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Abstract

We use a variant of a method of Goncharov, Kontsevich and Zhao [5, 16] to meromorph-
ically continue the multiple Hurwitz zeta function

Ca(s:0) = Y (m+6) (g +0)7, €0, 1),

O<ny<--<nyg

to C?, to locate the hyperplanes containing its possible poles and to compute the residues at
the poles. We explain how to use the residues to locate trivial zeros of ¢,(s; 6).

1. Introduction and statements of results

Let 6;, k = 1,...,d, be real numbers in [0, 1). The multiple Hurwitz zeta function is
defined by

Lals;0) = Y (i +0)" (g +0a) 7, (1-1)

O<ny<--<ng

which is absolutely convergent and analytic in the region
Re(sy +---+sy) >d—k+1 for k=1,...,d.

When 6, = 0, k = 1,...,d, the multiple Hurwitz zeta function equals the multiple zeta
function ¢,(s), which was defined by D. Zagier in [14] and has been the focus of intense
study in recent years, appearing in connection with arithmetic and hyperbolic geometry,
moduli spaces, number theory, and quantum physics (see for example [2, 4, 8, 9, 13, 15]).
The many interesting algebraic and combinatorial aspects of the multiple Hurwitz zeta func-
tion have been studied in [3] and [11].

In this paper we will use a variant of a method of Goncharov, Kontsevich and Zhao [5, 16]
to give a proof of the meromorphic continuation of ¢,(s; 6), and to locate the hyperplanes
containing its possible poles.
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THEOREM 1-1. The multiple Hurwitz zeta function &,(s; 0) meromorphically continues
to C? with the following possible poles:

(1) a simple pole along the hyperplane s, = 1;
(i1) a simple pole along the hyperplane s + --- + s; —d + k — 1 = n for all integers
n<Ofork=1,...,d —1.

Remark 1-2. In Theorem 1-1 we are using the definition given in [7, p. 168] of a pole as
a holomorphic subvariety of dimension d — 1.

To prove Theorem 1-1 we use a d-dimensional Mellin transform to show that ¢,(s; )
equals, in its region of absolute convergence, a meromorphic distribution applied to a test
function. This gives an explicit continuation of ¢, (s; 6) to C“, the poles being the same as
those of the distribution.

The meromorphic distribution is

_ F(uy) - T(ug-1)

WXy, eeny Xy STy ee ey Sq) 51 (X1 eeey X3 81y e vy Sd), (1-2)
where
U =S+ +sg—d+k—1 (1-3)
and
W(X1, ooy Xgy Sy ey Sg) = (xl)ilil li[ a- xk)iil_l(xk)lﬁil, (1-4)

I'(uy) L (se—)T ()

k=2

where #, := t1(g ). This is a regular distribution in the domain of C¢ defined by Re(s;)
> 0,...,Re(s;—1) >0 and Re(u;) >0, ...,Re(uy) >0. In Lemma 3-1 we show that i
continues to an entire distribution. Thus, the poles of W arise from the other factors in
(1.2).

The test function is defined on

R = (0, 00) x (0, )4~! (1-5)
by
h(x) = v(x)g(x),
where
V(xX) = VX1, ..., xg) = e On=x) | p—faixixa 1 (1=24) p=0ux1+Xa
and
Xty

800 = glxts o xa) = o

Let S(R2) be the space of Schwartz class functions on an open subset Q of RY (see
Section 2 for the definition). Since W is zero for x outside of R, the value of the pairing
(W, h) does not depend on the value of & outside of R. Nonetheless, to complete the con-
tinuation argument it is essential that i extend to a test function on all of R“. To prove that
h extends we show in Lemma 3-3 that g (and hence k) is in S(R), and then construct in
Theorem 3-4 a continuous linear extension operator £ from S(R) to S(R?).
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The meromorphic continuation of ¢, (s; 8) to C? has also been accomplished by Akiyama
and Ishikawa [1] using the Euler—Maclaurin summation formula, and by Murty and Sinha
[10] using the binomial theorem and Hartog’s theorem. The main advantage of our proof is
that we are able to use the pairing (W, #) and some combinatorial analysis to compute the
residues at the poles of ¢,(s; ) (see also [5, section 2] and [16, section 4]). This in turn
provides a way to locate trivial zeros of {,(s; 8) (see the discussion below).

