a o-algebra of [0, 1} such that a continuous real valued function on
[0,1] is not measurable.

There is a o-algebra of [0, 1] such that every real valued function on {0, 1] is
measurable.

The class of all pointwise limits of sequences of real continuous functions

on R is called the first Baire class. Show that ecach Baire class function is
Borel measurable on R.

J.E. Littlewood (1944) stated in intuitive language three principles for func-
tions of a real variable:

Tuonecat hir 4 S ToX




(1)
(1)
(i)

a)

b)

c)
9.

10.

11.

12,

13.

14.

15.

186.

Every measurable set is nearly a finite union of intervals.
Every measurable function is nearly continuous.

Every convergent sequence of functions is nearly uniformly convergent.

For each of these principles state a theorem which makes the intuition pre-
cise.

Which of these theorems depend on the fact that it’s really Lebesgue mea-
sure that is being discussed? Which depend on the fact that the measure
space is finite?

Prove one of the theorems given in (a).

Show that every complex measure has a unique decomposition as the sum
of a discrete measure and a continuous measure.

Prove or give a counterexample: if E; C X are measurable subsets of a
measure space X and F; C F;., for all 1 then

W(UE) = lim u(Ey).

Prove the Lebesgue Decomposition Theorem: if i and v are o-finite mea-
sures on the measurable space (X, A, 1), then we can find measures vg, 11

with v = vo + v1, o L 4, and v; < u. (Hint: use the Radon-Nikodym
theorem and counsider the measure A = p + v.)

GROUP III

If LP(0, 1) is the Lebesgue space on the unit interval with Lebesgue measure,
show that L?(0,1) is dense in L'(0,1). Using this and the Bessel inequality
in L?(0,1) or otherwise, show that for any f € L'(0,1) the numbers a, =
fol et f(t)dt — 0 as n — oo.

Let u, v be the Lebesgue measure and the counting measure (i.e., v(A) = #
points in A) on [0,1]. Verify that p << v (i.e., p is absolutely continuous
relative to ) but not conversely. Give reasons why there does not exist a
measurable function f such that p(A) = [, fdv (i.e., ‘;—‘: does not exist}.

Prove or disprove: (i) The dual space of L!(R) is Z®(R). (ii) The dual

space of L*(R) is L}{R).

Let X be a linear space which is a Banach space under each of the norms
i {1, i} - {|2- If there is a positive constant A such that ||z||, < Al|z|j2 for all

r € X, prove that there is a positive constant B such that ||z{]z < Bllzt
forallz e X.

Prove or give a counterexample: if X is a measure space and f,g € L*(X)
then fg e L'(X).




3

17. Prove or disprove: finite linear combinations of the functions {e_-a‘“‘”"’2 tn>o
are dense in C[0, 1] with its usual norm topology.




Real Analysis
Qualifying Examination
October 19, 1996

There are three groups of problems in this examination. Group I covers advanced
calculus, Group II covers measure theory and integration, and Group III covers func-

tional analysis. Please do 3 problems from Group I, 4 problems from Group II, and
3 problems from Group III.

GROUP 1

1. Prove that the series >~ | < diverges.

2. Suppose that f:R — R is continuous and lim,_.—_, f{z) = +20. Using the fact
that every Cauchy sequence in R converges, show that f attains a minimum value.

3. Suppose f:R — R is one-to-one and onto, and let f~! denote the inverse
function — not the reciprocal!

(a) If f is continuous. is f~! necessarily continuous? Give a proof or counterex-
ampie.

(b) If f is differentiable. is f~' necessarily differentiable? Give a proof or coun-
terexample.

4. Determine the radius of convergence of the series f(z) = .00 <

o ol Prove
. n=0 (2a)!
that within the radius of convergence. f"(z) = f(z).

5. Prove that there is no value of & such that the equation z° — 3z — & = 0 has
two distinct roots in {0. 1]
6. Find

lim sin(nz)

n—00

where lim denotes the limit superior (or ‘lim sup’). Prove vour answer is true.




