THE AGGREGATION EQUATION WITH NEWTONIAN POTENTIAL:
THE VANISHING VISCOSITY LIMIT

ELAINE COZZI', GUNG-MIN GIE?, JAMES P. KELLIHER?

ABSTRACT. The viscous and inviscid aggregation equation with Newtonian potential mod-
els a number of different physical systems and has close analogs in 2D incompressible fluid
mechanics. We consider a slight generalization of these equations in the whole space es-
tablishing well-posedness of the viscous and inviscid equations, spatial decay of the viscous
solutions, and the convergence of viscous solutions to the inviscid solution as the viscosity
goes to zero.

Compiled on Saturday 22°¢ April, 2017 at 11:42

CONTENTS
1. Introduction 1
2. Measuring persistence of spatial decay 4
3. The linear viscous problem 8
4. The nonlinear viscous problem 17
5. The inviscid problem 20
6. Total mass and infinite energy 32
7. The vanishing viscosity limit for (GAG,) for velocities in L? 35
8. The vanishing viscosity limit for (GAG),) for velocities not in L? 39
9. The vanishing viscosity limit in the L°°-norm 43
10. Concluding Remarks 47
Acknowledgements 47
References 47

1. INTRODUCTION

In this work we study on R? d > 2, the (viscous or inviscid) aggregation equation with
Newtonian potential,

Op” + div(p'vY) = vAp”,
(AG,) vV = -Voxp”,
p”(0) = po.

Here, v > 0 is the viscosity and & is the fundamental solution of the Laplacian, or Newtonian
potential (so A® = ¢ and divv” = —p”). The density is p”, the velocity is v¥, and pg is the
initial density.

Many variations on these equations are considered in the literature, primarily by using
potentials other than the Newtonian or by using more general diffusive terms. We restrict
our attention to the Newtonian potential with linear diffusion, for we will be concerned with
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analyzing the viscous (v > 0) and inviscid (¥ = 0) aggregation equation using techniques
adapted from the study of 2D fluid mechanics.

The aggregation equation models numerous physical problems. For the Newtonian poten-
tial, as in (AG)), this includes chemotaxis, where (AG),) for v > 0 is a limiting case of the
Keller-Segel system (see Section 5.2 of [23]) and has been extensively studied. In this context,
p” measures the density of cells (bacteria or cancer cells, for instance) and v” is the gradient
of the concentration of a chemoattractant. References most closely related to the approach
to the aggregation equation taken in this paper include [2, 3, 4, 15, 16, 22, 23].

We will, in fact, consider a slightly more general set of equations of the form

Ap” + V¥ - Vp” = 0o9(p”)? + vApY,
(GAG)) vV =0V xp”,
py(o) = pPo,

where o1, o9 are constants with o1 # 0. When 01 = —1, 09 = 1, (GAG)) reduces to (AG))
since then div(pv") = v¥ - Vp” +divvYp’ = vV - Vp¥ — (p*)2

The special case 01 = 1, 09 = —1 has been used to model type-II superconductivity when
v = 0 (see [22] and the references therein). In such applications, pg is not assumed to have
a distinguished sign, so there is no real difference between studying o1 = —1, 09 = 1 and
o1 =1, 09 =—1.

At least one other special case of (GAG,) has been studied in the literature: (GAG() with
o1 = —1, 09 = 0 are derived from (AGp) by making a transformation of variables in (1.6)
of [2]. This transformation applies only in the special case of aggregation patch initial data
(analogous to a vortex patch for fluids) for (AGy). Although this transformation only works
for aggregation patch initial data the authors of [2] go on to use this special case of (GAG))
throughout their analysis of aggregation patches. A general well-posedness result is not
needed in [2] and hence not established there, but such a result was one of our motivations
for studying (GAG,), the parameters o1, o2 merely interpolating between (AGy) and the
equations studied in [2] (when v = 0).

We will study (GAG,) in all of RY, but we note that much of what we find extends
naturally to a bounded domain if, as is typically done, one uses no-flux boundary conditions,
Vp¥ -mn = 0. This is because such boundary conditions eliminate all troublesome boundary
integrals. The situation is the same for 2D incompressible fluids using no-flux conditions on
the vorticity, though for fluids such conditions have no real physical meaning.

We will find establishing the existence of weak viscous solutions to (GAG, ) no more difficult
than doing the same for (AG,) except for keeping track of the constants o1 and oy. In most
applications compact support of the initial density would suffice, but such compact support
is not conserved for viscous solutions. We will find that density having spatial decay of a
specific type is conserved, however, and we will find it convenient to work in a space having
such decay. Roughly speaking, this space, which we call L?V (see Definition 2.1), consists of
L? densities having sufficiently rapid algebraic decay at infinity.

In outline, our proof of existence of solutions to (GAG,) proceeds as follows. We first
define in Section 2 the spaces L3, and H} in analogy with L2(RY) and H'(R?) and prove
that HJ is compactly embedded in L%, for all M < N. We show existence of solutions to a
linearized version of (GAG),) in Section 3 using an abstract functional analytic approach due
to J.-L. Lions. We expend most of our effort showing that such solutions lie in L?\, N L for
all time and then obtaining bounds over time on all LP norms of the density that are uniform
in viscosity. In Section 4 we use a sequence of these linearized solutions to approximate a
solution to the viscous aggregation equation taking advantage of the compact embedding of
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H}V in L?M to obtain a solution via a compactness argument. (We address uniqueness of
solutions only later in Theorem 7.5.)

Our viscous existence results suit our needs in later sections when we examine the vanishing
viscosity limit; in particular, we need uniform-in-viscosity bounds on LP-norms of the density
and on the time of existence of solutions to obtain the limit. Much more is known, however,
about the existence time of solutions and how it relates to the initial mass of the density,
at least for (AG,) for nonnegative py (as summarized in Sections 5.2, 5.3 of [23]). See also
the proof of existence of global-in-time renormalized solutions to (GAG),) for the special case
o1 =1, 09 = —1 in [22] assuming only that py € L!.

We return in Section 5 to the well-posedness of weak solutions to the generalized inviscid
aggregation equation. We adapt the approach of Marchioro and Pulvirenti in [21] (which
originates in their earlier text [20]) to prove existence and uniqueness of Lagrangian solutions
to the 2D Euler equations, combining it with some ideas from Chapter 8 of Majda and
Bertozzi’s [19]. Marchioro and Pulvirenti’s argument is both economical and elegant, but
both of these virtues are impacted by the need to handle non-divergence free vector fields.
Fundamentally, this is because the Jacobian of the transformation induced by the flow map is
no longer 1 but involves pg. This introduces into the argument new terms that require us to
assume some regularity of the initial density. Only after proving existence with such regularity
can a limiting argument be made to treat initial densities lying in L?V N L. (Our proofs
of existence and uniqueness are simplified by adding the assumption that py is compactly
supported.) We will also adapt Marchioro and Pulvirenti’s approach to establishing higher
regularity of inviscid solutions, as their approach translates with only minor difficulties to
non-divergence free vector fields.

The varying effects of o1 and o2 begin to become apparent in Section 6 when we examine
the behavior of the total mass of the density, m(p”) := [ga p”. We will find that m(p") is
conserved only when o1 409 = 0. The mass is particularly important in 2D where the energy
of the solutions is infinite. The lack of finite energy was no real obstacle for studying weak
solutions because only the L° norm of the velocity played a role in the estimates. But when
treating uniqueness of regular viscous solutions and proving that the vanishing viscosity limit
holds, the L? norm of the velocity play an important role.

As is the case with the 3D Navier-Stokes equations, the uniqueness of weak solutions is an
open problem: we will content ourselves with proving uniqueness of solutions having sufficient
regularity. Even for regular solutions uniqueness is not a simple matter, for one needs to
control both the density and velocity of the difference between two solutions. Uniqueness
will follow, however, from the vanishing viscosity arguments we make beginning in Section 7,
where we show that

(VV): v = v%in L0, T; HY), p* — p° in L>®(0,T; L*) as v — 0

for a T > 0 as stated in Theorem 4.5. When d = 3, v and v both lie in L?(R¢). This is no
longer (in general) the case when d = 2. When o7 + 02 = 0, however, because the total mass
of the densities p” and p° are conserved over time, the infinite parts of the energies cancel,
giving v¥ — v% € L?(R?). In both of the cases d > 3 or d = 2 with o1 + 02 = 0 (VV) holds,
as we show in Section 7.

In Section 8 we consider the remaining case where d = 2 but o1 + 02 # 0. In this case the
total mass of the densities are not conserved over time and the infinite parts of the energies
do not cancel. We will nonetheless be able to isolate the infinite parts of the energy and use
them to define a spatially smooth corrector " that lies in weak-L? and all higher LP spaces
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and show that in place of (VV) we have
(VV)Y: vV =vY =8 = 0in L>®(0,T; H'), p* — p° in L°°(0,T; L?) as v — 0,
6" — 0 in L>(0,T;C*) for all k > 0.

As can be seen from (VV), (VV) both the velocity and density converge strongly in the
vanishing viscosity limit. Indeed, the arguments in Sections 7 and 8 involve showing the
simultaneous convergence of both the velocities and the densities.

In Section 9 we use the results from Sections 7 and 8 along with uniform bounds in viscosity
on Hoélder norms of solutions to (GAG,) to prove that the vanishing viscosity limit holds in
the L°°-norm of the density for more regular initial data. In Section 10 we make some
concluding remarks.

We follow the convention that ||| = [||| 2(ga). We write (-, -) for the L2-inner product and
(-,-) for the pairing in the duality between H'(R%) and H~!(R9).

