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For initial vorticity in L' N L>°(IR?) there exists a unique weak
solution, (v, p), to the Euler equations,

Otv+v-Vv+Vp =0,
divv =0.

Vorticity (w = w(v) = d1v? — 0av!) is transported by the flow,

and there exists a unique mapping 1 (the classical flow),
continuous from R x R? to R?, such that

P(t, x) = x+/0 v(s, (s, x)) ds.

This is due to Yudovich 1963.
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Moreover, both v and 1) have an explicit modulus of continuity
(MOC) in the space variables:

lv(t,x) = v(t,y)| < p(lx —yl),
[(t, x) = (t, y)| < Te(lx = yl),

for all (t,x,y) € R x R?, with

u(r) = —Crlogr, r<1/2,
Fe(r) = Cre_a, r suff. small.

The function p, which is independent of time, can be derived from
potential theory using the conservation of the LP-norms of the
vorticity; 'y comes from the proof of the existence of a classical
flow for a log-Lipschitz velocity field.
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The flo

It follows from
(8,2) = (ty)] < Tellx—yl) = Clx—y|* "
that for fixed t > 0, the map (¢, ) lies in the Holder space,
Cc*, a=e .
(Sorry for the dual use of “C.")

This leads to the question of whether this upper bound on the
Holder continuity of the flow map is ever achieved.
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Theorem (Bahouri & Chemin 1994)

For the initial vorticity, w° = 21 1[o,1)x[0,1], the flow map ¥ (t,-) lies
in no Holder space, C%, for o > e~ t.
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Unbound

Let 6 : [po,00) — R for some pg in [1,2). We say that 6§ is
admissible if the function 3 : (0,00) — [0, 00) defined by

B(x) := inf {(xl_e/e)Q(l/e) ein (0, 1/po]},

where C is a fixed absolute constant, satisfies

L odx

0 )

Examples of admissible bounds on vorticity are

0o(p) = 1,01(p) = logp, . ..,0m(p) =logp-log’p---log™ p,
for which

Bm(x) < CxOmi1(1/x).



Definition

We say that a vector field v has Yudovich vorticity if for some
admissible function 6 : [pg, 00) — RT with pg in [1,2),
Jw(v)ll» < 8(p) for all p in [po, o).

Roughly speaking, the LP—norm of a Yudovich vorticity can grow in
p only slightly faster than log p and still be admissible.

Such growth in the LP—norms arises, for example, from a point
singularity of the type loglog(1/|x]|).
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Theorem (Yudovich 1995)

First part: For any initial velocity having Yudovich vorticity there
exists a unique weak solution to the Euler equations.

Second part: The vector field has a unique continuous flow, along
which the vorticity is transported. Let

and let T¢: [0,00) — [0, 00) with ['+(0) =0 and, for s >0,

/rf(s) dr lent] Fe()? gr
—— =t or equivalently / —  — f.
S s2 5(r)
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The bounds on the modulus of continuity of the velocity field and
the flow when specialized to bounded vorticity go as follows:

0(p) =1
and, for r sufficiently small,
ﬁ(r) = —rlogr,
pu(r) = B(r?)/r = —r*log(r*)/r = B(r),
Fe(r) = reia,
w(ta )GCa7 a=ée€ ct

(We have ignored unimportant constants here and elsewhere.)

This reproduces the upper bound on « for bounded vorticity.
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The obvious question is what happens for the higher Yudovich
vorticities, especially whether the upper bound on the modulus of
continuity of the flow given by Yudovich is achieved by a specific
example.

We will find that for the next Yudovich example, 6(p) = log p,
there exists initial vorticities for which the flow map, ¥(t,-), lies in
no Holder space of positive exponent for any t > 0.

The ultimate goal of this kind of analysis is to construct initial
Yudovich vorticities for which the flow map has an arbitrarily poor
modulus of continuity. Were this demonstrated, it would suggest
that some aspect of uniqueness breaks down when going beyond
Yudovich vorticities. Maybe.

Jim Kelliher Euler equations and the flow



Definition

We say that a compactly supported Yudovich vorticity w is
symmetric by quadrant, or SBQ, if w(x) = w(x1, x2) is odd in xq
and xo; i.e, w(—x1,x2) = —w(x1,x2) and w(x1, —x2) = —w(x1, x2).
(So also w(—x) = w(x).)