THEOREM 1-3. The residue of the multiple Hurwitz zeta function {;(s; 0) on the hyper-
plane s; = 1 is

Res,,_1 Ca( 0 o) =1t yd=1.
€85,=1CaS15 -+ -, 84501, ..., 0q) = .
] é‘d*l(sli"'7sd71;017-~-19d71)1 l_fd> L.
THEOREM 1-4. Ford > 2 and any integers 1 <k < d — 1 andn > 1, the residue of the
multiple Hurwitz zeta function ¢,(s; 0) on the hyperplane

sqk)=d—k+2—n
is equal to (using the convention {y(so; 6p) = 1)

d

Ba,' (9'71 - Q)F(ad(]) —|— u )
1Sty v oy Sk13 015 oo, Bk1) Z l_[ .v[{ .] 1 1, ’
aotern=n—1 | j=kr1 4 (aa(j+1) +u;+1)

Apg15.0000 20

where

a; a4
Baj(x) = Z (;)kaa_,-k

k=0

is the ajth Bernoulli polynomial (here By is the kth Bernoulli number), and we have set
sa(k) = sx + -+ 54, a4(j) = a; + -+ +aq, as(d +1) =0, and

u; =sq(j) —d+j—1.
Example 1-5. The residue of the double Hurwitz zeta function ¢,(s; 8) on the hyperplane
si+s5=3—-n, n=1,

equals
By_1(6) —6,)'(s2 +n —2)
(n — DI (s2)
Example 1-6. The residue of the triple Hurwitz zeta function £3(s; 8) on the hyperplane

si+s+s3=4—n, n=1,

equals

Z Ba2(91 — 92)803 (92 — 93)F(612 + as + \Y) + §3 — 2)F(a3 -+ S3 — 1)
az!a3!F(a3 + 5 + §3 — I)F(Sg) ’

a)+az=n—1
az,a3 =0

and the residue on the hyperplane

Ss+s3=3—-n, n=1,
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equals

B, (6, —0)'(az +s3— 1)
SICHAY PRINTS) :

az=n—1
a3>0

As mentioned, the formula for the residues in Theorem 1-4 can be used to locate trivial
zeros of £,(s; 6). For example, the following sets of points (s, 5,) in C? are trivial zeros of
the double Hurwitz zeta function &, (s; 6):

(s51,82) = (0, —k), k € Zxo;

(s1,8) = (=1L, 1—-k), keZs;

(51,80 = (=2j,1=k), (j, k) €Z>o X ZL>y;
(51,8) =(=2j—-1,2—=k), (j, k) €Zxyx Lx>.

To prove these are zeros, choose n > 1 so that (sq, s7) lies on the hyperplane s, +s, = 3 —n,
and then verify that the residue

B,_1(0) — 0)I' (s, +n —2)
(n — DT (s2)

is zero. This method can be used, along with properties of the Bernoulli polynomials, to
locate other trivial zeros of {;(s; 6) in dimensions d > 2 (see also [16, section 5]).

2. Analytic continuation of tempered distributions
In this section we give a brief overview of the analytic continuation of tempered distri-
butions. Let © be an open subset of R?. Then S(2), the Schwartz-class functions on 2, are
defined to be the set of all complex-valued C*°—functions f on €2 such that
Pap(f) = sup |x* D’ f(x)| < 00

xeQ

for all (d-dimensional) multi-indices o and §. A multi-index « is an ordered pair of d non-

negative integers (o, ..., og), x* == x{" - - - x3’, and
Jer]
prp o
Tx . gx”
1 d

where || = a1 + - - + ay.

Endowed with the sufficient family of semi-norms, {0« g}, S (R?) is a Fréchet space.

A (tempered) distribution is an element of S'(RY), the dual space of S(RY); that is, the
set of all continuous linear functionals on S(R?), continuity being with respect to all the
semi-norms p, g separately. A distribution v applied to a test function ¢ in S(RY) is written
as (¥, ¢), the operation (-, -) or, more explicitly, (-, -)s'ra).sre), defining a pairing of S'(R?)
and S(RY). If, for some locally integrable function ¥, (, ¢) = [, Y for all ¢ in SRY),
then the distribution is called a regular distribution, and ¥ and i are normally identified.