We make the convention that C stands for an unspecified positive constant that is inde-
pendent of any significant parameters. Its value may vary from expression to expression.
If its explicit dependence upon certain parameters is significant we write C(aq,...,ay). In
particular,

Co(t) is a positive, continuous, nondecreasing function of ¢ € [0, c0).

We will find various uses for the following cutoff function:

Definition 1.1. Let a be a radially symmetric function in C*°(R?) taking values in [0,1],
supported in By(0) with a = 1 on B1(0) and with a(x) nonincreasing in |x|. For any R > 1
define ar(-) = a(-/R). Note that agr(x) is nondecreasing in R for any fized x € R%. We also
define bp(z) = asr(z) —ar(xz) > 0, noting that br is supported on the annulus of inner, outer
radit R, 4R.

For any p1,p2 € [1,00], p1 # p2, we define || f[|zo1qpoo = [ fllppr + I fllpse for the Banach
space LPt N LP2,

If a displayed equation with equation number (m.n) consists of multiple equalities then
(m.n), refers to the k-th equality in the equations. For example, (4.3) refers to the equation
Vo, =01VP *xpy_1.

We will use many times the following simple form of a classical result:

Lemma 1.2 (Gronwall’s inequality). Fiz T > 0. Let L, o, and B be nonnegative continuous
functions on the interval [0, T| with o non-decreasing and assume that M € L*((0,T)). If

/M )ds < aft /B s)ds for all t € [0,T]

then

+ /OtM(s) ds < a(t) exp/ot/B(s) ds for allt € 10,T).

2. MEASURING PERSISTENCE OF SPATIAL DECAY

The main issue we will face in obtaining weak solutions to (GAG,) is not regularity, which
can be dealt with in a very classical manner, but rather spatial decay. The difficulty is that
even if we assume compact support of the initial density—as we will in Theorem 5.7 for the
inviscid solutions—diffusion ensures that compact support is lost for all positive time. We will
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find, however, that algebraic spatial decay as characterized by the space L?V of Definition 2.1
will persist. We explore in this section key properties of this space that we will use in the

following sections.

Definition 2.1. Fiz a real number N > 0, let p € [1,00], and let a, br be as in Definition 1.1.
For any integer k > 0, define the function space W]lf,’p(Rd) to be the subspace of WFP(R?)

with the norm,

Hf”W]’\CfP(Rd) = HafHWk,p(Rd) + ;1;11 RN ||beHWk,p(Rd) .
Let HY(RY) := WA (RY), LR (RY) := WP (RY).
Lemma 2.2. Fach of the following holds for all d > 2:

(1) Fiz q € [1,2] and let ny, = d22;qq. If f € L% (RY) for some N > n, then f € LI(R?)

with || fll s < C1fI3,+ € Ly, (RY with |l g, < Clfl s, and

(1 = an)fll s < CR-O=19) |[f]a for all R 1.
(2) We have,
IV® s fllpp < Cllfllpap~ <C Hf”L?VﬁLOO ’

(2.1)

(2.2)

the first inequality holding for all f € L*N L™, the second holding for all f € L?VDLOO
for some N > d/2. In (2.2), LL = LL(RY) is the space of bounded log-Lipschitz vector

fields with

lg(z) — g(y)|
x —ylloglz —y|

9ll,s = lgll oo + sup { -

3) For any p € (d/(d — 1), 00| there exists C(p) > 0 such that for all f € L' N LP,
(3) ypE( p

VO fll o < Cllfllpine -
(4) For any p € (d,o0] there exists C(p) > 0 such that for all f € L' N L,

s =2
VO fllpee < CW) fII7 I1f1I5% + C NIl
(5) If f € LA N L™ for some N > 1+ d/2 then for all R > 1,

d—

a-1 2
Ioa(7® « Dl < € (Ul + L WU ) B < C g R
(Hence, V& x f € LY with [|[V® fHUlX’ <C HfHL%,mLOO .)
Proof. (1) Fix q € [1,2]. Then for any R > 1,

d2=a _(N—n
lenflle I o Ibmfl < OB RN £l = OB |l
su R

This along with [laf[|,, < C'[laf|| shows that f € L, ~with ||fHL3V7nq < Cfllgs, -

Observe that
n—1
agn = (agn — agn—1) + (agn-1 — agn-2) + -+ (ag —a1) + a1 = a + Zka.
k=0

'm,yERd,0<\x—y]§e_1}.

(2.3)

(2.4)

(2.5)
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Then, using (2.6),

n—1 n+1
laze fll e < llafllpe + Y 1boefllpa < Clflgz +C 27" N ifll 2 < Clflls,
k=0 k=0

since N > ng. But as» increases monotonically to 1. Thus f € L? with ||f| ., < C || f]| 2 by
the monotone convergence theorem. Similarly,

10— az)fll e < C 32 N |7 < G2V | £

k=n
Given R > 0, choose n such that 2" < R < 2"*1. Then
I(1 = ar)fllpe < (1 —agn)flp, < C27E ") £z, < CRr~(N=mo) £z, -

So we see that more generally (2.1) holds.

(2) In 2D, the first inequality in (2.2) is Lemma 8.1 of [19]. It can be proved in all
dimensions in a manner very similar to that of Theorem 3.1 of [25], so we suppress the proof.
The second inequality in (2.2) follows from (1).

(3) We have

IV® s pllp < [|aV®[ 1 llpll e + (1 = a) Ve[ (ol 1 < o0

for all p > d/(d — 1), giving (2.3).
(4) Observe that for any p € (d, o0],

IV® * fll oo < [[(aV®) * fli e + (1 = a)V®) * fll oo

S CllaVe| o [flle + ClIA = a)VO[ oo [l 1,

p—2

where p’ =p/(p—1) € [1,d/(d — 1)). But by Lebesgue interpolation, ||f|l;, < ||f||% I f1 5
and (2.4) follows.
(5) Assume that |z| > 1, and let R = |z|/8 so that = ¢ supp agg. We write
V@« f(2)] < [V (arf) (@) + [VO * (1 — ar) f)(2)|

and bound the two terms separately. For the first term,
Ve s (arf) @) <C [ la—yl Cary)lf @)l dy < Clel lanfl < C 1l e,
supp ap

since |z — y| > 3|x|/4 for y € suppag. For the other term, we use (2.1) and (2.4) to obtain

Ve« (1 - an) )| < C 1 - an)fF [£1% +C (1 - an) s
<C (RN Ifl e +CR D]

But N—d/2 >1and 2N/p > 2(14+d/2)/p = (2+d)/p > 1 as long as p € (d,2+d]. Choosing
p=d+ 1 yields (2.5). O

Remark 2.3. An implication of (2.1) is that we could replace br with 1—ag in Definition 2.1.
The compact support of br, however, makes it more convenient in most applications.

Lemma 2.4. Let N > 0. Then H}(R?) is continuously and compactly embedded in L?(R?)
and in L2,(R?) for any M < N. Moreover, if (fn) is a bounded sequence in H} (R?) then
there exists f € L?V(Rd) such that a subsequence of (fy) converges to f in L?\/[(Rd) for all
M < N.
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Proof. Let (f,,) be a bounded sequence in Hj. We will construct a subsequence (f,,) and
a function f € L% (R?) for which f,,, — f in L2,(R%) for any M < N, giving the compact
embedding of H} (R?) in L2,(R?) and hence also in L?(R?).

Because supp ay, k = 1,2, ... is bounded, H! (supp a;) is compactly embedded in L?(supp ax).

(1)

We can thus extract a subsequence of (fy), which we relabel as (fn )32

n=1>

L?(supp ay) such that fT(Ll)|8upp 4, — g1 in L?(suppay) as n — oo. We continue this process in-

and a g1 €

ductively, constructing sequences ( fék))%o:l and (gy) with g, € L?(supp ay) and fq(zk)\supp ar =
gr in L?(suppag) as n — oo. At each step, we choose the subsequence ( f,gk))Oo from

(k—1) =t
(fa )z
We have gjlsuppa, = gk for j > k since

ng - ngLQ(suppak) < nlglolo |:Hgk - fr(zj)HLz(suppak) + ”g] - fT(Lj)HLz(suppak) = 0.

Hence, we can define a function f pointwise on R? by f(z) = limy_., gr(z). Observe that
(1 — ag) full < Ck=V for all n follows from (2.1). Hence, also ||(1 —ax)f|| < Ck~, so
fer3.

We now construct a subsequence of (f,,) as follows. We set the first term of the subsequence

equal to fj(ll), where j; is chosen sufficiently large to ensure that || fj(ll) — flle2(suppar) < 1.

Proceeding inductively, we set the k-th term of the subsequence equal to fj(f), where jj
satisfies jr—1 < ji and Hfj(:) — fllz2(suppay) < 1/k. Relabeling this sequence as (f,), we have
that [|fn — fll L2(suppa,) < 1/n for all n.