X

7w(7xl,xz) w(xl,xz)

w(=x,-x,) | —w(x —x,)
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Biot-Sav

The divergence-free velocity field, v, can be recovered from its
vorticity, w, by the Biot-Savart law:

x4

2m x|

v=Kxw, K(x)=

Lemma

Let w be SBQ. Then there exists a unique divergence-free vector
field, v, in (L?(R?))? with w(v) = w, and v satisfies the following:
Q w(x1,0) =0 for all x; in R;
@ v1(0,x2) =0 for all xo in R;
© v(0,0)=0;
Q /fw>0in @ then vi(x1,0) > 0 for all x; > 0.
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SBQ

SBQ is preserved by the flow. Therefore:
@ The origin remains fixed.
@ The quadrants do not mix.
© w>0in Qq is preserved by the flow.

Xy

—w(=x, x,) w(xl,xz)
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@ Let w be SBQ with w = 2719 17x[0,1- Then Bahouri and
Chemin showed that vi(x1,0) > Cxy log(1/x1) V x1 > C.

@ Scale Bahouri and Chemin's result to show that for
w= 2771[07,]”0’,], r<1, A<1, one has
V1(X1,0) > C)\Xl |Og(1/X1) W X1>‘ <r.

© Construct an SBQ initial vorticity, w°, that decreases in Q1
from a singularity at the origin by summing an infinite number
of vorticities as in Step 2. Such a vorticity has “square
symmetry,” and we obtain a lower bound on v{(xq, 0).

@ Use the upper bound on the modulus of continuity of the flow
to bound w(t) below by a square symmetric vorticity, @(t).
The bound in step 3 then gives a lower bound on vy(t, x1,0).

@ Use the lower bound on vi(t,x1,0) = vi(t, x1,0) —v1(t,0,0)
to obtain a lower bound on

(£, %1, 0)] = [4(t,x1,0) — (t,0,0).



Bahouri and Chemin's example: redux G

Let w be SBQ with w = 271 q /x[0,] on Q1 for some r in (0, 1).
Then for any X in (0,1) there is a right neighborhood N = N of
0 for which

V(I’,Xl) = V1(X1,0) > 07
where
V(r,xl) > CXl |0g(1/X1)

for all x1 in N for which x{* < r. (The neighborhood, N, depends
only upon A; in particular, it is independent of r.)

Observe that the bound on V/(r, x;) does not depend upon r, but
the domain on which it is bounded by the lemma shrinks as r
shrinks. This lemma can be got from Bahouri and Chemin’s bound
for r = 1 by scaling.
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Definition

We say that w is square-symmetric if w is SBQ and
w(xi, x2) = w(max{xi, x2},0) on Q.

That is, the vorticity is SBQ and is constant in absolute value
along the boundary of any square centered at the origin.

Lemma

Assume that w is square-symmetric, finite except possibly at the
origin, and w(xy,0) is nonnegative and non-increasing for x; > 0.
Then for any X in (0,1) and any X in (0, \)

vi(x1,0) > C(1 — N)w(xy',0)xq log(1/x1)

for all x, in the neighborhood N' = N\ », where C = 2/m.
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Write w on @1 as

1
27T/O a(r) Lo, nxo,/(x) dr,

for some a: (0,1) — [0, 00). In particular,

1
w(x1,0) = 27‘(‘/ a(r)dr.

1

Because the Biot-Savart law is linear,

v (x, )—/ a(r)V(r, x1) dr
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Proof continued.

So,
1
v1(x1,0):/0 a(r)V(r,x1)dr

A
1

_ /0 V() dr+ [ a)Vir ) o

> /X; APV, )

1
> 2n </ () dr> %(1 _ vl )

A
1

2 (1- /\/)w(xl)‘, 0)x; log(1/x1).

