
UCR Math Department Topology Qualifying Exam

September 2022

• There are three parts in this exam and each part has three problems. You should
complete two (and only two) problems of your choice in each part. Each problem is
worth 10 points.

• Support each answer with a complete argument. State completely any definitions
and basic theorems that you use.

• This is a closed book test. You may only use the test, something to write with, and
the paper provided. All other material is prohibited.

• Write each of your solutions on separate sheets.
• Write your ID number on every sheet you use. Do not write your name anywhere.
• The time for the exam is 3 hours.

Part I

(1) Let X be a topological space. We say that X is irreducible if it cannot be written as
union of two closed proper subspaces.
(a) Show that being irreducible is equivalent to the fact that the intersection of any

two nonempty open subsets U, V ⊂ X is nonempty.
(b) Decide whether open subsets of irreducible spaces, with the subspace topology,

are irreducible;
(c) Decide whether closed subsets of irreducible spaces, with the subspace topology,

are irreducible.
(2) Let Y, Z be nonempty, disjoint, compact subsets of an Hausdorff space X. Prove that

there exist two disjoint open sets U, V ⊂ X such that Y ⊂ U and Z ⊂ V . (Note:
you can use only the definitions of compact and Hausdorff space, and properties that
you derive in your solution from these definitions.)

(3) Let (X, d) be a compact metric space, and let f : X → X be an isometry, i.e. a
function such that ∀ x, y ∈ X we have d(f(x), f(y)) = d(x, y). Show that f is a
homeomorphism.
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Part II
(4) Suppose A ⊂ X is a subspace of a topological space X and that A and X are path

connected. Show that if H1(A) → H1(X) is surjective, then H1(X,A) = 0.
(5) Let X ⊂ R3 be the union

X := {(x, y, z) | x2+ y2+ z2 = 1}∪{(x, 0, 0) | −1 ≤ x ≤ 1}∪{(0, y, 0) | −1 ≤ y ≤ 1}
(In words, X is a sphere with an x inside of it.) Compute Hn(X) for all n ≥ 0, and
compute π1(X).

(6) Suppose f : T 2 → T 2 is a continuous map and that f∗ : H1(T
2) → H1(T

2) is the zero
map. Show that f∗ : H2(T

2) → H2(T
2) is also the zero map.
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Part III

7. Let X be a connected topological space, and let G be a group with more than one element.

a. State the definition of “G acts properly discontinuously on X”.

b. Give an example of the definition from Part a.

c. Give a second example of the definition in Part a, so that:

(1) The group G is not isomorphic to the group you used in part b, and
(2) The space X is not homeomorphic to the space you used in part b.

Be sure to justify that the spaces and the groups are distinct.

8. Let Mk ⊂ Rn+1 be a compact smooth submanifold of dimension k so that n ≥ 2k + 1.
Show that there is an n–dimensional vector subspace V ⊂ Rn+1 so that orthogonal projection

π : Rn+1 −→ V

restricts to an immersion Mk ↪→ V.

9. Let X and Y be the vector fields on R3 defined by

X = y
∂

∂x
+

∂

∂z

Y =
∂

∂y

a. Calculate the Lie Bracket [X, Y ].

b. Show that there is no embedded 2–manifold S ⊂ R3 so that the restrictions of X and Y
are tangent to S at all points of S.



UCR MATH DEPARTMENT TOPOLOGY QUALIFYING
EXAM

• There are three parts in this exam, and each part has three

problems. You should complete two (and only two) problems

of your choice in each part. Each problem is worth a maximum

of 10 points.

• Support each answer with a complete argument. State com-

pletely any definitions and basic theorems you use.

• This is a closed-book test. You may only use the test and

writing material. All other material or internet resource is pro-

hibited. Write each of your solutions on separate sheets.

• The time for the exam is three hours.