A distribution v is analytic (meromorphic) if for any test function ¢ in S(RY), (v, @)
is analytic (meromorphic) in some domain in C¢. If v is regular and analytic on some
domain of C“ and, for any test function ¢ in S(RY), (¥, ¢) analytically continues to an
analytic or meromorphic function, then v is said to analytically continue to an analytic or
meromorphic distribution. A region on which v is regular and analytic is called a region of
absolute convergence of .
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We will also have a need for the tensor product of distributions, which we define as fol-
lows. Let ¥, and v, be distributions in S'(R%) and S'(R%), and let ¢ be in S(R“*%). Then
the functions

P1(x1) = (Y (), (X1, ))s@n).s®e), P2(X2) = (Y1), @, X2)) 5w, SRN)

are in S(R"), S(R%), respectively: this follows from the general fact that for any fixed f
in S (R%) and ¢ in SR *%), x > (f(-), ¢(x, -)) lies in S(R"), along with the symmetric
relation with the order of the variables transposed. Then we define ¥, ® v, by

W ® V2, @) s @ity sy = (Y1, @1 s @), swiy = (U2, 02) 5/ R%2), S®R:) >

which we can write more concisely as

W1 ® V2, ) = (Y1, (Y2, 9)) = (Y2, (Y1, 9)). 21

To show that this definition is consistent, we must show that equality holds in the last two
expressions in (2.1). So suppose first that ¢ = ¢; ® ¢,. Then

W1, (W, @) =1, (W2, 01 @ 02)) = (Y1, @1 (W2, 02)) = (Y2, @2) (W1, 01) = (Y2, (Y1, @),

where in the second and third equalities we used the linearity of the pairings involved, and
in the final equality we used the symmetric equality with the order of ¥, and v, transposed.
This shows that (2-1) is well-defined for test functions that are product-form and hence by
linearity for all test functions in S(R”) ® S(R?%). But S(R") ® S(R%) is dense'in S(R%*42)
so the definition is, in fact, well-defined for all distributions in S(R% ).

Equation (2-1) can also be seen as the analog of Fubini’s theorem for tempered distribu-
tions. In fact, it follows for regular distributions by an application of Fubini’s theorem, and
hence is a natural definition of the tensor product of two distributions.

3. Analytic preliminaries

In this section we establish some analytic results to be used in the proof of Theorem 1-1.

LEMMA 3-1. The distribution v of (1.4) is absolutely convergent on Re(u;) >0, k = 1,
...,d,andRe(sy) >0, k=1, ...,d — 1, and continues to an entire distribution.

Proof. We leave the proof of absolute convergence to the reader. To prove that v contin-
ues to an entire distribution, we may assume that d = 2, the proof being entirely analogous
for d > 2. The distribution v, is analytic on Rex; > 0 and continues to an entire distribution
on u; by [16, lemma 3], and 1, is analytic on Res; > 0, Reu; > 0 and continues to an entire
distribution on (s, u;) by [16, lemma 4]. Then ¥ = ¥, ® ¥, and we can write, for any ¢
in S(R?),

W, @) = (Y1, (Y2, 9)) = W2, (Y1, 9)).

Since (Y, ) = (Y1, (Y2, ), it is entire in uy; since (Y, ) = (¥, (¥, ¢)) it is entire in
s1 and u, as well. But a complex-valued function that is entire in each variable separately is
entire: this follows from Hartog’s theorem (for instance, see [6, theorem B-6, p. 15]). Hence,
(¢, @) is entire in (uy, S, U,) and so is entire on the subvariety defined by s; = u; —u; + 1,
which, with the change of variables s; = sy, s, = u, + 1, means that (¢, ¢) is entire when

1 This fact, which we do not prove, is nonetheless key, because it is where the real machinery of analysis
is being used.
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viewed as a function of (sy, 57). (These relations come from solving for s; and s; in (1-3).)
Since this is true for all ¢ in S(R?), the distribution v is entire.

LEMMA 3-2. Let y = y(x) be the transformation
=W =x--x, k=1,...,d,
and let R be defined as in (1.5). If f is in S(y(R)), then f oy is in S(R).
Proof. Let f bein S(y(R)) andlet f = f o y. Applying the chain rule, we can see that
for any multi-index S,

N
DPf(x) =Y Cix" (D f)(y(x))
j=1

for some positive integers N and (C;) and multi-indices (y/) with each y/ < B. It follows
that for any multi-indices « and 8,

M=

sup [x* DP F(x)| <) C;sup [x (DY £)(y(x))]

xeR : xeR
J=l

C; sup |Xf'+y‘f (D £)(y(x))|

xeR

NE

<

.
Il
-

I
C; sup |y DY f(y)
T yer®

[
M =

k]

~.
Il

where we used the fact that |x;| < 1 forall k = 2, ..., d. But this is finite because f is in
S(y(R)), and we conclude that f is in S(R).