™

In the final inequality, V/(r,x1) is bounded as in the previous
lemma because x{* < r in the integrand.
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Theorem

Assume that w° is square-symmetric, finite except possibly at the
origin, and w°(xy,0) is nonnegative and non-increasing for x; > 0.
Then for any X in (0,1) and any X' in (0,)),

vi(t, x1,0) > C(1 — X)w®(T:(2Y2x7), 0)x1 log(1/x1)

for all x in the neighborhood N'= N x» and all time t > 0.
Further, let L(t,x1) be any continuous lower bound on v1(t, x1,0),
for instance, the one above. Then if xi(t) is the solution to

dX1(t)
dt

= L(t,Xl)

with x1(0) = a > 0 in N, then 9*(t,a,0) > xi(t) for all t > 0.
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Idea of th

Idea of the proof.

The vorticity, w(t), remains SBQ at t > 0, but is no longer
square-symmetric. But |w(t)| can be bounded below by [w(t)],
with @(t) square-symmetric, by using the bound, I'¢, on the
modulus of the continuity of the flow to control how much the
square-symmetric initial vorticity can be distorted in time t. The
differential equation for x; follows from the definition of the flow,
using ¢ (t,0,0) = 0 for all ¢ (the origin is fixed by the flow). O

4

For Bahouri and Chemin's example, w® = 27 10,1)x[0,1], the proof

of this part is quite simple: the flow maps an open ball containing
the origin homeomorphically into an open set and the image of the
origin must lie in its interior.
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Returning to the w = 271 1)x[0,1) €xample,

(1= X)w®(2(2Y2/2)*, 0)x log(1/x1)
(1 — )\/)Xl |Og(1/X1).

Solving dxi(t)/dt = C(1 — N')xq log(1/x1) with x1(0) = a gives

wl(t’ a, 0) > Xl(t) _ aexp(fC(lf)\/)t)’

vi(t,x1,0) > C
> C

which applies for sufficiently small a. Since ¥(t,0,0) =0,

[4(t,a,0) —4(t,0,0)| Wl (t.a,0)| > gop(—C(1=N)t)—a

ER a“

)

which is infinite for any o > exp(—C(1 — X)t). This shows that
the flow can be in no Holder space C® for a > exp(—C(1 — \)t).
But this is true for any A" in (0,1), so the flow can be in no Holder
space C* for o > e~ t, reproducing, up to a constant, the result
of Bahouri and Chemin.
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Letting w® be square-symmetric with w®(x1,0) = log log(1/x1) for
0 < x3 < 1/e and zero for x; > 1/e gives

0(p) = Clogp,
B(r) < Crlogrloglog(1/r).

Rather than solving for 'y, one shows that

loglog(1/T+(s)) > %e‘a log log(1/s).
Then, for x; > 0 sufficiently small,
vE(t,x1,0) > C(1— N)wO(Te(2Y2x7), 0)x1 log(1/x1)
> C(1— N)loglog(1/T+(2Y2x7"))x log(1/x1)
> Ce“loglog(1/2"2x])xq log(1/x1)
> Ce™“loglog(1/x1)xq log(1/x1).
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Solving for

dX1(t)

e Ce loglog(1/x1)x1 log(1/x1) (1)

with x1(0) = a, we get

log®(1/x1(t)) = log3(1/a) + C (act _ 1) ,

SO

¥(t,a,0) > x(t) = exp (_(— log a)eXP(C(e*Ct—l))>

—(— Y
— |0ga)7

where v = exp (C(e~ ¢t — 1)).
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We had,
Yl(t,a,0) > e (187

where v = exp (C(e~* —1)) < 1 for all t > 0. Thus, for any a in
(0,1) and all t > 0,

1 1 1
t,a,0) — t,0,0 t,a,0
||1/’||Ca2“m¢(”) w(”)zlimw
a—07t ¥ a0t 20
—(—log a)Y 7
> lim e = |im e = lim eauqu — 0.
a—0* e(—loga)a u—oo @—au 00

(2)

We conclude that the flow lies in no Holder space of positive
exponent for all positive time.

Jim Kelliher Euler equations and the flow



For the higher Yudovich vorticities,
Om(p) =logp-log®p---log”p, m<2,

the initial vorticity is distorted too much at time t > 0 to obtain a
square-symmetric lower bound for the vorticity at time t that
blows up fast enough at the origin. Either more refined estimates,
or something clever, are needed.
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