1. Part A

(1) Let R be the set of real numbers, and endow it with the following

topologies:

TF = {U ⊂ R|0 /∈ U or R \ U is finite}

TFF = {U ⊂ R|0 /∈ U or R \ U is countable}

(a) Decide if either (R, TF ), (R, TFF ) is connected;

(b) Decide if either (R, TF ), (R, TFF ) is compact.

(2) Let X be a Hausdorff space, and let f : X → X be a continuous

map. Prove that the fixed point set of f , i.e.

Xf = {x ∈ X|f(x) = x}

is a closed subspace of X.

(3) Let X be a set and assume that it is endowed with a topology

S with the additional property that arbitrary intersections of

open sets are open. Show that either (X,S) is not a T1 space,

or it is a discrete topological space.
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2. Part B

(1) Let f : Dn → Dn be a continuous mapping. Prove that there

is some x ∈ Dn so that f(x) = −x (this is not a typographical

error; recall that the function sending a vector to its negative

sends the unit dist to itself).

(2) Let X be a connected graph with a given decoposition D into

edges, let X ′ ⊂ X be a connected subgraph with respect to this

decomposition, let T ′ be a maximal tree in X ′, and let T be a

maximal tree in X containing T ′.

(a) If E is an edge of X ′ not in T ′, prove that T ∪ E is not a

tree. [Hint: What can we say about T ′ ∪ E?]

(b) Show that the inclusion map X ′ ⊂ X induces a 1–1 map-

ping of fundmental groups.

(3) (a) Let A ⊂ S1 × S1 be the subset (S1 × {1}) ∪ ({1} × S1).

Prove that A is not a retract of S1 × S1.

(b) Let L and K be connected subcomplexes of a finite simpli-

cial complex M such that the intersection is a single vertex.

For each n, describe the simplicial homology group of the

union Hn(K ∪ L) in terms of Hn(K) and Hn(L).

3. Part C

(1) Recall that CP 2 is the quotient space of the S1 action on S5—

S1 × S5 −→ S5, (ω : z1, z2, z3) 7−→ (ωz1, ωz2, ωz3) .

Here we view S1 and S5 as the unit sphere in C and C3, respec-

tively.

Prove that CP 2 is homeomorphic to the mapping cone of the

Hopf fibration h : S3 −→ S2.

For the purpose of solving this problem it is fine to define

the Hopf fibration h : S3 −→ S2 as the quotient map of the S1

action on S3—

S1 × S3 −→ S3, (ω : z1, z2) 7−→ (ωz1, ωz2) .

(2) Let ∂
∂r

be the normalized position field on R2 \ {0} . That is

when viewed as a map R2 \ {0} −→ R2 \ {0} , ∂
∂r

is

∂

∂r
(x, y) =

(x, y)

|(x, y)|
.
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Let ∂
∂θ

be the velocity field of the S1–action on R2 given by the

counterclockwise rotation

S1 × R2 −→ R2

((cos θ, sin θ) , (x, y)) 7−→
(

cos θ − sin θ
sin θ cos θ

)(
x
y

)
.

That is

∂

∂θ
(x, y) =

∂

∂θ

(
cos θ − sin θ
sin θ cos θ

)(
x
y

)∣∣∣∣
θ=0

.

Show that
[
∂
∂θ
, ∂
∂r

]
= 0.

(3) View RP n as the quotient of Sn via the antipodal map. Let

ηn :=
{

([x] , λx) ∈ RP n × Rn+1
∣∣ x ∈ Sn and λ ∈ R

}
.

Let π : ηn −→ RP n be π (([x] , λx)) = [x] .

(a) Show that (ηn, π) is a vector bundle over RP n.

(b) Show that (ηn, π) is not a trivial vector bundle over RP n.