GROUP 11

1. J. E. Littlewood stated in intuitive language three basic principles for functions of
a real variable:

e i) Every measurable set is nearly a finite union of intervals.
e ii} Every measurable function is nearly continuous.
e iii} Every convergent sequence of functions is nearly uniformly convergent.

a) For each of these principles state a theorem that makes the intuition precise.
b) State two more theorems that make some of Littlewood’s principles precise in
different ways, again for functions of a real variable.

2. Suppose that f,: X — R is a sequence of measurable functions on a o-finite

measure space .X. and suppose that f, — 0 in the L? and L* norms.
a) Does f, — 0 in the L' norm? Prove or give a counterexample.
b) Does f, — 0 in the L* norm? Prove or give a counterexample.
c) Does f, — 0 in the L° norm? Prove or give a counterexample.

3. Describe a function f:[0,1] — R that is Lebesgue integrable but not Riemann
integrable. Prove it is not Riemann integrable and compute its Lebesgue integral.

4. Define an uncountable measurable subset of {0, 1] having measure zero and
prove it has both of these properties.

5. Suppose u is a measure on a space .X and suppose f,:.X — R are nonnegative
measurable functions with f, ., < f,. Prove the following claim or give a counterex-

ample:
/ limf, dp = iLm_/ fadp.
b's X

6. State the Monotone Convergence Theorem and Fatou's Lemma. and use the
second to prove the first.

7. Describe a measurable function f:R? - R such that:
e for all . f(z,y) is an integrable function of y
e for all ¥, f(z.y) is an integrable function of z
e the function | f(z.y)dy is an integrable function of =
o the function [ f(z.y)dz is an integrable function of y

o [([ flz.yydeydy # [([ flz.y)dy) dz.

{All integrals here are from —>¢ to +ac. with respect to Lebesgue measure. )




GROUP IiI

1. Let L{X) be the space of bounded linear operators on the Banach space X,
and suppose T € L{X) has ||T|| < 1.

(a) Show that > .. , 7" converges in the norm topology on L{X) to some operator
S € L(X). Show this operator satisfies S{1 — 7) = (1 — I')S = 1, where 1 denotes
the identity operator on X.

(b} Give another proof that 1 — T has a bounded inverse.

2. Suppose that H is a complex Hilbert space and L € H is an arbitrary subspace.
Show that (L+)* is the closure of L.

3. Use the Open Mapping Theorem to show that if the vector space V' is complete
in both of the norms || - {|; and || - {l2, then there are constants ¢, C' > 0 such that

cllully < {lvll < C < vl
for all v € V. State the Closed Graph Theorem and use the above result to prove it.

4. Let Cx(R) be the space of continuous functions f:R — R with
limzoz flz} = 0.

(a) Show that C'w.(R) is'a Banach space when equipped with the the sup norm.
(b) Let L C Cw(R) be the subspace consisting of functions supported on a com-

pact set. [s L dense in C(R)? Prove or disprove.

5. Let L be the space of finite real linear combinations of functions on |0. 1] of the
form sin{nz). cos(nz”) for n € Z. Is L dense in €0, 1]? Prove or disprove.

6. State and prove some version of the Hahn-Banach theorem.




Real Analysis
Qualifying Examination
September 20, 1995

Prelude: there are three sections in this examination: Group I covers Advanced
Calculus; Group II covers Measure Theory & Integration; Group III covers Functional

Analysis. Please do 3 problems from Group I, 4 problems from Group II, and 3
problems from Group III

GROUP I

1. Prove that a real-valued continuous function on a bounded closed real interval
attains a maximum value.

2. Let f be a continuous function on [0, 1] such that

1
/0 " f(z)dz =0, foralln=0,1,2, ..

Show that f{z) =0 for all z € [0, 1].
3. Let

f@) =Y (-1)===, seR

n==0

At which points is f well-defined? At which points is it continuous?

4. Let f:[0,1] x R — R be a continnously differentiable function. Define for
te0,1land n=1,2,3, ...

wlt) = e
bn(t) = yalt) + [ 56, va(0))d

Show that the sequence (y,) converges uniformly to a continuous function on [0, 1].
HINT: Use the Cauchy criterion.

5. State the Inverse Function Theorem for functions from R” into R". What
conclusion can drawn from this theorem about the function f(z,y) = {z +v,2* —y)
near the point (0,0) in R2?