Although we have established that the limiting function f is in L%, we cannot conclude

that f, — f in L?V. We can, however, show that f, — f in L?\/[ for any M < N, as follows.
Fix M < N, and observe that

1o = Fllgz, = lla(F = F)ll + sup BY [b(f — fu)ll < lla(f = fu)ll + Csup kM [be(f — £
R>1 keN

Now let ¢ > 0. For any fixed kg € N we can choose Ny > 0 sufficiently large that
If = anLQ(Suppan) < kO_Mg for any n > Ny and any k < kg. Then for all n > No,

1fn = Flizz, < € sup KM If = full 2gsuppage) + € sup &M VEY [[(1 = a)(f = fa)
M k<ko k>ko
< CkY kg Me + CRYNENEN < C(e 4+ kY.
We used here that ||(1 —a)(f — fo)ll < I1(1 —ap)fll + (1 — ag) fal]] < Ck~. Choosing ko
large enough that k)™ < & we have | f, — fHL?\/[ < Ce for all n < Ny. Since this holds for
all € > 0, it follows that || f, — fHL?M — 0 as n — oo. O

Corollary 2.5. Let o > 0 and assume that f € L%V(]Rd) for some integer N > o + d/2.
Then ||* f(x) € L'(RY) with |||2]* fll 0 < C'||fll 1z -

Proof. For any R > 1 we have
RN |log|z|*f|| < (AR)*R™"*|jbrf|| < 4°RY [lbrf]| < CRYR™™ || fll 2 = Cfl 2, -

CHf”L?V' That |z|*f(x) € LY(RY) with |||z|*f]|;: < C’Hf||L§V then follows from (1) of

Lemma 2.2. O

This along with ||a(z)|z|* f(x)|| < C ||laf| shows that |z|*f(z) € L% _,, with H]w|°‘f(a;)HL%Via <
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Lemma 2.6 shows that time-continuity in L? with boundedness in L?V implies time-continuity
in all lower Lebesgue norms. We note that this result follows for all L¢-norms with ¢ € (1,2]
easily by (1) of Lemma 2.2 and Lebesgue space interpolation, so it is the L' case that is most
important to us.

Lemma 2.6. If f € C([0,T); L?) N L>(0,T; L%) for N > d/2 then f € C([0,T]; L9) for all
q€1,2].

Proof. Let € > 0. For any ¢t € [0,7] let § > 0 be small enough that || f(s) — f(¢)||;2 < ¢ for
all 5 € [0,7] N (t = 6,t +0). Fix g € [1,2] and let ny = d%:2. Then by (1) of Lemma 2.2, for
any R > 1,

1£(5) = F@®)ll o < llar(f(s) = FO)ga + 11 = ar)(f(s) = FE)IIa
< N£(5) = F Ol paapoy ~ OBV 1f Iz,
< CR™||f(s) = f(O)| + CR™N "9 | fl| 5 < CR™e+ CR™V 1),

Set R = e_%. Then

1£(s) = F(B)lpa < C7F,
from which f € C(]0,T]; L?) follows, since ny <n; =d/2 < N. g

3. THE LINEAR VISCOUS PROBLEM

In this section, we investigate solutions to the linear parabolic problem,

{ 0+ vy -VE=02fE + VAL + g,
£(0) = £(0),

where f, g are given functions of space and time and vy := o1 V® x f. In Section 4, we will
use a sequence of solutions to (3.1) to obtain existence of a solution to the nonlinear problem
in (GAG,). In the limit we will have f = £ = p¥, so that we will want f and £ to exist in
the same function spaces.

(3.1)

Definition 3.1. Fiz N > 1+ d/2 and define the solution space
Yy :={h € C([0,T]; L*) N L*(0, T; HY) N L>(0,T; L%): d:h € L*(0,T; H1)}.

(We place no norm on Yy, however.) Assume that f € Yy N L¥([0,T] x RY), and let
vy =01V®x* f. Assume that g € L?(0,T; L?V) We say that € € Yy is a weak solution to the
linear problem (3.1) on the interval [0,T] if £(0) = f(0) and

(0:£(t), )+ (VE(t), Vi) — (o1 + 02)(f(£)E(1), p) — (v ()E(), Vo) = (g, )
for a.e. t €[0,T] for all p € Hi,.

Equality in (3.2) is to hold in the sense of distributions on (0,T).

(3.2)

Remark 3.2. By 0;§ in Definition 3.1 we mean the weak time derivative of f (see 5.9.2 and
Appendiz E.5 of [11]). Thus, ;¢ € L?(0,T; H') means that fOT AHE(t)v(t) dt = — fOT E(t)v'(t) dt
for all real-valued v € C°((0,T)), the integrations being over Banach space (H') valued
functions. We will show in Theorem 3.3 that we can also treat 0:& as a distributional deriv-
ative. Also, by the initial condition £(0) = f(0) we mean that £(t) — f(0) in L? ast — 0T,
which makes sense because & € C([0,T]; L?).
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In many of the proofs that follow we will want to make an energy argument by applying
(3.2) with a ¢ that lies in the solution space. In other cases we wish to apply (3.2) with a
test function in C2°((0,T') x R?%) to prove the existence of a solution. This can be justified in
an entirely standard way. For completeness, we give the proof below.

Theorem 3.3. Let
Y :={heC([0,T); L*) N L*(0,T; H'): o;h € L*(0,T; H )}

and assume that f, g, and vy are as in Definition 5.1. The function £ € Y with £(0) = f(0)
is a weak solution as in Definition 3.1 if and only if any of the following hold:

(1) (5.2) holds for all p € C*(RY).

(2) For all o € C((0,T) x R%) we have

_/OT((‘M@ // vy - Vo4 (01 +02)fEp —VvVE- Vo) = // g or

// (0o +Evy - Vo + (01 +02) fEp —vVE - V) = //Rd

That is, (3.1) holds on (0,T) x R% in the sense of distributions.
(3) For all p € C([0,T); L*) N L*(0,T; H')

/OT K& // vy -V + (o1 +02) f§p —vVE- Vo) = //990-

(4) For all p € Y we have

(3.3)

T T
/ (&, Do)+ / / (6v) - Vo + (01 + 09) fEp — VVE - Vo)
0 0 R4

T
[ e —sop0) - [ [ a0

Finally, if € is a weak solution as in Definition 5.1 then (1)-(4) hold with any t € [0,T] in
place of T.

Proof. We give the proof for g = 0 as forcing plays no significant role in the proofs. Assume
first that ¢ is a solution as given in Definition 3.1. Then (1) follows since C>°(R?) C H},.

Next we prove (2). Let (¢, z) = ¢1(t)pa(x), where o1 € D(0,T) and ¢ € D(R?). In light
of Remark 3.2 we see that integrating (3.2) in time gives either equality in (3.3). Because
D'((0,T) x RY) = D'((0,T)) @ D'(R?) by the Schwartz kernel theorem, it follows that (3.3)
holds for all ¢ € D((0,T) x R%). This establishes (2), since C2°((0,T) x R%) = D((0,T) x R%)
as sets.

To prove (3), we first show that (3.3); holds for any ¢ in C>([0, T]; C2°(R%)), which is
clearly dense in C([0,T]; L?) N L?(0,T; H') (and in Y). So let ¢ € C>([0,T]; C*(RY)).
Letting he be as in Lemma 3.8, define ¢.(t,z) = h.(t)p(t,z). Since p. € C((0,T) x RY),

(3.3)1 holds for . by (2). But
3¢/2 T
< (/ +/ ) 10 @) | g1 1 — ) ()] g dt — 0
0 T—3¢/2

| /OT@f, o[ "0

by the continuity of the Lebesgue integral. The same kind of bound holds for the other terms
n (3.3);1. Thus, (3.3); holds for ¢.
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Now let (p,) be a sequence in C°°([0,T]; C°(RY)) converging to ¢ in C([0,T]; L?) N
L?(0,T; H'). Then (3.3); holds for each ¢,, and taking advantage of f and, by (2) of
Lemma 2.2, v both lying in L*°((0,7) x R?), it is easy to see that (3) holds in the limit as
n — 0o. Then (4) follows the same way, except that we use Lemma 3.9 for the time integral.

Also note that (1)-(4) clearly hold with any ¢ € [0, 7] in place of T

We now prove the reverse implications. That (1) implies that £ is a weak solution follows
from the density of C2°(R?) in H},. That (2) implies (1) follows from applying either form
of (3.3) with a test function of the form @(t,z) = @1(t)pa(z), since (3.2) is to hold in the
sense of distributions in time. Finally, that (3) implies (2) and that (4) implies (3) follows
by handling the time integral using Lemma 3.9 as we did in the proof of (4). O

To obtain the existence of solutions, we use the following extremely general result due to
Lions and Magenes [17]. We quote the result as it appears in Theorem 10.9 of [5].

Theorem 3.4. [J.-L. Lions| Let H be a Hilbert space with the subspace V' continuously and
densely embedded in H. Fiz T > 0 and suppose that a(t;u,v): V x V — R is a bilinear form
satisfying for some constants M, o, C > 0:

(1) for every u,v € V the function t — a(t;u,v) is measurable;
(2) la(t;u,v)| < M ||ully ||v]ly for a.e. t € [0,T] for all u,v € V;
(3) la(t;v,v)| > « HUH%/ — C[v|)3; for a.e. t €[0,T) for allve V.
Given g € L*(0,T;V*) and ug € H, there exists a unique u with
uwe L*0,T;V)NC([0,T]; H) and dyu € L*(0,T;V*)
such that u(0) = ug and
(Opu(t),v) + a(t;u(t),v) = (g(t),v) for a.e. t €[0,T] for allv e V.
We will apply Theorem 3.4 with H = L2(R?), V = H'(R?), and
a(t;u,v) = v(Vu, Vo) — (o1 + 02)(fu,v) — (v§,uVo), (3.4)
noting that formally,

(0i6(t), o) + a(t;§(t), ) = (De&(t) — vAL(E) — o2 fE(t) + vy - VE(E), ),
in accordance with (3.1).