UCR Math Dept Topology Qualifying Exam

September 2020

• There are three parts in this exam, and each part has three problems. You should
complete two (and only two) problems of your choice in each part. Each problem is
worth a maximum of 10 points.
• Support each answer with a complete argument. State completely any definitions

and basic theorems you use.
• This is a closed-book test. You may only use the test and writing material. All other

material or internet resource is prohibited. Write each of your solutions on separate
sheets.
• The time for the exam is three hours.
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Part A

(1) Let X, Y be topological spaces with Y Hausdorff, and let f : X → Y be a function.
• Show that if f is continuous, the graph Γf defined as

Γf = {(x, y)|y = f(x)} ⊂ X × Y
is closed;
• Show that the Hausdorff assumption on Y cannot be removed;
• Show that if Y is compact, the converse holds true. (Hint: the projection map
π : X × Y → X is closed.)

(2) Let (X, d) be a metric space, and let T be a topology on X. Endow X × X with
the product topology inherited from (X, T ) and R with the standard topology. Show
that if the distance function d : X × X → R is continuous w.r.t. these topologies,
then T is finer than the metric topology of X.

(3) Let X be a nonempty compact Hausdorff space. Assume X has no isolated points
(i.e. points x ∈ X such that {x} is open).
(a) Show that if U ⊂ X is open, for any x ∈ X there exists a nonempty open set

V ⊂ U such that x /∈ V .
(b) Show that there is no surjective map f : N → X, where N is the set of natural

numbers. (Hint: use the previous result and the Hausdorff condition to define
a nonempty collection of open sets {Vn, n ∈ N}, where “Vn avoids f(n)” whose
closures have nonempty intersection.)



3

Part B

(4) Consider the figure-8, E = S1 ∨ S1.
• Give a 2-sheeted cover Ẽ → E and compute π1(Ẽ).
• What does it mean for a cover to be normal? Is the cover Ẽ → E normal?

(5) Let E be a figure-8 embedded in R2. For example, E could be the union of the
unit circles centered at (−1, 0) and (1, 0). Compute the relative homology groups
H∗(R2, E;Z).

(6) Consider the genus two surface, S2, and a genus 1 surface with boundary component,
S1,1 (see Figure 1). Let C be the space obtained by gluing the “middle curve” α of
S2 to the boundary curve of S1,1. Compute the homology groups H∗(C,Z).

Figure 1. The surfaces in problem 6.
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Part C

(7) Let
E :=

{
(z0, z1, . . . , zn) ∈ Cn+1

∣∣ z20 + · · ·+ z2n = 1
}
.

• Show that E is a smooth submanifold of Cn+1.
• Let X and Y be smooth vector fields on Cn+1 whose restriction to E is tangent

to E. Show that the restriction of [X, Y ] to E is tangent to E.
(8) Let Mk ⊂ Rn+1 be a compact submanifold of dimension k so that n ≥ 2k + 1.

Show that there is an n–dimensional vector subspace V ⊂ Rn+1 so that orthogonal
projection

π : Rn+1 −→ V

restricts of an embedding Mk ↪→ V.
(9) Show that if f : RP n −→ R is differentiable, then there are two distinct points

p, q ∈ RP n where the differential of f is the 0 map.



UCR Math Dept Topology Qualifying Exam
September 2019

• There are three parts in this exam and each part has three problems. You
should complete two (and only two) problems of your choice in each part. Each
problem is worth 10 points.
• Support each answer with a complete argument. State completely any defini-
tions and basic theorems that you use.
• This is a closed book test. You may only use the test, something to write with,
and the paper provided. All other material is prohibited. Write each of your
solutions on separate sheets. Write your ID number on every sheet you use.
• The time for the exam is 3 hours.

Part I

1. Let X be a topological space. An equivalence relation ∼ on X is called open if the
associated quotient map

π : X → X/∼
is open, when X/∼ is endowed with the quotient topology. Let ∼ be an open equivalence
relation.
Show that X/∼ is Hausdorff if and only if

R := {(x, y) | x ∼ y} ⊂ X ×X
is closed in the product topology of X ×X.