6. Show that the series S} = .22, ng™ and S; = 22, n®¢™ are uniformly conver-

gent for 0 < ¢ < 1. Show that S} = ¢(1 — ¢q)~2. Using this find a similar expression
for Sg.

7. State the Arzela-Ascoli Theorem. Give reasons why this theorem does, or does
not, apply to three following collections of functions:

(i) Ay z{fn: fn(x):i:“n? n 21, IE[O,I}},



(i) Ag ={fa: falz)=2", n>21, z€[0,1]},
(iii) A3 = {frn: falz)=00+(z+n)*), n>1, ze 0,0}

GROUP 11

8. J.E. Littlewood (1944) stated in intuitive language three principles for functions
of a real variable:

o (i) Every measurable set is nearly a finite union of intervals.
e (ii) Every measurable function is nearly continuous.

e (iii) Every convergent sequence of functions is nearly uniformly convergent.

o a) For each of these principles state a theorem which makes the intuition precise.

e b) Which of these theorems depend on the fact that it’s really Lebesgue measure

that is being discussed? Which depend on the fact that the measure space is
finite?

s ¢} Prove one of the theorems given in (a).

9. Fix a measure space (2,2, u). Assume that f € L7(Q,Z, u) for some 0 <

r < co. Show that limy o || fll; = || fllee. (Note the right hand side may be finite or
infinite.)

10. Fix two positive measure spaces (€2, 2, u) and (0, 2", u) . Let f: Q = C, g:
' — C. Suppose that f(w) = g{w') a.e.[p® p']. Show that there is a constant a € C
such that f(w) = a a.e.[y] and g(w') = a a.ey].

11. Prove or disprove: Every Lebesgue integrable function on R tends pointwise
to 0 at infinity.

12. Show that every complex measure has a unique decomposition as the sum of
a discrete measure and a continuous measure.

13. Show that for all r > ( it is ttue that

]w(/r e~V sinzdz)dy = fr([m e~ sin zdy)dz
o Jo o Jo

Use this to show that

® ging _ \/ﬁ

0 ﬁdm_ 2

Note: Some useful integrals are given below in the postscript.

[ A]



14. Prove that if (X, %, u) and (Y, T, ) are measure spaces, then there exists a
measure 7 on 2 X [ such that

m(A x B) = u(A)v(B)

for A e ¥ and B € T. Moreover, show that if both measure spaces are o-finite then
7T i$ unique.

15. Construct a non-negative mass-one continuous measure p on [0, 1] such that
the pointwise derivative Du(z) has value 0 for A-almost all z.

16. Let (R™, B, ) be Lebesgue measure on the Borel sets of Euclidean n-space.
If T : R® — R” is the shift operator defined by (Tf)(z) = f(z + z;) for a fixed
zq € R®, verify that, for each p-integrable f, Tf is measurable and p-integrable and
that [pa fdp = [ga(TS)dp.

GROUP III

17. Prove or disprove:
(i) The dual space of LY{R) is L®(R).
(i) The dual space of L¥(R) is L'(R).

18. Let (Q,Z,u) be a finite measure space. Fix 1 < p < oo and define the
conjugate exponent of p to be ¢ such that i é = 1. Show that the dual space of
LP(u) is isometrically isomorphic to L#{u).

19. Show that the canonical injection of a Banach space X into its second dual
X** is an isometric isomorphism of X onto a subspace of X**. Give two examples of

infinite-dimensional Banach spaces: one for which the range of the injection is onto
all of X** and one for which it is not.

20. Let X be a linear space which is a Banach space under each of the norms
- i1, || - fl2- If there is a positive constant A such that ||z|; < Aljz|lz for all z € X,
prove that there is a positive constant B such that ||z||; < Bl|z||; for all z € X.

21. Let L{&X) be the space of bounded linear operators on the Banach space A
and let T € L(X).
(a) Show that if {|T|] < 1, then / — T is invertible with bounded inverse.

{b) Deduce from (the proof of) part (a) that the group of invertible elements of L{X)
is an open set in £(X) (equipped with the operator norm topology).