LEMMA 3-3. The function

yi(x) - ya(x)
(™ —1)...(e¥® — 1)

g(-x) :g(xh"'axd) =
isin S(R).

Proof. To prove this we view g as a function of y = y(x). The function g(y) then
factors into a product, each factor of which is in S((0, 00)). Hence g(y) is in S((0, c0)?) C
S(y(R)), which by Lemma 3-2 implies that g is in S(R).

THEOREM 3-4. There exists a continuous linear extension operator £ that maps S(R) to
S(RY).

Proof. For simplicity of notation, we give the proof for d = 2; nothing significant changes
for d > 2. Also, the proof for d = 1 is an obvious simplification of the argument for d = 2.

Let f be in S(R). We prove the existence of the extension f := £f in three steps, as
follows:

Step 1: we extend f to a function u in C*(R?) much as in the proof of [12, theorem 5,
chapter VI], though we do so explicitly so we can more easily make the calculations required
to establish Schwartz decay.
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Because f is in C*(R), we can extend f continuously to the boundary of R. We then
define u# on (—o0, 0] x (0, 1) as in [12, equation (24), p. 182] by

u(x,y)=/ fx—=Ax, y)y Q) dx 3-D
1

and on R by u(x, y) = f(x,y). Here, ¥ is as in [12, lemma 1, p. 182].

Because f is in S(R), u and all its derivatives are continuous, as we can verify directly
from (3.1) hence, u is in C*®°((—o0, o0) x (0, 1)).

Next we extend u to R? as follows. Let {¢_, ¢, } be a partition of unity of R defined
so that ¢, equals 1 on the set {(x,y) e R:3/4<y <1}, ¢~ equals 1 on the set
{(x,y) € R:0 < y < 1/4}, and both are constant along horizontal lines. Then define u_
and u in C*(R?) by

/ (up_)(x,y =ay)br)dxr, y<0,

-GN = U b (x y), 0<y<l,
0, y=1,
/ W), y + Ay — YRy dh, y > 1,
_ 1
UV =0 U s (x y), 0<y<l,
0, y < 0.

In both integrals above we treat u as being zero whenever ¢_ or ¢, is zero (the value we
choose for u does not matter).

Finally, define u in C*°(R?) by

M(X, J’) = M_(.X, J’) +M+(.X, Y),

and observe that u is an extension of f to all of R?, and u is in C*°(R?) by the same reasoning
as before.

Step 2: let ¢, and ¢, in C*(R?) assume values in [0, 1] and be such that ¢, = 1 on
[0, 00), ¢, = 0 on (—o0, —1], ¢, = 1 on [0, 1], and ¢, = 0 on [2, c0) and on (—o0, —1].
Then ¢ := @,¢, is in C*(R?) and assumes values in [0, 1], is identically 1 on R, and is
identically O on the complement in R? of (—1, 00) x (—1, 2).

Define f in C*(R?) by
f=qu.

Step 3: the function f has Schwartz decay in all directions except possibly along the positive
x-axis when y is in [1, 2) or in (—1, 0], because in all other directions, f either equals f,
which has Schwartz decay, or becomes zero after a finite distance. So we need only show
that |x™ y" 9/ 8;‘ f (x, y)| is bounded for all nonnegative integers m, n, j, and k on two subsets
of R Ry = (0, 00) x (—1,0) and R, = (0, 00) x (1, 2).
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First we consider only partial derivatives of x. Assume that (x, y) is in Ry, and that
m, n, and j are nonnegative integers. Then, since ¢ is constant along horizontal rays
in R1 .