2. Let X be a topological space, and Cα ⊂ X,α ∈ A, be a locally finite family of closed sets.

(a) Show that
⋃
α∈ACα ⊂ X is closed.

(b) Show that this property may fail without the assumption of local finiteness.

3. A topological space X is normal if given any two disjoint closed subsets C,D ⊂ X there
exist two disjoint open sets U ⊃ C, V ⊃ D. Prove that a compact Hausdorff space is normal.
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Part II

4. Let X be a nonempty space which is Hausdorff, connected, simply connected, and locally
path connected. Prove that every continuous mapping f : X → S1 is homotopic to a
constant map.

5. Suppose that Q is a solid square in R2 with vertices A,B,C,D, let E denote the center
point of Q, and consider the graph X whose edges are the boundary of Q plus the segments
joining the vertices of Q to E. If Y ⊂ X is the subgraph given by the boundary of Q, show
that Y is not a deformation retract of X. [Hint: What are the fundamental groups?]

6. If E is a topological space with e ∈ E, then the local homology groups of E at e are
defined by Hk(E,E − {e}). Show that if f : X → Y is a homeomorphism and x ∈ X, then
f induces an isomorphism from Hk(X,X − {x}) to Hk(Y, Y − {f(x)}) for every integer k.
[Hint: What is f [X − {x}]?]
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Part III

7. Give an example of a smooth map F :M −→ N and a smooth vector field X on M that
is not F—related to any vector field on N.

8. Suppose M ⊂ Rn is an embedded m-dimensional submanifold, and let UM ⊂ TRn be
the set of all unit vectors tangent to M :

UM := {(x, v) ∈ TRn | x ∈M, v ∈ TxM, |v| = 1} .
It is called the unit tangent bundle of M . Prove that UM is an embedded (2m− 1)—
dimensional submanifold of TRn ≈ Rn × Rn.

9. Show that Sn × R is parallelizable for all n ≥ 1.









UCR Math Dept Topology Qualifying Exam
September 2017

• There are three parts in this exam and each part has three
problems. You should complete two (and only two) problems
of your choice in each part. Each problem is worth 10 points.

• Support each answer with a complete argument. State com-
pletely any definitions and basic theorems that you use.
• This is a closed book test. You may only use the test, some-
thing to write with, and the paper provided. All other ma-
terial is prohibited. Write each of your solutions on separate
sheets. Write your ID number on every sheet you use.
• The time for the exam is 3 hours.

Part I

1. Let p : X −→ Y be a surjective local homeomorphism from a
compact Hausdorff space X to a Hausdorff space Y. Show that p is a
covering map.

2. Let X be a compact metric space. Prove that X is separable. That
is prove that X contains a countable dense subset.

3. Let D be the unit disk in the plane, and f : D −→ D a homeomor-
phism. Show that f sends the unit circle S1 ⊂ D into itself.

1
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Part II

4. Let S be a closed orientable surface of genus 2. Let C be a circle
in S that bounds a 2—disk, and let X be the space obtained from S
by attaching a Möbius band via a homeomorphism from the boundary
circle of the Möbius band to C.
Compute the homology groups of X.

5. Let F be the free group on two generators F = 〈a, b〉. Consider the
homomorphism φ : F → Z/3 that sends a to 2 and b to 1. Give a set
of free generators for the kernel of φ.
Hint: Construct an appropriate covering space.

6. The suspension of RP 2 is defined as the quotient space obtained
from RP 2 × [0, 1] by collapsing each ‘end’RP 2 × {0} and RP 2 × {1}
to a point.
a. Compute the fundamental group of the suspension of RP 2.

b. Compute the homology groups of the suspension of RP 2.
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Part III

7. Let V,W be the following vector fields on R3:

V =
∂

∂x
+ x

∂

∂y
+ y

∂

∂z
; W = y

∂

∂x
+ z

∂

∂y
+

∂

∂z
.

a. Find the flowline c(t) of [V,W ] such that c(0) = (1, 1, 1).

b. Decide whether there exists a choice of coordinates (x′, y′, z′) in a
neighborhood of (1, 1, 1) such that

V =
∂

∂x′
; W =

∂

∂y′
.

