MODULI SPACES OF MEROMORPHIC GSp,,-CONNECTIONS

RESEARCH STATEMENT — NEAL LIVESAY

1. INTRODUCTION

1.1. Motivation. Representation theory is a branch of mathematics that involves studying ab-
stract algebraic structures by representing their elements as matrices. For example, a representa-
tion of a group is a concrete realization of the elements of the group as invertible matrices, with
the group operation corresponding to matrix multiplication. Representation theory has a pervasive
influence throughout mathematics. It also plays an important role in physics, chemistry, and other
sciences as it provides a precise language to study the effects of symmetry in a physical system.

My research is based on the application of representation theory to the study of differential
equations (or DE’s). A fundamental problem in the theory of DE’s is the classification of first-
order singular linear differential operators up to certain “symmetries” described by a group. For
example, consider a first-order system of linear DE’s defined in some connected open set U in the
Riemann sphere P! = CU{oo}. It is well-known that a set of linearly independent solutions to the
DE in U can be analytically continued along loops in P! to get a new set of linearly independent
solutions. These new solutions are potentially distinct when the loop is not contractible; i.e.,
the loop “runs around a singularity” y € P'. The datum encoding this change is known as the
monodromy group MY (in Greek, mono = “single” and dromos = “running”). Hence, there is a
map from singular first-order systems of DE’s with singularities {yi}le C P! to sets of monodromy
groups {Myi}le.

Consider an inverse problem: when can a given set of groups { M yi}le be realized as the set of
monodromy groups for a differential equation? This is (roughly) the Riemann—Hilbert Problem.
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systems of monodromy
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A modern, algebro-geometric variant of this problem involves the study of meromorphic G-connections
(or, equivalently, flat G-bundles, for G a complex reductive algebraic group) on P! with specified lo-
cal isomorphism classes. Much research has concentrated on GL,-connections with regular singular-
ities; for example, Deligne [10] proved a Riemann—Hilbert correspondence in this case. Meromorphic
G-connections with érregular singularities are less understood, but have been studied extensively
in recent years due to their role in a collection of influential conjectures known as the geometric
Langlands program (see, e.g., §1 in [6] for details). My research focuses on the construction of
moduli spaces (i.e., geometric objects encoding a classification) of meromorphic GSp,,,-connections
on P! with irregular singularities and specified local isomorphism classes.

1.2. Outline of statement. My main contributions are as follows:

e I make concrete the abstract theory of formal G-connections [4] for the case that G is the
general symplectic group GSp,,,. I conjecture that much of this concrete theory should
translate to other classical groups.
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e I construct symplectic moduli spaces of both framed and framable GSp,,,-connections with
specified formal isomorphism classes, and I construct Poisson moduli spaces of GSp,,,-
connections with specified fixed combinatorics.

The outline of this research statement is as follows. In Section 2, I give some background on
the classical leading term analysis of formal connections, and I discuss limitations of this classical
theory. In Section 3, I describe how these limitations are overcome by a more general, Lie-theoretic
analysis of regular strata [4]. Moreover, I discuss my concrete realization of this theory for formal
GSps,,-connections. Section 4 contains statements of my main results — the explicit constructions
of moduli spaces of meromorphic GSp,,,-connections on P! with specified local isomorphism classes
— generalizing the construction in [6] for GL,-connections. To conclude, a list of potential future
projects is given in Section 5, followed by a list of citations.

2. BACKGROUND: MEROMORPHIC CONNECTIONS AND THEIR LOCALIZATIONS

2.1. Global objects: meromorphic connections. Let O be the structure sheaf on P!, and let
K be its function field (i.e., meromorphic functions). A meromorphic (GL,)-connection (V,V)
on P! is a rank n trivializable vector bundle V equipped with a C-derivation V : V — V ®¢ Q}C /c

After fixing a global trivialization ¢ : V' = V¥V a connection can be expressed in matrix form
V = d+[V]y, where [V]4 € g[n(Q}C/C) is the connection matrix of V with respect to ¢. This
is analogous to expressing a linear map as a matrix after fixing an ordered basis. Alternatively,
a connection may be expressed in terms of an ordinary K-entried matrix by contracting with the
Euler vector field 7 = zd%; i.e., by taking V; := ¢-(V). The resulting contracted matrix form is

Ve=7+[V:ly

with [V;]g € gl,(K). It is easily seen that a horizontal section of V, corresponds to a solution of
a first-order system of linear algebraic differential equations, symbolically denoted as:

{Meromorphic connections} — {1st-order system of linear DE’s}
d

horizontal section V_ 4 (v) =0 — solution zd—(v) = —[V.]g(v)
dz z

More generally, a meromorphic G-connection, for G a reductive group, is a flat structure V
on a principal G-bundle (see §2.4 in [3] for more details). In this case, the connection matrices are
elements of g(kC).