[x"y"a] Fx, »)| = |oCx, »)x"y"8lu(x, )|
< X"y olu(x, y)|
= |xmy"8){u,(x, y)|

x"y"o] / (fo)(x,y =AY (r) dx'
1

/ (x"y"3] f(x,y = Ap))p—(x,y =AY (L) dk‘
1

o0
<sup [y| sup [x"y"0] f(x,y)| ‘/ d_(x,y— /\y)'
y'€(0,1) 1

<sup|y| sup [x"y"d] f(x, ¥
y'e(0,1)
The second and third equalities follow from the definitions of # and #_ (and u becomes f
in the integral because x > 0). The fourth equality uses the constancy of ¢_ along horizontal
lines. The last inequality follows by a change of variables and the observation that ¢_ is
supported in a strip of vertical width less than 1.

Thus,
sup [x"y"d] Fx. )| < supl¥lsup sup |x"y"a] f(x. y")|
(x,y)ER; x>0 y'e(0,1)
=suply| sup [x"y"d] f(x, )|,
(x,y)ER

which is finite by the assumption that f is in S(R). The bound on R, is obtained similarly.

Bounding |x™y" 3/ 8)’f f (x, y)| is more tedious, because both ¢ and ¢_ have nonzero partial
derivatives in the y-direction. If we write this as [x"y" ;9] F(x,y)|, we can start with the
calculation above then perform the partial derivatives in y. This will result in a sum of
terms including partial derivatives of ¢, ¢_, and f. Each term, however, will be just as
above, with ¢ and ¢_ replaced by partial derivatives of these functions, and with partial
derivatives in both x and y. Since all the partial derivatives of ¢ and ¢_ are bounded, this
does not change the argument for each term, and we see that [x™y" 3/ 8;‘ f(x, y)| is bounded
as well.

The linearity of the extension operator £f = f is clear from the definition of f, and its
continuity follows from the bounds we established above.

4. Proof of Theorem 1-1
From (1-1) and the identity

I'(s) = / w' e ™ dw
0
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we have
d

Za(s; ) [T s
j=1

00 00
:/ / Z (n; +6,)™" ...(nd_i_ed)*é‘dw;‘l_lefwl -"w;;d_le*wddwl cdwy.
0 0

O<ny--<ny

Make the change of variables w; = (n; + 0;),

(i 4 00w e ™ dwy = (g + 6) ™ (g + O)% 1 e MHI (0 )d1y
— t]:k—lef("kJr@k)fkdtk’

to obtain
d
Ca(s; ) [ [T Gs)
j=1
oo o0
— / . / Z t-lYl—le—(n1+91)tl .. t;dfle—(nd-k&z)t[/dtl o diy
0 0 O<nj<--<ng
00 00 00 S
— f . / Z . Z l,fl—le*(nl‘i’@l)fl .. t;dflef(n1+..4+n4+9d)t[,dtl odty
0 0 ni=1 ng=1
S o0
=/ / T e e (1 1) dt - dty, (4-1)
0 0
where

o0 o0
¢y, ... ty) = Z e Z e Mttt L pmnala,

ni=1 ng=1
Set x;,; = 0 and define the change of variables
X Xpg =+ - +1 ifandonlyif tk:x1~--xk(l—xk+1) (42)

for 1 <k <d.Noticethats, > 0forl <k <difandonlyif0 < x; <ocoand0 < x; < 1
for 2 < k < d. The k, £th entry of the Jacobian of the transformation defined by (4-2) is

Xy Xpo 1 Xepr - X (1 = xpqp), i€ < k;

oty Xy X (1= xpq1), if £ =k;

_(xlv"'sxd)= .

ax, —X1 - Xp, ifl=k+1;
0, ifl > k—+1.

It can be shown that the determinant of the Jacobian is

ot
’(—k(xl, . .,xd)>‘ =x{7" o x
a)Cg



10 JAMES P. KELLIHER AND RIAD MASRI

Make the change of variables defined by (4-2) in (4-1) and use the functional equation
I'(s) = (s — 1I'(s — 1) to obtain

Sd—l
C(uy)---T(ug—r)

ul ! Se_1—1 k=1
— X)X
h s dxi---d
/ / ,/ F(L{]) F(Skq)r(uk) (x1 Xq)dx, Xy

=f // VX, oo, Xg5 Sty oo SR, o, xg)dxy - - - dxy, 4-3)
0 0 0

Ca(s; 0)

where

h(xi, ..., x0) =v(x, oo, x) g (X1, ..oy Xa),

VX1, .. X)) = 8*91)51(1*)52) . efed—lxl”'xd—l(lfle)e*(’dxl“‘Xd

and

gxr, . xg) = x{xd™ e xy E E e L g

}111 ndl

_ xdxdxy

T e 1)