8. Consider the subset Σ of C3 given by the intersection of the sphere
|z1|2 + |z2|2 + |z3|2 = 1

and the cone
z21 + z22 + z23 = 1.

Prove that Σ is a smooth submanifold of C3 by showing that it is the
level set of a regular value of a suitable map of C3. (Remark: recall
that if z = x+ iy ∈ C, |z|2 = x2 + y2 and z2 = x2 − y2 + 2ixy.)

9. Show with an example that there exist smooth maps F : M → N ,
G : N → P between manifold that have constant rank, but whose
composition G ◦ F : M → P doesn’t have constant rank. (Remark:
there exist examples with M = R, N = R2, P = R.)



UCR Math Dept Topology Qualifying Exam
December 2015

� There are three parts in this exam and each part has three problems. You
should complete two (and only two) problems of your choice in each part.
Each problem is worth 10 points.
� Support each answer with a complete argument. State completely any
de�nitions and basic theorems that you use.
� This is a closed book test. You may only use the test, something to write
with, and the paper provided. All other material is prohibited. Write each
of your solutions on separate sheets. Write your ID number on every sheet
you use.
� The time for the exam is 3 hours.

Part I

1. (a) State whether the following is true or false, and give reasons for your answer: If
U and V are disjoint open subsets of a topological space X, then their closures are also
disjoint.

(b) Let R have the Euclidean topology, and let X be connected. Suppose that f : X �!
R is continuous and locally constant, that is, every point has an open neighborhood on
which f is constant. Prove that f is constant. Show that the statement is false if X is
not connected.

2. Suppose that X is a compact metric space, Y is a metric space, and f : X �! Y is
continuous and onto. Prove that f is a quotient map.

3. (a) Prove that S1 � S1 is not a retract of D2 �D2.

(b) Let X and Y be Hausdor¤, and let Y be connected. Suppose that p : X �! Y is a
covering map, and the �ber p�1 [fy0g] consists of 2 points for some y0 2 X. Prove that
for every y 2 Y; the �ber p�1 [fyg] consists of 2 points.

1
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Part II
4. (a) (4 pts) Show that S1 � S1 and (S1 _ S1) _ S2 have isomorphic homologies in all
dimensions, but their universal covers do not.

(b) (3 pts) Show that any continuous map S2 �! S1 � S1 is nullhomotopic.

(c) (3 pts) Find a continuous map S2 �! (S1 _ S1) _ S2 that is not nullhomotopic.

5. Recall that a topological manifold is a second countable, locally Euclidean, Hausdor¤
space.
Let X be a topological manifold. Calculate

H� (X;X n fxg)
for all x in X:

6. Let X be a path connected, semilocally simply connected topological space whose
fundamental group is �nite of odd order.

(a) Prove that X cannot have any connected 2-sheeted covering spaces.

(b) Provide an example of a space X whose fundamental group has odd �nite order.



3

Part III
7a. Let M and N be smooth manifolds and � : M ! N a smooth submersion. Prove
that � is an open map, and that it is a quotient map if � is surjective.

b. LetM be a compact smooth manifold. Prove that there exists no smooth submersion
M ! Rk for any k � 1.

8. Let M be an embedded m-dimensional smooth submanifold of Rn, and let
UM = f(x; v) 2 TRn j x 2M; v 2 TxM; jvj = 1g;

the set of all unit tangent vectors to M , called the unit tangent bundle of M . Prove
that UM is an embedded (2m� 1)-dimensional submanifold of TRn.