2.2. Local objects: formal connections. A global meromorphic G-connection induces a formal
connection at each singularity y; € P! by taking Laurent series expansions. Let o := C[z] be
the ring of formal power series and let F' := C((z)) be the fraction field of Laurent series. A

formal GL,,-connection (V, 6) is an n-dimensional F'-vector space V equipped with a C-derivation

d

V:V oV RF Q}J/C. Similar to the global case, contracting with 7 = 27~ and fixing a local

trivialization ¢ : V' =5 F™ produces a local matrix form
Ve=7+ [Vl

with [V;]s € gl,,(F). More generally, the localizations of meromorphic G-connections, known as
formal G-connections, have connection matrices in g(F).

It is well-known that there is a simply transitive action of GL,(C) on the space of ordered
bases for the vector space C", and that this action corresponds to the conjugation action on
matrices. Analogously, there is a simply transitive action of G(F') on the space of trivializations of
V. The corresponding action of G(F') on connection matrices is the local gauge change action

~ ~

g+ [V+]s :=[V+]g.¢, given by the formula
g- [§T]¢> = Ad(g)([§7']¢) - T(g)g_l'
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2.3. Formal types. For classification theorems involving spaces of linear maps, it is often de-
sirable to have explicit normal forms for similarity classes (e.g., the Jordan canonical form). In
[2], Boalch constructed moduli spaces of meromorphic GL,,-connections with formal gauge classes
having diagonal normal forms referred to as formal types. The existence of a diagonal formal type
for a formal gauge class is determined by an analysis of leading terms.

Suppose a connection matrix is expanded with respect to the naive degree filtration on gl,,(F'):

[67] = (M,rz_r +M_, 2" )

for M; € gl,(C). If the leading term M_, is regular semisimple, then there exists a local gauge
change g € GL,(0) that simultaneously diagonalizes terms of all degrees in the connection matrix;
ie.,

g- [v‘r] = (Dfrz_r + ... + DO)
for D; diagonal (see, e.g., [19]). A diagonalized connection matrix of this form is referred to as a
formal type for V, and it is unique up to an action by the affine Weyl group W for GL,,.

2.4. Limitations of the classical theory. Many connections of interest do not have regular
semisimple leading terms. For example, in [20], Witten considered generalized Airy connections,
which have connection matrices

0 2z G\ _[/0 1Y\ 00 s
(z—s 0 )_Ko o)z \10)7 ]

When s = 0, this is the GLg-version of the Frenkel-Gross rigid flat G-bundle on P! with the roles
of 0 and oo reversed [11]. For these connections, not only does the leading term fail to be regular
semisimple, but it is nilpotent; hence, leading term analysis fails to provide an explicit normal form
for this connection. Recently, Bremer and Sage [3, 4, 5, 6] have developed a powerful theory of
fundamental strata which generalizes the classical theory of leading terms. Moreover, they extended
the notion of formal types to a much larger class of gauge classes, including the gauge classes of
generalized Airy connections.

3. STRATA

Fundamental strata were originally developed by Bushnell and Frolich [7, 8] to study supercus-
pidal representations of GL, over p-adic fields. As mentioned in Section 2.4, Bremer and Sage
have pioneered a geometric theory of fundamental strata [3, 4, 5, 6] which generalizes the classical
leading term theory for formal GL,-connections. The key idea underlying this approach is to con-
sider connection matrices in terms of a class of Lie-theoretically defined filtrations on gl,,(F'), rather
than solely considering the naive degree filtration. This allows for the definition of formal types for
more general connections. Moreover, since this approach is purely Lie-theoretic, it can be adapted
to study meromorphic G-connections for G a reductive group [4]. One of my main contributions
involves the concrete realization of this theory of fundamental strata for GSp,,-connections; see
Proposition 1 in Section 3.4.

The general symplectic group GSps,,(C) is a central extension of Sp,, (C) consisting of linear
transformations of C*" preserving a symplectic form (,) up to an invertible scalar. It is convenient
to express vectors in C?" and elements of GSp,,, with respect to the ordered symplectic basis
(e1,€2,...,€n, fns fn—1,..., f1) where (e;, fj) = ;;, so that the standard Borel subalgebra b and
Borel subgroup B are upper triangular.