Theorem 3.5. Let v > 0 and T > 0 and let N > 1+ d/2. There exists a unique weak
solution to (3.1) as in Definition 3.1. Moreover, the norms on & in L?(0,T;HY,) and in
L*>®(0,T; L3;) can be bounded strictly in terms of Hf(O)HL?v’ ||fHL2(O7T;L§VﬂLoo), 1€1l L2(0,7;22)

HgHLZ(OvT?L?\r)’ and v=1.

Proof. Let H = L*(R?%), V = H'(R%), and define the bilinear form on V x V as in (3.4).
Then the existence and uniqueness of a weak solution ¢ as in Definition 3.1 but with £ €
L2(0,T; HY)NC([0,T]; L?) and test functions in H! follows from Theorem 3.4 once we verify
the three required properties of a as follows:

(1) This follows from f € Yy N L>((0,t) x RY) and (2.2).

(2) We have

la(t; u, )| < v [IVul Vol + o1 + ool [ fll oo llull 1ol + [[vsll oo [l Vo]l
< M ffully o]l -
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(3) We have,
lalt; 0, 0)| = v [ V0l = (01 + 32){fv, ) — (v, 0V,
But

1 1, . o
(vy V) = S (vy, Vv = —5(divyy, w|?) = —31<f, v[?).

(A density argument is used to integrate by parts here. We simply note that we have
sufficient regularity and decay of f and v so that the first and last expressions make
sense.) Thus

o1+ 209

2
o1 + 209

lalt;v,0)] = |y [0l - (fo,0)]

> v | Vo|? - | 1l 0l = v [970)> = CllolP

= v(|[Vol|* +HvH) (C+ ) [[ol* = vlly = (C +v) [lollF -

We now show that, in fact, £ € Yy (we note that it is the inability to verify (3) for H = L%,
V = H}; that requires us to explicitly show this). By (4) of Theorem 3.3 applied with the
test function p = b%¢ € Y, we have

/ (O, B3E) + (6v 7, V(I2E)) + (01 + 02) (f, bE2) — w(VE, V(B36)))
0 (3.5)

— [bRE@)? = bR (O)]2 - / (9, B36).

By Lemma 3.9, we have

/ (04,036 = / (04, B2) + [bRED)? — bR (O)]2

Thus (3.5) can be rewritten as

t t
/0 (006, B2€) — (ev 1, V(BAE)) — (01 + o) (f, Ba?) + 0 (VE, V(b)) = / (9, B%6).

Now observe that

[ [ pheae =5 (1onco? - lors0)17).
|(€vy, V(07| = !<Vf,QbR§2VbR+b §VE)|
< 2 lbrvll o V0l o €1 + orev sl oo 1 1R VE]
< Ov 'R el + 7 b Ve,
(.05 < 1 €7
V(VE, V(bRE)) = v(VE,20pEVbg + bR VE) = v [brVE|? + 20(bré€VE, Vbg),
20 (bR VE, Vita)| < 20 Vbl €] 15 VE] < CvR™ el e

< CvR™?|i€|* + 5 HbRViH

(9. b%€) < llbryll IbrE] < (1/2) lorgll* + (1/2) 1bRE]I*.
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We used (5) of Lemma 2.2 to bound brv in L, and we used Young’s inequality in the second
inequality above and in the estimates for the last two terms. In the one term involving a
time derivative we applied Lemma 3.9, using (8;£, b%€) = (0,(b%€), ). Thus,

t t
HbRﬁ(t)H2+/ v [brVE|? < IIbe(O)\|2+/ bRgl”
0 0

! 2 ! C 2 2
# [ onsl+ [ (G NP+ C gl

Applying Lemma 1.2 (Gronwall’s lemma) gives
t
1brE®)))* + v / [brVE[]* < (CR™N + Co(t)ytR™2) P, (3.6)
0

where we used f(0) € L%, g € L*(0,T;L%) for some N > 1+ d/2 with 2N an integer. It
follows from (3.6) that

t
lorEI + V/o IbRVE|* < Co(t) Ry heCo! (3.7)

for k =1 and all v < v for any fixed 1y > 0.

We now proceed by induction. Let S(k) be the statement that (3.7) holds. We have shown
that S(k) is true for k = 1; now suppose that it holds up to some k — 1 < N.

We refine the estimates,

1 v
|<‘£Vfa v(b%%é.)” <Cv 'R 2 HéH%Q(suppVbR) + Z HbRVg“Qv
_ v
‘2y<bR§v€7 VbR)’ <CvR 2 Hg"%Q(suppVbR) + Z Hvaé-HQ :
But since bar(z) + br(x) + br/a(z) = 1 on the support of Vbg, we can write

€172 supp vty < (b2 + b + by
<y (=1) (Co(t)(R/2)72(k71)600(t)t i Co<t)R72(kfl)ng(t)t 4 Co<t)(2R)72(kfl)eCo(t)t)
< Co(t) R0 ~(k=1) o)t
This follows from (3.7) applied with R as well as with R replaced by both R/2 and 2R. With
these refinements the argument that led to (3.6) now gives

t
lbrE®)* + v /0 IbRVE[? < (CR‘QN + oty R™2) o,

So (3.7) holds for k as well by induction. We must stop at k& = N, however, the bounds
1bRf (02, HbRgHi?(O,T;L?) < CR™2N being the limiting factors.

This shows that & € L>(0,T; L,) N L*(0,T; HY).

Finally, the dependence of the various constants Cp(t) on the data occurs only through
Hf(O)HL?V and Hf”L?(o,T;L?\,nLoo)‘ Hence, the norms on ¢ in L(0,T; HY,) and in L>(0,T; L3;)

can be bounded strictly in terms of Hf(O)HL%Va ||f”L2(0,T;L§VmLoo)a H§||L2(0,T;L2)a and ||.9||L2(0,T;L§V)'

Theorem 3.6. Fiz an integer k > 0 and define the space
Y{ = {h € C([0,T); H*) 0 L*(0,T; Hi) N L>=(0,T; HY,): 0:h € L*(0,T; H* 1)}



THE AGGREGATION EQUATION VANISHING VISCOSITY LIMIT 13

(but place no norm on it). Assume that f € Y]]\“,, g € L*0,T; HJ]%) Let £ be the unique weak
solution to (3.1) given by Theorem 3.5. Then & € YE.

Proof. This regularity result for L?-based spaces rather than L3-based spaces is classical,
based on a sequence of smooth Galerkin approximations to the solution. We give only a
formal bootstrapping argument to explain how to obtain the L?V—based result from the L?-
based result.

Taking 0; of (3.1) for any ¢ = 1,...,d gives formally

010§ + vy - VOi§ = 02f0;§ + VA& + G, (3.8)
with 9;£(0) = 9;f(0), where
G :=090;f€ — &-vf - V& + 0ig.

That is, 0;§ also satisfies (3.1) with different forcing and initial data.

But G € L*(0,T; L?\,), so by Theorem 3.5 there exists a unique weak solution, which we will
call 7;, to (3.1) with forcing function G and initial data 9;f(0). Now, ~; is a weak solution to
(3.1) and 9;¢ is formally a solution to (3.1) with the same initial data and forcing as 7;. In fact,
~v; = 0;€ follows from the Galerkin-approximation argument referred to earlier. Hence, ;€ €
Y. Because this holds for all i we have V& € Yy and thus £ € C([0,T]; H')NL%(0,T; H%)N
L>=(0,T; HY;). Since (3.1) holds in the sense of distributions by (2) of Theorem 3.3, it follows
that ;¢ € L2(0,T; H*!) so that £ € Y. This gives the result for k = 1. The result follows
for any k by repeating this same process k — 1 more times. O

In Theorem 3.7 we obtain uniform-in-viscosity bounds on the norms of ¢ in L*>°([0,T"; L9)
over time for sufficiently regular solutions. These bounds can be obtained for weak solutions
as well but only with considerable additional technical difficulties due to the lack of a priori
knowledge that the solution is continuous over time in the L%-norm. Because our use of
Theorem 3.7 is only to show the analogous result for nonlinear solutions in the next section,
we limit ourselves to regular solutions, which is all we will need.

Theorem 3.7. Let v,T > 0 and assume that f € Y§ for some N > 1+d/2, k > d/2. Let
& be the regular solution to (3.1) given by Theorem 3.0 without forcing (g = 0). For any
q € [1,00] we have

1€E) 0 < 1F(0)]1 0 exp (\‘j; + 0| /0 NIeI. ds) - (3.9)

Further, for ¢ = 2 we have

leo1?+ 20 [ 19617 < 15O exp (for +203] [ 17N ). (310

Proof. By Theorem 3.6 and Sobolev embedding £ € C([0,T7]; L?) for all g € [2,00), while by
Lemma 2.6 £ € C([0,T]; LY) for all ¢ € [1,2). Assume that ¢ is a rational number in (1, 00)
with ¢ = my/mq in lowest terms for my even. This insures that £ > 0. The conclusions we
reach for such rational ¢’s will hold for all ¢ € [1,00) by the continuity of Lebesgue norms.
If done formally, the argument we will make is very simple: multiply (3.1) by ¢ = €971,
integrate over space and time, perform several integrations by parts, and in the end obtain
a bound on |[£(t)| 4. In fact, for ¢ > 2 there is little more to the argument since we
have restricted ourselves to sufficiently regular solutions. One of these integrations by parts,
however, introduces a factor of €972 which is singular when ¢ < 2. We will remove this
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singularity by multiplying £€9~! by a factor that vanishes when ¢ is near zero. This factor will
be derived from a function A, € C*°(R) parameterized by ¢ € (0,1/2) and defined so that

Mlz) = {(3/2)5, x <e,

x, T > 2¢€

and so that AL, A/ > 0 with A\, < C where C' is independent of .