9. Let G be a Lie group.

a. Prove that the identity component G0 is the only connected open subgroup of G, and
that every connected component of G is di¤eomorphic to G0.

b. Let U be any neighborhood of the identity element e. Prove that there exists a
neighborhood V � U of e such that gh�1 2 U whenever g; h 2 V .



UCR Math Dept Topology Qualifying Exam

December 2014

• There are three parts in this exam and each part has
three problems. You should complete two (and only
two) problems of your choice in each part. If three
problems are turned in for a single part, only the first
two will be graded. Each problem is worth 10 points.
• Support each answer with a complete argument. State

completely any definitions and basic theorems that you
use.
• This is a closed book test. You may only use the test,

something to write with, and the paper provided. All
other material is prohibited. Write each of your so-
lutions on separate sheets. Write your ID number on
every sheet you use. Please do not write your name on
the exam.
• The time for the exam is 3 hours.

Part I

(1) (a) Prove that every closed subspace of a compact space is
compact.

(b) Prove that every compact subspace of a Hausdorff space is
closed.

(2) Let X and Y be topological spaces, and recall that [X, Y ] de-
notes the set of homotopy classes of maps X → Y .
(a) Prove that every contractible space is path-connected.
(b) Prove that if Y is contractible, then [X, Y ] has a single

element.
(c) Prove that if X is contractible and Y is path-connected,

then [X, Y ] has a single element.
(3) Recall that RP 2 is defined to be the quotient space obtained

by identifying antipodal points of S2.
(a) Compute the fundamental group of RP 2.
(b) Let X be the quotient space obtained from D2 by identi-

fying antipodal points of the boundary S1. Prove that X
is homeomorphic to RP 2.

1
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Part II

(4) (a) Suppose that p : (E, e) → (B, b) is a basepoint preserving
covering space projection where E is path-connected, and
that f : (X, x) → (B, b) is basepoint preservingly homo-
topic to a constant map where X is also path-connected.
Prove that there is a continuous lifting g : (X, x)→ (E, e)
such that f = pg.

(b) Suppose that (B, b) is a path-connected space with base-
point such that π1(B, b) is cyclic of order 4. Prove that,
up to equivalence of covering spaces, there is exactly one
connected covering space p : (E, e)→ (B, b) such that p is
not a homeomorphism and E is not simply connected.

(5) Let X be a graph with vertices A,B,C,D,E, F and edges AB,
AC, BC, BD, BE, CE, CF , DE and EF .
(a) Draw a sketch of X, and find a maximal tree in X. [Hint:

Put A at the top, with B and C on the next line and
D,E, F on the third line.]

(b) If Y → X is a connected 3-sheeted covering space, find the
nonnegative integer m such that the fundamental group of
Y is free on m generators.

(6) One can use Mayer-Vietoris sequences and homotopy invariance
in (a) singular homology theory to prove the following formula,
in which n is a positive integer and X is an arbitrary nonempty
space:

Hq(S
n ×X) ∼= Hq(X) ⊕ Hq−n(X)

Use this formula to compute the homology groups of S2 ×
S2, and explain why this shows that S2 × S2 and S4 are not
homeomorphic (or even homotopy equivalent).

Part III

(7) Consider the function Φ: R4 → R2 defined by

Φ(x, y, z, t) = (x+ y, x+ y2 + z2 + t2 + y).

Prove that (0, 1) is a regular value, and show that Φ−1(0, 1) is
diffeomorphic to S2.

(8) Let c ∈ R and let f : Rn \ {0} → R be a function that is
positively homogeneous of degree c, i.e., such that for all λ > 0,
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x ∈ Rn \ {0},
f(λx) = λcf(x).

Show that
Ef = cf,

where E is the vector field whose value at x = (x1, ..., xn) ∈
Rn \ {0} is given by

Ex =
n∑

i=1

xi
∂

∂xi
.