By Lemma 3-3 we know that g is in S(R). Since v is a bounded, C* function on R, all
of whose derivatives are bounded on R, and S(R) is closed under multiplication by such
functions, it follows that % is in S(R). Therefore, by Theorem 3-4 there exists an extension
f = &(h) of h to S(RY). Solve for ¢,;(s; 6) in (4-3) to obtain

)T ug
Ca(s; 0) = (”l)s Wat) s s F O, (4-4)

—1

Finally, by Lemma 3-1 we see that (4-4) gives an explicit expression for the continuation of
£4(s; ) with the possible poles along the stated hyperplanes.

5. Proof of Theorem 1-3
The case d = 1 is a classical result. Assume that d > 1. By (4-4),

Resg=16a(s;0) =T (s1 + -+ 541 —(d = 1) -+ T(s4-2 + 54-1 — 2)I(s4-1 — 1)
X YIILHI(W(’ Sly e vey Sd)’ h())

Now, a straightforward calculation yields

hm W, Sty .., 82), h(5)

Ad—>

Y|+ tsg_1—d
o[
sa—1 L1+ +s4-1—(d—1))
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d—1 si_1—1 Skt FSsa—1—(d—1)+k—2
(1 — x)™ " x,

<[1

U TGoT Gt Fsm —@—D+k— D

d—1_d—1
X efgl-xl(lfxz) R 6*94—1)61“')%—1 xl xz ceXd—1
(exl — 1) e (exl"'xd—l — 1)
1 1 — xg)fa1 %2

X ( Xa) Xa e~ Ca=0a-1)x1xa xlw Xd dx, - dxy,

(sq—1 — DI (sg—1 — 1) [(sq —1) exrxa —

where we have used the functional equation I'(s) = (s — 1)['(s — 1). From (4-4) we see that
it suffices to show that

sg_1—1 Sd -2 .
lim P =) e—(@a—edfnxl---xdx—dxd = 1.
sa—1 sy —1) erx —

This follows from a calculation similar to that in the proof of [16, lemma 4].

6. Proof of Theorem 1-4

First, assume that £ > 2. Using (4-3) we may express the multiple Hurwitz zeta function
Ca(s: 0) as

Ca(s; 0)
oo k=1 ?A 1(J)+ug—1
/ / / 1_[ 60 X1 X (1 x,+|)(6x| Xj 1)
Xn(l X)) RACIEEL/S I’S)d 1o dxg-, (6-1)
j=2 1_[ IF(SJ')
where
f(xla ey Xk—15 S)

1 1 d (0;-1—6)x1-x
wi—1 o xl...x.e J J 7
:/ / | |x-’ (1 —x;)5! ! dxy -+ - dxy
J ex1 X — 1
0 0 j=k

(here we have set x;; =0 for j + 1>1i). We want to compute the residue of f(x,...,
Xr—1; §) on the hyperplane

sq(k)=d —k+2—n.

Recall that the Bernoulli polynomial generating function is

xe'* o x4
" =ZOBa<z)a.
a=

Therefore

cx e Oim1=0)x1x;

d
n‘xl .. j
' erY; 1
B, (6; )
— Z {(xl X l)ad(k)l_[ /( j—1 ) kd(])}’ (62)

[ aq 20
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Substitute (6-2) into f(x1, ..., xx_1; s) and use the identity
U; +Sj—1 =Uj1 +1

and the beta integral

/lx"‘l(l —x)ldx = L'
0 (e + B)

to obtain

S, xkm1ss)

Bo,(6;1 — 0;) T(aq(j) + u )T (s;_1)
— aq (k) NI J J J
= X {()‘1 - ﬂ a;! F(ad(j>+u,»+s,»1>}

> {("""xk et B Bt = 6) _ Tlaah) + up)

<0 ay! Fask+1)4+u+1)
Al yenny ag =z
5 1 T B0 —0)  T(a(j) +u;) li[ ) }
1“(64[1(/<)+uk+s/H)jzk+1 aj! FClas(j+1) +u; +1) Pt !
(6-3)

Observe that in (6-3) only the terms with a;(k) = n — 1 contribute to the residue on the
hyperplane s, (k) = d —k +2 — n. Furthermore, for every such term with a; > 0 the function