(SRS
So instead of simply using ¢ = &7 we use ¢ = A.(£9)¢971. We can write this as

o = f-(£)¢%, where f.(z) := \.(29)/z. Then f. € C*°(R) with
el < (3/2)) 7 X o < C71

)\// q q— l_)\/ q 2 2
520 = [P < (2) (e

2
< Ce?(Cq(2e)?4+C) < Ce 2 +£772).

It follows immediately from this that ¢ € L>(0,T; L' N L*°) since 7 belongs in this same
space. For time continuity, we have

(@) = ()l r < [172(€())(€7 () = &9 ()| o + [1€9 () (f(€(8)) = fe(€()))]]
< el oo 1€7CE) = €7(3)l pr + (| F2] oo NETEN oo 1ECE) — ECS) -
We conclude that ¢ € C([0,77; L") for all r € [1, 00).
Then Vo = (¢—1)\L(£7)E972VE+gN! (¢9)e20-DVE € L2(0,T; L)) since VE € L2(0,T; L))
and the singularity in €972 is removed because A\.(z) = 0 for z < . Hence, p € L%(0,T; H')
and thus has sufficient regularity to apply in (3) of Theorem 3.3. This gives

/Ot /Rd OHENL(EDEIT = /Ot /Rd gvy - V(€)Y

t Leneal _ oy, . ! (¢q)eq—1
. /0 /R (o1 + o2 fEN. (£ VE-V(AL(ENED).

We were able to replace the pairing in the first integral by a spatial integral because 9, €
L?(0,T; H*1) by Theorem 3.6 and ¢ = \.(£9)¢971 € L>(0,T; L?). Because of the regularity
and decay given by Theorem 3.6, we can easily integrate all but the time integral by parts,
as follows:

x Lt H)‘/e(mq)HLgo)

(3.11)

[ evrvouensh = - [ div(evpniene
o [ putengt = [ (v vorLEng
, _ 1 1 .
- [ s vorienst = =2 [ v vouen) = 2 [ divvaen

-9 q

. /R A€
/ FEN(ENET = / FAL(ENES
R4 R4

— . / -1y (4 ’ -2 2
v /R JVEVNENET) = —(g - v /R A
—qv / N (€92~ Ve <o.
Rd
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Note that fA-(£9) € L>(0,T; L*NL>) since f lies in this same space and \.(£9) € L>(0,T; L*™).
In the last inequality we used A, A > 0 to conclude that the two integrals were < 0. For
q = 2, though, these terms would simplify to

- 1 (¢2 2 (2N 217712
v [ MUENVER 2 [ ARV (312)

We will return to this issue at the end of the proof.
From (3.11) we now have

t - t o
| [aswener< [ (caniens+ Zanien). (3.13)
0 JRd 0 JR4 q
We will now take lim._,o of each term in (3 13). The two terms on the right-hand side are
easy: Since \(£7) # €9 only on the set F.(t) := {x € R?: £9(t,x) < 2}, we have

[ Lo [ [osel< [ lroven-en

s%//Wﬂs%wmw@m@s&,
0 JRd

\/()t/Rde;(fq)ﬁ"—/t/ f&q\ g/t/ | FE1AL(ET) — 1)
// | FETINL(ED) —1!<Ca//f|

since \. < C, €7 < 2e¢ on E.(t), and . §q)—10an\E() Hence as € — 0,

/ Rdf)\ (€7 —>// fes, /{)/Rdf&(gq)gqa/o/ﬂwfgq,

This leaves the time integral. We have,

t
/ / MEN (e = hm / / arOEN(ED)ET1 = = lim Ot (arAe(€9))
Rd

q R—o0 R4

5 lim_([larAc(€(E))llz1 — llarAc(F(0))lL2) = 2}%1131 aR (Ae(f(t)q) = A:(f(0)%))
o< JRrd

1

=/<&@m%—&umm»

q JRrd

The first equality holds by the dominated convergence theorem, and the third follows by

integrating by parts in time. For the final equality, we used that
[Ae(€(t, 2)7) — A (f(0,2)7)]
)\ t 7y — )\ q = t q _ q
< ALl 1€t 2)T = £(0,2)7] = Cle(t, 2) — £(0,2)1]
to conclude that A.(£(t)?) — Ae(f(0)9) € LY(R?) (even though neither term alone lies in
LY(R%)). This allowed us to apply the dominated convergence theorem to take R — co. This

same bound then also allows us to apply the dominated convergence theorem to take ¢ — 0,
so that

. t / —1_1 _
tim [ oexene =< [ e -0 -

(@7 = 11£O)1Fa) -

Q\H
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Therefore, in the limit as ¢ — 0, (3.13) becomes

Lt - 1rong) < [ [ (Z+e) ser

Rearranging and applying Lemma 1.2 (Gronwall’s lemma) gives

IE@N e < 1£ (0|74 exp <\01 +qoz!/0 17(8)ll oo dS) ; (3.14)

from which (3.9) follows for all ¢ € [1, 0]

The result for ¢ = 2 in (3.10) can be obtained by keeping the terms in (3.12). It can also
be obtained directly by a simplification of the argument we just gave, since there is no need
to introduce either ar or A. when g = 2. ]

We used the following lemmas in the proofs above.

Lemma 3.8. Let T > 0 and fix ty € [0,T]. We can define functions he € D((0,T')) parame-
terized by € € (0,t9/2) such that he =1 on [3e/2,t9 —3e/2], he =0 on [0,&/2]U [ty —e/2,T],
he >0, and h.(-) = 6(-) — 0(- — to) as € — 0, the convergence being as Radon measures on
[0,77.

Proof. Let n € C2°(R) be supported on (—1/2,1/2), nonnegative with [, 7 = 1, and define
ne(-) = e~ n(-/e). Set

t
he(t) == / (Ne(s —€) —me(s —to +€)) ds.
0
It is easy to see that h. has all the stated properties. [l

Lemma 3.9. Forall,,p €Y,

T T
/ (O, ¢) = — / (6,810) + (E(T), o(T)) — (£(0), 2(0)).
0 0

Proof. Fix ¢ € Y and assume at first that ¢ € C®([0,T]; C(R?%)). Let h. be as in
Lemma 3.8. Then h.p € D((0,T) x R?) so

. T . T
lim ) (048, hep) = — lim /0 (€, O(h=p))
T T
= —tim [ h(o0.op0) e~ im [ IO, o0)

T
= —/0 (£(t), Orp(t)) dt + (E(T), o(T)) — (£(0), ¢(0)).
In the last step we used the dominated convergence theorem for the first integral, since

[he(£)(€ (1), Dep(t))] < €D 10 (Bl -1 € L1([0,TT)

and in the second integral we used the continuity of ({(¢),(¢)) in time. The result then
follows from the density of C°([0,T]; C2°(R%)) in Y. O
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4. THE NONLINEAR VISCOUS PROBLEM

Definition 4.1 gives our definition of a weak solution to the generalized aggregation equation.
This definition applies for both viscous and inviscid solutions. In this section we treat viscous
solutions, leaving inviscid solutions to Section 5.

Definition 4.1. Fix N > 1+ d/2 and let Yy be as in Definition 3.1. Let v > 0 and
po € L?\, N L*®. We say that p¥ € YN is a weak solution to the generalized aggregation
equations (GAG)) on the interval [0, T| with initial density po if p*(0) = po with

(B1p" (1), )+ (V" (1), Vip) — (01 + 02)((p" (1)), ) — (p" (V" (t), Vip) = 0
for a.e. t €[0,T] for all p € Hy.
Equality in (4.1) is to hold in the sense of distributions on (0,T).

Theorem 4.2. The function p” € Yy N L¥([0,T] x R?) with p¥(0) = po is a weak solution
as in Definition /.1 if and only if any of the following hold:

(1) (4.1) holds for all ¢ € C*(R?).

(2) For all ¢ € C°((0,T) x R%) we have

T T
- / (0ip”, ) +/ /d (PVVU Vo + (o1 +09)(p") 20 —vVp" - Vgp) =0 or
0 o Jr

(4.1)

T
/0 /Rd (pyatSO + PVVV . VQO + (0'1 + Uz)(p")ng _ vau . VQO) —0.

That is, (GAG,) holds on (0,T) x R? in the sense of distributions.
(3) For all p € C([0,T); L?) N L*(0,T; H')

T T
_/0 (9", ) + /0 /]Rd (p"V" -V + (01 + 02)(p") 20 — vV p” - Vi) = 0.

(4) For all p € Y we have
T T
/0 (Pl’,at@)+/o /R (Pyvy'VSDJF(O'l+O'2)(py)2g0*I/pr-Vgp)

= [ @) = pop(0)).

Finally, if p¥ is a weak solution as in Definition 4.1 then (1)-(4) hold with any t € [0,T] in
place of T.

Proof. This follows from Theorem 3.3, since p” is a weak solution to (3.1) as in Definition 3.1
with f = p” and py = f(0). O
Remark 4.3. In Theorem 4.2 we used the assumption that p¥ lies not just in Y, but also
in L=([0,T] x RY), so that it can serve as a valid f in Definition 3.1. It is only in showing

that (4) follows from p¥ being a weak solution to the nonlinear problem that this additional
assumption is required, however.

(4.2)

To establish the existence of solutions as in Definition 4.1 we will construct a sequence of
approximations as follows:
,Oo(t,$) = po(x),
v, =01V®x*xp,_1,
8tpn + Vo Vpp = 02pp-1pn + VApna
Pn(0) = po

(4.3)
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for n = 1,2,.... In (4.3)234 pn is a regular solution to the linear problem as given by
Theorem 3.6 with f = p,_1. Note that divv,, = o1pn_1.