3.1. Moy—Prasad filtrations. A Bruhat-Tits building is a polysimplicial structure defined for
reductive groups over fields with discrete valuations (such as GSps,,(F')). There is a correspondence
between facets in the Bruhat—Tits building #(G) and parahoric subgroups in G(F') that is analogous
to the correspondence between simplices in the spherical building (associated to the complex group
G(C)) and parabolic subgroups in G(C). Given any point z in #(G), Moy and Prasad [14, 15] have
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defined a decreasing R-filtration (g, ), on g := g(F) with a discrete collection of steps, referred to
as the critical numbers for x. For example, the filtration (gsps).., for x the origin in %(GSp,),
is the usual degree filtration on gsp, with critical numbers Z (note that GSpy =2 GLg). On the other
hand, the Iwahori filtration (i"), := (gsps)s.r, for z the barycenter of the fundamental alcove in
2(GSp,), has critical numbers 3 Z:

._3 . 1 . 1
1 2 1 1 1 2 10 12
-1 -2 -1 -1 -1
270 z7 % 270 z7o 0 z o 0o o zZ0 0
LD 1 _1 D) _1 D) D) D ...
- 2770 z o - 0 AR - 0 0 - 20 0 - 20 Z20 -

There are corresponding R>o-filtrations (G/Sp\%)m« on the parahoric subgroups (G/S;El)z In

particular, ((ﬁp\%)gﬁr is the pro-unipotent radical of (G/SIEL)I (see §2.1 in [4] for general defini-
tions).

3.2. Fundamental strata. Given x € #(GSp,,,) and r a nonnegative integer, a GSpy,,-stratum
of depth 7 is a triple (z,7, ) with 8 a functional on the successive quotient (§spay, )z ./ (05Pan)zr+
(see [3] for a general definition). The stratum is fundamental if 5 satisfies a certain degeneracy
condition. A formal GSp,,,-connection V contains (z,r, 3) if [V,] € (95P2,)z,—r and A is induced

~

by [V;]. The basic idea is that 8 roughly plays the role of a nonnilpotent “leading term” of the
connection matrix with respect to the Moy—Prasad filtration at . For example, the generalized
Airy connection in Section 2.4 (viewed as a GSpy-connection) contains the fundamental stratum
(z,2s+ 1, 8) with = the barycenter of the fundamental alcove and § the functional induced by the

. . —st1
nonnilpotent matrix (295 ? S

While it is not the case that every formal GSp,,,-connection has a nonnilpotent leading term, it
is the case that every GSps,-connection contains a fundamental stratum (x,r, 3). The depth of a
fundamental stratum detects the “irregularity” of a singularity; for example, Vs irregular singular
if and only if r > 0, and is regular otherwise.

3.3. Regular strata and formal types. The analogues of nonnilpotent leading terms are funda-
mental strata (as discussed in Section 3.2), and the analogues of regular semisimple leading terms
are S-regular strata. These are fundamental strata that are centralized in a graded sense by a
(possibly nonsplit) maximal torus S C GSpy, (F'). The following GSp,,,-variant of the classical re-
sult in Section 2.3 is a consequence of [4, Theorem 5.1]: If V contains an S-regular stratum (z, 7, 8),

then [%T] is (Gr/Sp\Qn)JCJF—gauge equivalent to a regular semisimple element in s~"/s!. The functional
A corresponding to this “diagonalized” rnatri/x\, referred to as an S-formal type, is unique up to
an action by the relative affine Weyl group Wg. Hence the Wg-orbit space of S-formal types of
depth r is isomorphic to the moduli space for the category (S, r) of formal connections containing
S-regular strata of depth 7.

3.4. Regular maximal tori and points supporting regular strata. It is not the case that
every torus in GSp,, (F') centralizes a regular stratum. To elaborate, it is well-known that there
is a correspondence between conjugacy classes in the Weyl group W for a reductive group G and
conjugacy classes of maximal tori in G (see, e.g., [12, Lemma 2]). Bremer and Sage [4, Corollary
4.10] proved that S-regular strata exist if and only if S is a regular maximal torus; i.e., S
corresponds to a regular conjugacy class in W. These regular Weyl group classes were classified by
Springer [18].