(9) Recall that

SLn(R) = {A ∈ GLn(R) | detA = 1}.
(a) Prove that d(det)I : TIGLn(R)→ T1R is onto.
(b) Prove that d(det)I : TIGLn(R)→ T1R is onto implies that

for all A ∈ SLn(R), d(det)A : TIGLn(R)→ T1R is onto.



UCR Math Dept Topology Qualifying Exam

November 2013

• There are three parts in this exam and each part has
three problems. You should complete two (and only
two) problems of your choice in each part. If three
problems are turned in for a single part, only the first
two will be graded. Each problem is worth 10 points.

• Support each answer with a complete argument. State
completely any definitions and basic theorems that you
use.

• This is a closed book test. You may only use the test,
something to write with, and the paper provided. All
other material is prohibited. Write each of your so-
lutions on separate sheets. Write your ID number on
every sheet you use. Please do not write your name on
the exam.

• The time for the exam is 3 hours.

Part I

(1) (a) Show that there exists a homeomorphism f : S1\{p} → R,
where p ∈ S1.

(b) Prove that no homeomorphism f : S1 \ {p} → R can be

extended to a continuous map f̂ : S1 → R
(c) Prove that no continuous map g : S1 → R can be injective.

(2) Consider the interval [0, 1] endowed of the following topology:
U ⊂ [0, 1] is open if either (0, 1) ⊂ U or 1

2
/∈ U .

(a) Is this topology comparable with the standard topology?
(b) What is the closure of {1

2
}?

(c) What is the closure of {1
4
}?

(3) Let f : X → Y be a continuous map between Hausdorff spaces,
and let U ⊂ X be an open subset.
(a) Give an example of the situation above where the closure

of f(U) in Y fails to be compact.
(b) Prove that if we assume furthermore that U is contained

in a compact subset K ⊂ X, then the closure of f(U) in
Y is compact.

1
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Part II

(4) Prove that if p : X → B is a regular covering map and G is its
group of covering transformations, then there is a homeomor-
phism k : X/G → B such that p = k ◦ π, where π : X → X/G
is the projection.

(5) Let f : (X,A) → (Y,B) be a map of pairs of spaces such that
both f : X → Y and its restriction to A → B are homotopy
equivalences.
(a) Prove that f∗ : Hn(X, A) → Hn(Y,B) is an isomorphism

for every n ≥ 0.
(b) Prove that f need not be a homotopy equivalence of pairs,

in that there need not be a map g : (Y,B) → (X, A) such
that fg and gf are homotopic to the identity via maps of
pairs. (Hint: Consider the inclusion
(Dn, Sn−1) → (Dn, Dn\{0}).)

(6) (a) Take the quotient map T 2 → S2 by collapsing the sub-
space S1∨S1. Use homology to prove that this map is not
nullhomotopic.

(b) Use covering spaces to prove that, on the other hand, any
map S2 → T 2 is nullhomotopic.

Part III

(7) Regarding S1 as the equator of S2, we obtain RP 1 as a sub-
manifold of RP 2. Show that RP 1 is not a regular level surface
of any C1 map RP 2 −→ R. (Hint: no connected neighborhood
of RP 1 in RP 2 is separated by RP 1.)

(8) Let M be a compact, smooth embedded submanifold of Rk.
Show that M has a tubular neighborhood. That is, there is a
neighborhood N of M and a smooth deformation retraction of
N onto M . You may assume that the normal bundle of M is a
smooth embedded submanifold of Rk × Rk.

(9) (a) If F : M −→ N is a smooth map, c ∈ N , and F−1(c) is an
embedded submanifold whose codimension is equal to the
dimension of N , must c be a regular value of F? Give a
proof or provide a counterexample.

(b) Suppose that π : M −→ N is a smooth map such that every
point of M is the image of a smooth section of π. Show
that π is a submersion.









UC Riverside Mathematics Department —
Mathematics 205 Qualifying Exam

December 2011

• There are three parts in this exam and each part has three problems. You should complete two
(and only two) problems of your choice in each part. Each problem is worth 10 points.