Proposition 4.4. Fiz T > 0 with T < (|o2|||poll;=)"! or T < oo if 3 = 0. Assume that
po € HY for some N >1+d/2, k> d/2. Letv>0,n>0,t€[0,T]. We have

HPOHLoo
lon(®)l e < . 14
Ol < T oo Tom 44

When oo # 0 we have

=41
lon(®)lla < llpoll s (1 = o2 ool oo ) 372 T g € [1,00),

) t ) ) 714y (4.5)
[on(O)II” + 21//0 [Vpull” = [lpoll” (1 — [o2| [[poll po t) o277
When o9 = 0 we have
lon ()l Lo < llpoll Lo exp (lorlg™" llpoll L t) Vg € [1,00),
(4.6)

t
2 2 2
lon ()] +2V/0 IVoull™ = llpoll” exp (lo1] lpoll Lo 2) -

Proof. We proceed by induction. Let S(k) be the statement that (4.4) holds for n = k.
Certainly, S(0) holds trivially. Assume that S(n — 1) holds. We will use this to show that
S(n) holds.

From (3.9) (with & = p,, f = pn—1) we have

t
lon @)l o < llpoll o exp (Iq‘lm +02|/0 lon—1(8)|l oo d8> : (4.7)

Now, by the induction hypothesis,
! t ol
Lo
Pr—1(8)||7 ds S/ ds
e i T

— { _’0_2‘_110g(1_’UQ‘HP[)HLoot)7 0—27&07
HPOHLOO t7 g2 = 0.

Taking the limit as ¢ — oo of both sides of (4.7), it follows by the continuity of Lebesgue
norms that for g9 # 0,

-1
lon ()l Loe < llpoll o exp (=log (1 = |oa| [lpoll L 1)) = llpoll Lo (1 = lo2| llp0ll e £)

and ||pn(t)]l 1o < |lpoll o if 02 = 0. Thus, S(n —1) = S(n), and we see by induction that
in fact S(n) holds for all n.

Returning to (4.7), we see that (4.5); and (4.6); hold.

The bounds in (4.5)2, (4.6)2 follow by the same argument specifically for ¢ = 2 and using
the energy bound in (3.10). O

Theorem 4.5. Fiz T > 0 with T < (|oa|||pol| )™t or T < oo if o2 = 0. (Note that [0,T]
is within the time of existence for the inviscid problem—see Theorem 5.7). Let v > 0 and
assume that pg € L™ N L?V for some N > 1+ d/2. Then there exists a weak solution to
(GAG)) as in Definition 4.1 on the time interval [0,T] with

HIOOHLOO
10" () L < - (4.8)
B =1 — ol lpoll oo t
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When o9 # 0, we have

v —l g1
17" ()| a < llpoll o (1 = o] [lpoll oo ) "7 T v g € [1, 00),

, ) t o ) 71y (4.9)
16" (1)]2 + 20 /0 16712 < llpoll? (1 = loal lpoll oo £) 1552,
When o9 = 0, we have
1Y )l 1o < llpoll o exp (Jo1lg™ lpoll e t) Vg € [1,00),
(4.10)

t
2 2 2
1" (@)l +2V/0 IVP"[I* < llpoll” exp ([o1] llpoll oo 1) -

Further, if pyg € Hﬁ, for a positive integer k then p¥ € Y]’\?. (The space Y]@ is defined in
Theorem 3.6.)

Proof. Because of the bounds in Proposition 4.4, we can make a standard argument to prove
the existence of solutions along the same lines as that for the existence of solutions to the
Navier-Stokes equations (for instance, see pages 72-73 of [9]). For completeness, we give a
full argument here.

Let po;(t,=) = m1/; * po(z), j = 1,2,..., where 7 is a Friedrich’s mollifier and note that

po; € Y3 for all m > 0. Let (pﬁlj )) be the sequence of linear solutions defined in (4.3), but
with the starting solution being po ; instead of pg. Note that pgf ) ¢ Y for all m > 0 as well

by Theorem 3.6. Then define p,, := pSZ”).

By Proposition 4.4 and Theorem 3.5 we see that (p,) is bounded in L*(0,T7;L%) N
L*(0,T; HY) C L*(0,T; HY). But L*(0,T; H') is weakly compact, so (p,) converges weakly
to some p in L?(0,T; H'). The compact embedding given by Lemma 2.4 implies that some
subsequence of (p,,), which we relabel as (py,), converges strongly to p in L?(0,T; L3,) for all
M < Nj; hence also p,(t) — p(t) in L3, for all M < N for almost all ¢ € [0,T]. Moreover, by
the uniqueness of limits, Lemma 2.4 also gives that p(t) € L3 for almost all ¢ in [0, 7.

Let o € C°((0,T) x R?). Then using (2) of Theorem 3.3, since each p,, is a weak solution
as in Definition 3.1 with f = p,_1, we have

T
0= lim / / (pnatgo + pnVp,_1 - Vo + (01 + 02)pp—1pnp — vVpy - Vgp) )
n—oo 0 Rd

Now, p, and p,—1 are each bounded in L' N L*>® by Proposition 4.4, and Vp,_; is bounded
in L™ as well by (2) of Lemma 2.2. This allows us to apply the dominated convergence
theorem to the first three terms. We can then take the limit as n approaches infinity, using
pn(t), pn—1(t) — p(t) in L3, (and thus in L?) and for almost all ¢ € [0,7]. By (1) and (4) of
Lemma 2.2, v, _, (t) = v(t) in L*> for almost all ¢ € [0,T7], and we conclude that

n—oo

T
0= lim / /d (pnat90 + PnVp, 1 Ve + (Ul + 02)pn—1pn§0 —vVpy - VSD)
0 R

T
=/ /d(pats0+pv-V¢+(01+02)p2w—vvp-v<p)-
0 R

Here, we also used that p, — p weakly in L?(0,7T; H').
By Proposition 4.4, (p,) is uniformly bounded in L>([0,T] x RY). Hence p € L>([0,T] x
R9). Since p,(0) — po in L2, it follows from Theorem 4.2 that p” = p is a weak solution to
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(GAG)) as in Definition 4.1. Then for all ¢ > 2,
lp@la < lp(t) = pu(@ll e + lon ()]l Lq
;2

< lp(t) = pa@®) 17 (1p®)l e + on Bl 1) T + lpn (Bl

Taking the limit as n — oo and using the bounds in (4.5) and (4.6) gives (4.9) and (4.10)
for ¢ € (2,00) and then, by the continuity of Lebesgue norm, we obtain (4.8). For ¢ = 2,
(4.9) and (4.10) follow directly from (4.5) and (4.6), using also that the convergence of p,, to
p weakly in L?(0,T; H') implies that lonll 207,01y = 1ol 20,7 m1)- For ¢ € [1,2) we apply
(1) of Lemma 2.2 to show that ||p(t) — pn(t)||,« — 0 and so obtain (4.9) and (4.10).

That pg € Y]@ implies p” € Y](“, follows similarly using Theorem 3.6. U

Uniqueness of solutions to (GAG)), even for higher regularity solutions, is not an entirely
simple matter. It will follow as a consequence of our proofs of the vanishing limit in Sections 7
and 8 (see Theorem 7.5).

5. THE INVISCID PROBLEM

Establishing existence and uniqueness of weak solutions in Eulerian variables as formulated
in Definition 4.1 is quite difficult. This is in contrast to the 2D Kuler equations, for which
existence of solutions for bounded initial vorticity can be established quite easily using a se-
quence of solutions to the Navier-Stokes equations. This argument for the 2D Euler equations
is possible because the LP-norms of the Navier-Stokes vorticity w can be bounded uniformly
over viscosity in the whole plane (or in a bounded domain if w = u-n = 0 is used as a
boundary condition; see, for instance, Section 4.1 of [18] for the bounded domain argument).
Then a weak solution to the Euler equations can be obtained using the velocity formulation.
A velocity formulation of (GAG)) is possible as we briefly describe in Section 10, but a long
detour into developing properties of the pressure is required in order to properly develop a
weak formulation.

Instead, we will work with Lagrangian solutions, adapting the economical and elegant
proofs for 2D solutions to the Euler equations given by Marchioro and Pulvirenti in [21],
which originates in their earlier text [20]. We will also use some of the ideas from Chapter 8
of [19].

In [3], the authors obtain well-posedness in the special case of (AGy). Their approach could
in principle be extended to the more general equations in (GAGy). In brief, the authors of
[3] first construct smooth solutions then use an approximating sequence of such solutions to
obtain a Lagrangian solution by demonstrating convergence of the flow maps (as in [19]). This
approach is reversed in [21], where Lagrangian solutions are first constructed by obtaining
the convergence of a sequence of flow maps for approximating linearizations of the 2D Euler
equations. A very simple argument then shows that regularity of the initial data is propagated
over time.

Considerable complications arise when adapting Marchioro and Pulvirenti’s arguments for
(GAG)) because the underlying velocity field is not divergence-free (analogous complications
are dealt with in [3]). This requires the assumption of some regularity on the initial data to
obtain weak solutions, removing this assumption a posteriori via a separate argument similar
to the proof of existence in Chapter 8 of [19].