It is also not the case that every point x € £ supports an S-regular stratum; for example, there
is a certain compatibility necessary between the natural filtration on the Cartan subalgebra s and
the Moy—Prasad filtration at . On the other hand, for the computations involved in constructing
moduli spaces, it is preferable to choose points x giving a “best possible” filtration to support a given
regular stratum. One of my contributions has been the statement of an explicit correspondence
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between regular maximal tori S and well-behaved points in the Bruhat—Tits building that support
S-regular strata, as described in Proposition 1 below.

Proposition 1. (L., in preparation) There is an explicit correspondence between regular maximal
tori S in GSpy, (F') and certain barycenters of facets in B(GSp,y,) that support S-reqular strata.
Furthermore, there are explicit normal forms for formal GSps,,-connections containing reqular strata
that are suitable for the construction of moduli spaces.

4. GLOBAL THEORY AND MAIN RESULTS

Boalch [2] constructed moduli spaces of “framable” and “framed” GL,-connections with a spec-
ified set of irregular singularities and corresponding formal isomorphism classes determined by
S-formal types A = {Al,...,A”C } for S the split diagonal torus (see §5.1 in [6] for details on
framable and framed connections). Bremer and Sage [6] generalized these constructions for GL,-
connections with specified formal types each corresponding to arbitrary regular maximal tori in
GL,,(F). In each of these cases, the moduli spaces are realized as symplectic reductions of products
of symplectic manifolds — which Boalch [2] referred to as “extended orbits” — encoding the local
data (see §5.1 [6] for more on extended orbits).

I use a similar approach in Theorem 1 (my first main result) to construct explicit symplectic
moduli spaces of both framable and framed GSp,,,-connections with specified formal types A that
correspond to a collection of irregular singularities. I give an explicit construction of the extended
orbits as symplectic manifolds in Proposition 2. Finally, I construct explicit Poisson moduli spaces
of GSpy,,-connections with specified sets of “fixed combinatorics” that correspond to a collection
of irregular singularities in Theorem 2 (my second main result).

4.1. Extended orbits. Roughly, a “framable extended orbit” .#(A) contains information re-
garding both a formal isomorphism class and framing data. Extended orbits can be realized as
symplectic reductions. To elaborate, let .#(A) be the extended orbit of the S-formal type A. By
Proposition 1, S corresponds to a point z in the fundamental alcove. Define & to be the (@p\%)m—
coadjoint orbit of A. Extended orbits can be constructed as explicit symplectic manifolds, as
described in my result below.

Proposition 2. (L., in preparation) The framable extended orbit #(A) is a symplectic manifold
that is isomorphic to (T* GSpa,(0) X O) [lo (GSpa, )z, and has a Hamiltonian action by the global
gauge group GSp,,,(C). There is a similar construction for “framed extended orbits” M (A).

4.2. Moduli spaces of framed and framable connections. Let A be a collection of formal
types with corresponding extended orbits {j/ (A% }le. There is a Hamiltonian action of the global
gauge group GSp,,,(C) on the product []; .# (A?) given by the diagonal action of GSp,,(C) on each
of the factors. The corresponding moment map g : [], #; — (gsps,(C))¥ maps an element of the
product of extended orbits to the sum of its residue terms. By the Residue Theorem (see, e.g.,
§II in [17]), the condition required for an element of the product to correspond to a meromorphic
connection is satisfied precisely when it maps to 0 through the moment map. This fact allows for
the construction of moduli spaces as symplectic reductions, as described in Theorem 1 below (my
first main result).

Theorem 1. (L., in preparation)

(1) The moduli space A *(A) is a symplectic reduction of the product of local pieces:

M (A) = (H //(AZ‘)) Jo Gy, (C).
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(2) The moduli space ./A///*(A) of framed GSp,,,-connections is constructed similarly. It is a
smooth manifold. Moreover, #*(A) is a symplectic reduction of #*(A) by a torus action.

The constructions in (1) and (2) can each be extended to include connections with additional reqular
stngularities.

4.3. Moduli spaces of connections with fixed combinatorics. Let S = {Si}le be a collec-
tion of regular maximal tori and let r = {m}f:l be a collection of designated depths. Bremer and

Sage [5] defined a moduli space .Z*(S,r) of meromorphic GL,-connections with specified fixed
combinatorics (S,r) corresponding to a set of irregular singularities. Furthermore, they have real-
ized this moduli space as an explicit Poisson manifold. This type of construction is of particular
interest in the study of isomonodromic deformations (see, e.g., [2, 5]). I have further generalized

the construction .//,/\j‘(S,r) for GSp,,,-connections, as described in Theorem 2 below (my second
main result).