• Support each answer with a complete argument. State completely any definitions and basic theorems
that you use.

• This is a closed book test. You may only use the test, something to write with, and the paper
provided. Write each of your solutions on separate sheets. Write your ID number on every sheet that
you use. Please do not write your name on the exam.

• The default time for the examination is 3 hours.

Part I

1. Let f : X → Y and g : Y → X be continuous maps between the topological spaces X and
Y . Suppose f(g(y)) = y for all y ∈ Y .

(a) Prove that if Y is connected, and f−1(y) is connected for all y ∈ Y , then X is connected.

(b) Prove that if Y is arcwise connected, and f−1(y) is arcwise connected for all y ∈ Y , then
X is arcwise connected.

2. Let X and Y be topological spaces, and X ×Y their product. Assume that Y is compact.

(a) Prove that the projection map

pX : X × Y → X : (x, y) 7→ x

is closed.

(b) Let f : X → Y be a function. Let

Z = {(x, y) ∈ X × Y | y = f(x)}.

Suppose that Z is closed in X × Y . Prove that f is continuous.

3. (a) Let A be a subspace of a Hausdorff space X . Suppose there is a continuous map
f : X → A such that f(a) = a for all a ∈ A. Prove that A is closed in X .

(b) Let X be a compact Hausdorff space. Let C be a nonempty closed subset of X , and
U = {x ∈ X | x /∈ C}. Prove that the quotient space X/C is homeomorphic to the one-point
compactification of U .
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Part II

4. Let p : E → B be a covering map over a connected space B. Assume that for some b0 ∈ B,
p−1(b0) has exactly k elements. Prove that for all b ∈ B, p−1(b) has exactly k elements.

5. (a) Let M be a smooth manifold, and let

f : M → R

be a smooth map. Assume that t ∈ R is a regular value. Show that for all x ∈ Σ := f−1(t) we
can identify TxΣ with the kernel of dfx, where

dfx : TxM → R

is the differential map.

(b) Using the above result, show that the submanifolds of R
3 defined by the equations x2 +

y2 + z2 = 1 and z − x2 − y2 = 0 intersect transversally.

6. Let p : E → B be a covering map over a compact space B. Assume that for all b ∈ B,
p−1(b) is finite. Show that E is compact.

Part III

Default hypothesis: Unless explicitly stated otherwise, all spaces in the problems below
are assumed to be Hausdorff and locally arcwise connected.

7. Suppose that (X, x0) and (Y, y0) are connected and locally simply connected pointed

spaces and f : (X, x0) → (Y, y0) is continuous and basepoint preserving. Let p : (X̃, ξ) → (X, x0)

and q : (Ỹ , η) → (Y, y0) be universal covering space projections. Prove that there is a unique

lifting of f to a basepoint preserving map F : (X̃, ξ) → (Ỹ , η) in the sense that q oF = f op. Also
prove that if g is basepoint preservingly homotopic to f and G is the corresponding lifting of g,
then F and G are basepoint preservingly homotopic.

8. (a) Let G be a finite abelian group. Give an example of an arcwise connected space with
basepoint (X, x0) such that π1(X, x0) ∼= G.

(b) Suppose that X is the union of the open arcwise connected subsets U and V , and assume
that U ∩V is simply connected. Prove that π1(X) is abelian if and only if both π1(U) and π1(V )
are AND one of them is trivial.

9. (a) Let p : X → Y be a finite covering of (arcwise) connected spaces, where Y and X
are locally simply connected. Prove that there is a finite covering space projection W → X such
that W is connected and the composite W → X → Y is a regular covering space projection.

(b) Suppose that p : X → Y is a covering space projection such that X and Y are finite graph
complexes, so that π1(X) and π1(Y ) are free groups on gX and gY generators respectively. Given
that the covering is n-sheeted, derive an equation expressing gX in terms of n and gY .
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