22. Let C be a closed convex set in an Hilbert space H. Show that, given any
z € H, there exists a unique closest element to x in C (i.e. a point ¢ € C such that
lz — ]l = infyec 2 — yl).
HINT: Use the parallelogram inequality.

23. Show that the space [ of all bounded sequences of real numbers is a Banach

3



space when equipped with supremum norm.

Postscript: here are three integrals (two indefinite and one definite) that may be
of use in the second part of problem 13.

/e‘“‘sintdt _ _asint+cost _
1+02

L. 4\1/_ [m(”yﬁﬂz) + 2arctan (1""‘/5 ”

1+ 94 1—yv2+92 ~ y?

2
]m e ¥ dy = ﬁ
0 2

[314




Real Analysis Qualifying Exam
March 12, 1994

Instructions. Do 3 problems from Group I {problems 1-5), do 4 problems from

Group II {problems 6-11) and do 3 problems from Group III (problems 12-16).



Qualifying Exam in Real Analysis
September 1993

Do as many problems as you can. Problems (1) through (4) cover undergrad-
uate material and problems, (5) through (12) cover graduate level material. The
problems covering graduate level material will be given more weight.

(1)

(2)

(3)

(4)

(3)

a) Prove that if f,, n = 1,2,..., is a real continuous function on the interval
[0,1) = {z: 0 € z € 1} and the sequence {f,} converges uniformly to the
function f on [0,1], then f is continuous on {0.1].

0 .
b) Show that the series 3 -S-m—i:ﬂ converges to a continuous function on

(0, 1]. "

Let F denote the family of functions on the interval 0 < z < 1 of the form

oo
flz) = 3 a, sin(nz) where a, is real and |a,| < 1/n®. State a general
n=1

theorem and then use the theorem to show that any sequence in F has a
subsequence that converges uniformly on the interval 0 < z < 1.

a) State the inverse function Theorem for functions from R" into R".
b) State and verify a conclusion that can be drawn from this theorem
about the function f(z,y) = (z +v,2* — y) near the point (0,0) in R%.

a) Let f be a real valued function on the interval ¢ < z < b. Prove the
Riemann-Lebesgue lemma under the following assumptions:

i) f is continuous; ii) f is Lebesgue integrable. The Riemann-Lebesgue
lemma states:

b) Give an application of the Riemann-Lebesgue lemma (and its obvious
counterpart) to the theory of Fourier series.

Suppose that A is a bounded linear operator on a Hilbert space such that
p(A)|| < Csup{|p(2)[: z complex, iz| =1}
for all polynomials p with complex coefficients, where C is a constant in-

dependent of p. Show that to each pair z and y in the Hilbert space there

corresponds a complex Borel measure g on the circle, {z : {z| = 1}, such
that

(/Tq":c,y) = /z“d,u(z), forn=20,1,2,...
Hint. Use the Hahn-Banach and Riesz representation Theorems.

1



[R%]

{(6) Suppose that p is a finite positive measure, ¢ is a bounded linear functional

(M

(8)

@)

(10)

(11)

(12)

on LP(u), 1 < p < o0, and ¢ is positive (o(f} > 0, if f > 0). Show that
@ is represented by a positive function in L?(y), ;T-!- -;- = 1. Hint. Use
the Radon-Nikodym Theorem. Don’t use a Riesz representation Theorem
of which this is a special case.

Let Y = {a+ bz : a,b complex} and regard Y as a subspace of L?{0, 1]
(with Lebesgue measure). Find the function in Y which is nearest to the
function f(z) = z? in the complex Hilbert space L2[0,1].

Let Flz) = [} e (—’;‘,-r%‘i) dt, © > 0. Prove that F is infinitely differ-
entiable on 0 € z < +00 and compute its n-th derivative for every n > 1.

Let f : R® — R be a Borel measurable function. Assume that for every ball

Bin R?, f is Lebesgue integrable on B and [ f(z)dz = 0. What can you
deduce about f? Justifv carefully your answer.

Let f € LP(R) and g € LI(R) where %—-}-;— =1, with 1 < p € co. Define
f*g by

(f * g)(=) = fR f(z — )g(w)dy.

Prove that f * g is uniformly continuous on R.