Before giving the proof of well-posedness of inviscid solutions, let us motiviate our definition
of a Lagrangian solution by observing formally that if p = p® solves (GAGy) and X is the
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flow map for v = v° then

d

ap(tv X(ta ‘/E)) = U2p(t7 X(ta 1"))2
Integrating along flow lines gives

p(t, X (t,2)) = %. (5.1)

This motivates the following definition of a Lagrangian solution to (GAG)):

Definition 5.1. Fiz T > 0. Let X: [0,7] x R? — RY with X (t,-) a homeomorphism for all
t €10, T] and let pg € L¥(R?). Define p: [0,T] x RY — R by
po(X (¢, x))
t,x) = 5.2

AT = T s tpo (X1 (6,2) (5:2)
and let v := o1V ®xp. Here, X1 is defined by X' (t, X (t,x)) = x for all (t,z) € [0, T] x R%.
Then X or more fully (X, p,v) is a Lagrangian solution to the inviscid generalized aggregation
equations (GAGy) with initial density py if X is the flow map for v; that is, if

X(t,x):ac—i—/o v(s,X(s,x))ds

for allt >0, x € R,

The form of p in (5.1) or (5.2) also yields a sharp time of existence for our Lagrangian
solutions. If we do not consider the sign of py we obtain an upper limit on the existence time
that is the same as that for viscous solutions in Theorem 4.5. Hence we should expect that
if say, o9 < 0 and pg > 0, so that the inviscid solution exists for all time, then the existence
time for viscous solutions might be considerably longer than the bound given in Theorem 4.5.
An open question is whether, for all sufficiently small viscosity, viscous solutions to (GAG))
exist for as long as the inviscid solution exists, as was established for the 3D Navier-Stokes
and Euler equations in [8]. Because we do not assume that the initial data has a distinguished
sign that is compatible with the signs of o1, 02, we do not have a maximum or comparison
principle. This is what makes this a difficult problem. (Issues of existence times of viscous
solutions in relation to the total mass of py have been well-studied for (AG)): see Sections
5.2 and 5.3 of [23].)

We will need the following simple proposition that shows that the Lebesgue norms of the
density of Lagrangian solutions depend only upon the initial density and time.

Proposition 5.2. Let (X, p,v) be a Lagrangian solution as in Definition 5.1 with initial
density po € L' N L. If T < (|oa|||lpol|z=) ! or T < oo if 09 = 0, then for all t € [0,T], we
have

[ pol| 7.0
o | (5.3)
o)l 1 —|o2]lpoll oo t

and for all q € [1,00),
_91 _q
Lol < 4 1Polla U= loal looll o ) 2720, 02 £ 0, (5.4)
lpoll Lq exp (101|q_1 [poll 0 t) ) o2 = 0.

Moreover, |[v(t)| o < Co(T) for all t € [0,T], and if po is compactly supported, then there
exists R = R(T) such that p(t) remains supported in Bg(r)(0) for all t € [0,T].
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Proof. The bound in (5.3) follows immediately from (5.2). For ¢ € [1,00), we have
1
) e x e an)

ot = ( [ =

where we made the change of variables x = X (¢,y). But
05 detVX (s,y) = divv(s, X(s,y)) det VX (s,y) = o1p(s, X(s,y)) det VX (s, )

o) ox (5.5)
1= o2spo(y) det VX (2,0)

(see, for instance, page 3 of [7]) so that

J(t,y) == det VX(t,y) = { (1- Uztpo(y))i%v o2 # 0, (5.6)

e"lpo(y)t, oy = 0.

Hence when o9 # 0,

1
_91 _ q _‘771_1
o)l La = </Rdlpo(y)|q(1 — oatpo(y)) 7 qd?/> < llpollga (1 = loz|llpollpec t) @72

This, with the analogous bound for oo = 0, gives (5.4). Then [[v(t)|;e < Co(T') for all

€ [0, 7] follows from (5.3), (5.4) for ¢ = 1, and (2.2). The bound on the velocity then
immediately yields the bound on the compact support of p(t). O

In what follows, we make use of three lemmas that appear at the end of this section as
well as Lemma 9.5, which we defer to Section 9 because we use Littlewood-Paley theory in
its proof.

We start by showing that a Lagrangian solution—if it exists—maintains the Holder regu-
larity of the initial density.

Theorem 5.3. Let pg € CH*(RY) N LY (R?Y) for some integer k > 0 and o € (0,1). Fiz T > 0
with T < (|oa||lpollre)™t or T < oo if 09 = 0. Assume that p is a Lagrangian solution to
(GAGy) on the interval [0,T]. Then p € L>=(0,T;C*%). Moreover,

o) llcr.a < Ct; ol llpollpr s [lpollcra), (5.7)
and when k > 1, p is a classical solution with p € C*(0,T;C*®).

Proof. Tt follows (as in Theorem 5.1.1 of [7]) that = — X (t,) —x has norm 1 in C?®) where
6(t) = e~ ¢g = Co(T) ||lpoll 11+ and this same bound holds for the inverse flow map.
Thus, by Lemma 5.9,

p(t) € C*0),
with
o oot = 1Ol + [0 lgons < CoT) 0l + ColT) ol [ X[t
< Co(T) [lpoll Lo + Co(T) llpoll e = Co(T) llpoll e -
Hence by Lemma 9.5, v(t) = 01 V® * p(t) € CH1) with
IVV ()l gaoy < Cllo@)lIr + Cllp(@)llgaory < Co(T) (lpollr + lleollca) s (5.8)

where we also used Proposition 5.2.
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Because v is differentiable, it follows that
VX(t,z)=1+ /Ot Vv(s, X (s,x)) - VX(s,z)ds
so that
VX (@) o <1 +/Ot IVV($)l o VX ()| oo ds. (5.9)

Applying Lemma 1.2 (Gronwall’s lemma) and using (5.8), we see that VX (¢) € L> with

IVX (&)l oo < C(T, |on], lpoll 1 5 l[poll ) = Co(T).
Hence, by Lemma 5.9 we actually have that p(t) € C*, with

lp(®)llga < Co(T) [lpollca VX ()7 < Co(T).
By Lemma 9.5, then, v(t) € Cb.
For higher regularity, k > 1, we observe that for all z, y € RY,
1 1 aat (po(X 1 (t,2)) — po(X~'(t,y)))

L—ootpo(X~(t,z))  1—oatpo(X -1t y)) (1 —oatpo(X1(t,2)))(1 — o2tpo (X (t,9)))
Thus, when VX~ € L®(R?) and py € C%(R?%) we have (1 — oaotpo(X 1 (t,2)))" " € C(R?)
as well. This observation combined with the fact that C“ is a Banach algebra allows us to
apply a bootstrap argument analogous to that in [21] to obtain regularity for & > 1.

Finally, when k > 1 we have d;p = —v - Vp + 09p? exists for all time so p is differentiable
in time. Therefore, p is a classical solution to (GAGy). O

We show in Theorem 5.4 that a Lagrangian solution exists. It will be convenient in Theo-
rem 5.4 to assume the initial density is compactly supported.

Theorem 5.4. Fiz T > 0 with T < (|oa|[|poll =)t or T < 0o if 0 = 0. Let py € L=(R?)
be compactly supported. There exists a Lagrangian solution p to (GAGy) as in Definition 5.1.

Proof. We first prove the existence of a Lagrangian solution assuming that py € C*(R?) for
some integer k > 1 and a € (0,1) with pg compactly supported.
We define sequences (pn)22, (Vn)o2,, and (X)), as follows:

pO(t7 ) = Po(l‘),
Xo(t,l‘) =,
with the iteration, for n =1,2,...,
Vp =01V® xpyq,

W Xn(t,z) = vu(t, Xu(t, ), (5.10)

po()
t, X, (t = —
pn( ) Tb( 7‘/1:)) 1 _ O'Qtpo(ﬂ?)
Thus, v, is the unique curl-free vector field whose divergence is p,_1, and X,, is the (non-
measure-preserving) flow map for v,. To see that X, exists, note that v, (¢) has a log-
Lipschitz MOC p that depends only upon ||pn—1(t)|| 1450 by (2.2). But the coarse bound

lPoll L1pee
pn(t o < < Cy(T) for all n 5.11
H n( )”LlﬂL 1 — ‘UQHHPOHLOO ( ) ( )
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follows from (5.10)3. Hence the MOC, which we can write as

(5.12)

(r) = —Corlogr ifr<e !,
A= Coe™ ! if r >e 1,

applies uniformly over n and all ¢ € [0,T]. The existence and uniqueness of the flow map X,
is then classical. (See, for instance, Section 5.2 of [7].) We also define the inverse flow map
(X™)~" by
(X™)7Ht Xt 2)) =,
so that
XMtz
iy = AU
1= oatpo((X™) (¢, )

The proof of existence proceeds by showing that the iteration in (5.10) converges to a
Lagrangian solution. First observe that

Ve ()l pee < Cllpn-1(8)llp1npe < Co(T), supp pu(t) € Br(0) for all t € [0,T] (5.14)

(5.13)

for some R(T) < oo and all n follows, as in the proof of Proposition 5.2, from the bound
on the density in (5.11), which yields a bound on the LL-norm of the velocity from (2.2),
which then yields the bound on the compact support of p,(t). It follows as in the proof of
Theorem 5.3 that ||pn(t)||cesry < Co(T) ||pol|ca- Thus by Lemma 9.5,
IVVn(s)ll oo < Cllon-1(s)ll 2 + C(0(s)) [pn-1(s)ll caosy < Co(T) + Co(T) [lpoll e
< Co(T).

Also
VX, (t,x) = Vv, (t, Xpn(t,z))VX,(t,x).