Theorem 2. (L., in preparation) The moduli space j/j‘(S,r) is a Poisson reduction of its corre-
sponding local pieces. The symplectic leaves of this Poisson manifold are the connected components

of the framed extended orbits 4 (A).

5. FUTURE DIRECTIONS

The seminal papers of Boalch, Bremer, and Sage established a foundation for a remarkably
rich area of mathematics. Now further work needs to be done to expand the theory from that
foundation. A few next-step projects are listed below.

(1) A first project involves the extension of Theorems 1 and 2 to flat G-bundles on P! for
arbitrary reductive groups G. I anticipate that much of my work with GSps,,-connections
should generalize directly.

(2) A second project involves the study of the isomonodromy equations for meromorphic G-
connections. I anticipate that these equations can be explicitly computed as integrable
systems in the Poisson moduli space of connections with fixed combinatorics, further ex-
tending the work of Bremer and Sage [5].

(3) As a third project, the geometries of extended orbits and moduli spaces merit further study.
For example, the Deligne-Simpson Problem (see, e.g., [13]) is the determination of necessary
and sufficient conditions for which the moduli space is nonempty. Another problem is the
determination of necessary and sufficient conditions for which the moduli space is rigid; i.e.,
reduced to a singleton. Other geometric features (e.g., smoothness of framable extended
orbits .# (A)) also merit more thorough exploration.

(4) Boalch [1] has recently realized certain moduli spaces as quiver varieties. A fourth project
involves investigating whether this can be done for moduli spaces of G-connections with
nonsplit S-formal types.

REFERENCES

[1] P. P. Boalch, Irregular connections and Kac—Moody root systems, arXiv:0806.1050 (2008).

[2] P. P. Boalch, Symplectic manifolds and isomonodromic deformations, Adv. Math. 163 (2001), 137-205.

[3] C. Bremer and D. S. Sage, A theory of minimal K -types for flat G-bundles, submitted to Int. Math. Res. Not.
IMRN, arXiv:1306.3176 (2014).

[4] C. Bremer and D. S. Sage, Flat G-bundles and regular strata and reductive groups, arXiv:1309.6060 (2014).

[5] C. Bremer and D. S. Sage, Isomonodromic deformation of connections with singularities of parahoric formal type,
Comm. Math. Phys., 313 (2012), 175-208.

[6] C. Bremer and D. S. Sage, Moduli spaces of irregular singular connections, Int. Math. Res. Not. IMRN 2013
(2013), 1800-1872.

[7] C.J. Bushnell and A. Frolich, Nonabelian congruence Gauss sums and p-adic simple algebras, Proc. London Math.
Soc. 50 (1985), 207-264.



MODULI SPACES OF MEROMORPHIC GSp,,,-CONNECTIONS 7

[8] C.J. Bushnell, Hereditary orders, Gauss sums, and supercuspidal representations of GLn, J. Reine Agnew. Math.
375/376 (1987), 184-210.

[9] R. W. Carter, Conjugacy classes in the weyl group, Compositio Math. 25 (1972), 1-59.

[10] P. Deligne, Equations différentielles a points singuliers réguliers, Lect. Notes in Math. 163 (1970).

[11] E. Frenkel and B. Gross, A rigid irreqular connection on the projective line, Ann. of Math. (2) 170 (2009),
1469-1512.

[12] D. Kazhdan, G. Lusztig, Fized point varieties on affine flag manifolds, Israel J. Math. 62 (1988), 129-168.

[13] V. P. Kostov, The Deligne—Simpson problem — a survey, J. Algebra 281 (2004), 83-108.

[14] A. Moy and G. Prasad, Unrefined minimal K -types for p-adic groups, Invent. Math. 116 (1994), 393-408.

[15] A. Moy and G. Prasad, Jacquet functors and unrefined minimal K-types, Comment. Math. Helv. 71 (1996),

98-121.

[16] D. S. Sage, The geometry of fized point varieties on affine flag manifolds, Trans. Amer. Math. Soc. 352 (2000),
2087-2119.

[17] J.-P. Serre, Algebraic Groups and Class Fields, Graduate Texts in Mathematics, Vol. 117, Springer-Verlag, New
York, 1988.

[18] T. A. Springer, Regular elements of finite reflection groups, Invent. Math. 25 (1974), 159-198.

[19] W. Wasow, Asymptotic expansions for ordinary differential equations, Wiley Interscience, New York, 1976.

[20] E. Witten, Gauge theory and wild ramification, Anal. Appl. (Singap.) 6 (2008), 429-501.