Let f:[0,1] — [0,1] be a continuous function. Show that the graph of f
has zero (two-dimensional) Lebesgue measure.

Prove that Lebesgue measure is the unique (prove only uniqueness) trans-
lation invariant positive measure on the Borel sets of the reals such that
#([0,1]) = 1. (The measure u is said to be translation-invariant if p(A+z) =
u{A) for all real numbers z and all Borel sets A, where A 4 = denotes the
set {a+z: a€ A})



Mathematics 209ABC: Real Analysis
Qualifying Examination 1991-92 June 10,

Prelude: If is unlikely that you will get to do all of these problems in the allotted

three hours. Consequently, you should choose the ones you do work on with some
care.

1. Define
e a) variation of a complex measure

¢ b) complete orthonormal set in a Hilbert space

e c) outer measure
¢ d) normed linear space
e e) orthogonal projection on a Hilbert space

2. J.E. Littlewood (1944) stated in intuitive language three principles for func-
tions of a real variable:

¢ (i} Every measurable set is nearly a finite union of intervals.
¢ (ii) Every measurable function is nearly continuous.

o (iii) Every convergent sequence is nearly uniformly convergent.

o a) For each of these principles state a theorem which makes the intuition
precise. '

o b) Which of these theorems depend on the fact that it’s really Lebesgue mea-

sure on the line that is being discussed? Which depend on the fact that the
measure space is finite?

¢ c) Prove one of the theorems given in (a).
3. Let (f2,Z,u) be a finite measure space. Fix 1 < p < co and define the

conjugate exponent of p to be ¢ such that % + % = 1. Show that the dual space of
LP(p) is isometrically isomorphic to L7{yu).

4. Show that for all r > 0 it is true that

o T 2 r oo 2,
/ (/ e~ sin zdz}dy =f (] e~V sinzdy)dz
o Jo 2 Jo

Use this to show that

0 sin T 2

dr =

o Vz 2

- Note: Some useful integrals are given below in the postscript.

1992
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Ph.D. QUALIFIER EXAM IN REAL ANALYSIS, June 20, 1990, (1:00-4:00 p-m.}

[Maximum: 100]

1. Let (2,%) be a measurable space and p : & — IRt be additive. If A4; €
T,t=1,2....,n, show that

u{ UA.-) = Zp(A.-) - Z p{A;i N Aj) +

=1 1<i<j<n

n
(A0 Az 0 Ag) + oo+ (-1 () 44)
14ig<ji<k<n i=1

k ! n
If u( ) Ai) = [(n—kN}/n!, 1<k<n,evaluate u( U 4. (20)
=1 1=1
2. Let f.g be a pair of real functions on the line R such that f is continuous
and g(z) = z? if x=integer, = 0 otherwise. Show that fog: JR —» IR is a Borel

function. (15

3. if (,T, ) is a finite measure space, p > 1 and -I;-k- -:; = 1, show, with the
uniform boundedness principle, that fg € L!(u) forall g € L¥(u) implies f € LP(p).

[This is sometimes called the inverse Holder inequality.] (20)

4. If (Q,Z, u) is a finite measure space, indicate relationships between uniform
convergence, almost uniform convergence, almost everywhere convergence, and con-
vergence in L?(u)- mean (1 £ p < o0). Provide a proof or a counterexample for the

statement: almost everywhere convergence == convergence in L!(u)-mean. (20)

5. Let X be a Banach space, X*, X¥** be its first and second adjoint spaces.

Show that the canonical injection X «— X*° given by z ——— z** where "% (z") =

z*(z) for all z* € A" is an isometry. (15)




6. Let (2,2, 1) be a measure spaceand 0 < f € L' (y). If v (4) = ffdu , A€
A

L, show that i << vy and find d—df;- if it exists. (15)

7. Let Q = IR, F : Q) —+ € be a bounded continuous function. If g is the

Lebesgue measure on §, f,g € L(u), let
fo) = [ Feniwiu) 56 = [ Fensmiu)
Q
Show that f and § exist and satisfy

ffgdu=ffgdu.
Q Q

Justify your steps and give an example of an F(-) for which the above hypothe-
ses hold. (20)
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