[lk—l

Plagk) +u) [[(@utk) + ui — &)
=1

I'(ag(k +1) +up + 1)

has no poles. Using these facts we obtain the residue in the statement of the theorem.
Next, assume that k = 1. The proof in this case is essentially the same as for k > 2. One
simply needs to set k = 2 in (6-1) and use
) 0 xu—l

lim(u — 1) —dx =1

u—1 0 eﬁlx(ex _ 1)
To calculate this limit we use the Mellin transform of the classical one-dimensional Hurwitz
zeta function

-1

£(s1q) = Z(n+q>— F()/ e

and the fact that ¢ (s; ¢) has a meromorphic continuation to C with a simple pole at s = 1
with residue 1. In particular,

00 xu—l 00 xu—l
o er(er—1) Jy e@thi(l —ex)’

00 u—1
lim (i — 1)/ —  dx = lim@u— DT @) 6+ 1) = 1.
u—1 0 eé)lx(ex — 1) u—1

so that

Acknowledgements. We would like to thank Misha Vishik for helpful conversations
regarding this work. The second author is grateful to the I. H. E. S. for financial support
during the preparation of this work.



Analytic continuation of multiple Hurwitz zeta functions 13

REFERENCES

[1] S. AKIYAMA and H. ISHIKAWA. On analytic continuation of multiple L-functions and related zeta-
functions. Analytic number theory (Beijing/Kyoto, 1999) Dev. Math. 6 (2002), 1-16.

[2] A. BEILINSON and P. DELIGNE. Interprétation motivique de la conjecture de Zagier reliant polylog-
arithmes et régulateurs, Motives (Seattle, WA, 1991). Proc. Sympos. Pure Math. 55, Part 2 (1994),
97-121.

[3] J. M. BORWEIN, D. M. BRADLEY, D. J. BROADHURST and P. LISONEK. Combinatorial aspects of
multiple zeta values. Electron. J. Combin. 5§ (1998), Research Paper 38, 12 pp.

[4] A. B. GONCHAROV. Volumes of hyperbolic manifolds and mixed Tate motives. J. Amer. Math. Soc.
12 (1999), 569-618.

[S] A. B. GONCHAROV. Multiple polylogarithms and mixed Tate motives, at math archives.

[6] R. C. GUNNING. Introduction to Holomorphic Functions of Several Complex Variables, Volume I,
Function Theory (Wadsworth, Inc., 1990).

[7] R. C. GUNNING. Introduction to Holomorphic Functions of Several Complex Variables, Volume I,
Local Theory (Wadsworth, Inc., 1990).

[8] M. KONTSEVICH. Vassiliev’s Knot Invariants, I. M. Gel’fand Seminar. Adv. Soviet Math. 16, Part 2
(1993), 137-150.

[9] M. KONTSEVICH. Operads and motives in deformation quantization. Lett. Math. Phys. 48 (1999),
35-72.

[10] M. RAM MURTY and K. SINHA. Multiple Hurwitz zeta functions. Multiple Dirichlet series, auto-
morphic forms, and analytic number theory, 135-156, Proc. Sympos. Pure Math. 75, Amer. Math.
Soc., Providence, RI (2006).

[11] H. MINH, G. JACOB, P. GERARD, M. PETITOT and N. OUsSOUS. De I’algebre des ¢ de Riemann
multivariées a I’algebre des ¢ de Hurwitz multivariées. Sém. Lothar. Combin. 44 (2000), Art. B44i,
21 pp.

[12] E. M. STEIN. Singular Integrals and Differentiability Properties of Functions (Princeton University
Press, 1970).

[13] T. TERASOMA. Mixed Tate motives and multiple zeta values. Invent. Math. 149 (2002), 339-369.

[14] D. ZAGIER. Values of zeta functions and their applications. First European Congress of Mathematics,
Vol. II (Paris, 1992) Progr. Math. 120 (1994), 497-572.

[15] D. ZAGIER. Periods of modular forms, traces of Hecke operators, and multiple zeta values.
Strikaisekikenkyiisho Kokyiroku, (843) (1993), 162-170. Research into automorphic forms and
L-functions (Japanese) (Kyoto, 1992).

[16] J. ZHAO. Analytic continuation of multiple zeta functions. Proc. Amer. Math. Soc. 128 (1999), 1275—
1283.