Integrating in time, taking the L°-norm, and applying Lemma 1.2 (Gronwall’s lemma) gives

t
IV X (t, Moo s [VX™)THE )] oo < eXp/O VY (8)ll oo ds < Co(T).

The bound on V(X™)~! does not follow as immediately as that on VX, because the flow is
not autonomous. For the details see for instance the proof of Lemma 8.2 p. 318-319 of [19].
Moreover, a direct calculation gives

(L + 02t) Voo (X™)~1(t,2)) V(X™) "L (¢, @) + oapo((X™) (¢, 2))

Vpn(t, x) = 1 — oatpo((X™)~1(¢t, x))

so that
IV pn(®)ll 00 < Co(T) + Co(T) [V poll oo [[VX™)THB)]] oo < Co(T).
Hence for all n and all ¢ € [0,7] we have
IV X0t M e s VX THE )| oo s V00 ()| e < Co(T). (5.15)

Define, for n > 1,

hn(t) = ”Xn(tv ) - anl(ta ')HLOO :

We will show that h,, — 0 as n — oo.
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Fix n > 2. We have

| Xn(t,2) = Xpo1(t,x)| < /0 [V (s, Xn(s,2)) — vip(s, Xn—1(s,z))|ds

t
+/ |V (s, Xn—1(s,2)) — vp—1(s, Xn-1(s,))| ds
0
=11 + I.

Since v, is Lipschitz uniformly in n, I; can be bounded as

I < /0 |Vvn(s)||nee | Xn(s,x) — Xn_1(s,z)|ds < C'O(T)/O hn(s)ds. (5.16)

For I, we first note that the bound on the support of each p; in (5.14) gives ||pp—1(5) — pn(s)|l 1 <
Co(T) || pn-1(s) — pn(8)|| p- Taking advantage of (2.2) then we have

‘Vn(‘S)Xn—l(va)) - vn—1(87Xn—1(87 x))|
= |o1]|(V® * pr—1)(s, Xn-1(5,7)) — (V@ * pp_2) (5, Xn—1(5,2))|
<o [[V@ * p—1(s) = V@ pp2(8)ll e < C[(pn-1 — pn—2)(8)llp1ape~

< Co(T) [[(pn—1 = pn—2)(8)[| oo = Co(T) Sélﬂgl!pnq(sa Xn—2(s,@)) = pn—2(s, Xn—2(s, x))|.

Now,

|pn*1 (S, XH*Q(S’ l’)) - ,On72(57 Xn*Q(Sv ZL‘))|

po(z)
= |Pn-1(8, Xn2(5,2)) = 77— ————
pn—1(s a2(s,x)) 1 — 095p0(2) 5.17)
= |pn_1(S,Xn_2(8,$)) _pn—l(S’Xn—l(Sva:))‘ ‘
< IVon-1(8)ll oo [ Xn-2(s,) = Xn—1(s, M poe = Von-1(5)l| Lo Bn—1(5)
< Co(T)hn—1(s),
where we used (5.15) in the last inequality. We conclude that
t
I < Co(T) / 1 (s) ds. (5.18)
0
Thus, on [0,7] we have,
t
(®) < CoT) [ (ha1(5) + () . (5.19)
0

For any k > 2 define

SF(t) = sup hn(t).
n>k—1

Then by (5.19), for all j > 0,

s ) < Co(T) [ (masclhyo1(9): iy () ds < Co(T) [ o) s
and hence

k+1 t ks s,
5 <t>sco<T>/05<>d
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Iterating this inequality we obtain
(5.20)

for all ¢ <T', where we used the bound
%(t) = sup || X (t) = Xn1(t)|| e < CTsup [va(t)|| < CTlpoll 1rpoe-
n>1 n>1

The bound in (5.20) guarantees that ¢V is Cauchy on [0,7], so that (X,) converges in
L>®((0,T) x R%) to some X. Tt follows as well from (5.17) that (p,) is Cauchy in L>=((0,T) x
R?), since we have, for m, n € N,

|pn<S,Xm($,{L')) - pm<S,Xm($,.%')>‘ = ‘pn(stm(va)) - pn(stn<3ﬂx))|
< [[Vpn(8)llLee | Xm — Xnll Lo ((0,7)xRA)-
Therefore, p,, converges in L>((0,T) x R?%) to some p. But then

X, 1t Xt
p(t.x) = lim p(t.a) = tim LK 0] pX_(10)
n—00 n—oo | — O'QtpO(Xn (t7 ;1;)) 1-— O'Qtp()(X_ (t, l’))
since py is continuous by assumption. Setting v := 01V ® * p, we conclude from (2.2) and the
uniform bound in n on the supports of p, that

v — VHLoo(o,T;Loo(Rd)) <C(D)llpn — pHLOO(O,T;LOO(Rd))'

This convergence along with the convergence of (X,) to X in L>((0,T) x R?) allow us to
conclude that for any (¢,z) in [0,7] x R?,

t t
X(t,z) = lim X, (t,z) =z + lim v (s, Xn(s,z))ds =z +/ v(s, X(s,x))ds.
Thus, v is the velocity whose flow map is X. We conclude that (X, p,v) is a Lagrangian
solution.

Now assume only that py € L®(R?) and is compactly supported. Because the constant
Co(T) in (5.20) depends in part on ||V pg||;«, we cannot directly use it to prove the existence
of weak solutions for initial densities lacking regularity. Instead we let pg . = 7. * po where 7.
is a Friedrich’s mollifier, noting that po . is compactly supported. We can then let (X, pe, v¢)
be the Lagrangian solution with initial density pg., which we know exists by the preceding
argument. Observe that pg. — po in LP for all p € [1,00), so, by (3) of Lemma 2.2,

voe :=V®xpy. = VP xpg:=vpin LP for all p € (%,oo).

As in Lemma 8.2 of [19], the family (X;) is equicontinuous in compact subsets of space
and time, because their common modulus of continuity depends only upon || p|| Loo(0,T;LINL)>
which is uniformly bounded over € by Proposition 5.2. Therefore, there exists some flow map
X and some subsequence of (X.) that we relabel as (X,,) (abusing notation) with X,, — X
uniformly on compact subsets of [0, 7] x R?.

Fix ¢t € [0,T]. Defining p by the expression in (5.2), we see that

po(X~H(t, ) — po(X; ' (t, @)
(1= oatpo(X~1(t,)))(1 — oatpo(Xn ' (¢,2)))

The denominator is bounded below up to time T, so, for any p € [1,00),

lo(t, @) = pu(t, )l g < Co(T) [|po(X (2, 2)) — po(X ' (t2))|[ 1p — O

p(t,x) — pu(t,x) =
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by the continuity of the LP-norm under translation for p € [1,00). (For an explicit proof,
see Lemma 8.2 of [14].) It follows by (3) of Lemma 2.2 that v,,(¢) is Cauchy and therefore

converges to some v(t) in LP(R?) for any p € <%,oo>. But again by (3) of Lemma 2.2,

Va(t) = o1V ®  p,_1(t) = 01V ® * p(t) in LP(RY) for any p € (d 1,00) sov =01V xp(t).
In particular, v(0) = vg so p(0) = po.
Finally, for any (¢,7) in a fixed compact subset K of [0,7] x R,

t t
X(t,z) = lim X,(t,x) =z + lim [ v,(s,X,(s,2))ds==x —|—/ v(s,X(s,x))ds

by the dominated convergence theorem (for any fixed 2 € R?, |v,(-, X, (-, 2))| < Co(T) and

so is dominated in L'((0,7))) and the continuity of v, in space. Thus, X is the flow map

for v, and we can conclude that (X, p,v) is a Lagrangian solution as in Definition 5.1. O

Theorem 5.5. If (X, p,Vv) is a Lagrangian solution as in Definition 5.1 then p is a weak
(Eulerian) solution as in Definition J.1 for v = 0. As a partial converse, suppose that p is
a weak solution as in Definition 4.1 for v = 0 with p € C*(0,T;C*%) for some k > 1. Let
v=V®xp, X be the flow map for v and let

po(X (¢, )
1 — ootpo(X—1(t, )’

r(t,x) == (5.21)

so that (X,r,v) is a Lagrangian solution as in Definition 5.1. Then r is also a weak solution.

Proof. Let (X, p,v) be a Lagrangian solution. If we make the change of variables z = X (¢, y)
then

po(y) uplt. z) = o2p0(y)?

1—ostpo(y)’ (1 oatpo()?*

Using (5.5) and (5.6) we have for any ¢ € C2°((0,T) x R?)

plt-) = (5.22)
T
/0 / (ot 2)0ep(t, 2) + p(t,2)(v - Vi) (t,2) + (01 + 02)p(t, ) (t, x) dar it
/ / 1~ oatpo(y) t (at‘P +v-Vo)(t, X(t,y))) J(t,y) dy dt
R4 02 Po

01+02/ /Rd(1@tp0 )>2go(t,X(t,y))J(t,y)dydt.

But

(O +v - Vo)t X (1,9)) = olt X (1)

SO

[ [ 2 o v Vol X)) Sy

/ /Rd ot (1 _ @tp)o( )J(tvy)) o(t, X (t,y)) dydt.
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Then for oo # 0,

0 po(y) _ 9 —er
° <1_®m(y)J(t,y)> =5 (po(y)(l — oatpo(y)) )

_ o +209

= (014 02)po(y)*(1 — oatpo(y))” =2

2
= (01 + 02) <po(y)(y)> J(t,y).

1 —oatpo

We see then that

T
A L (ot 0006t + plt.0)(v - T)to3) + (o1 -+ r)plt, ool da ) =0

meaning by Theorem 4.2 that p is a weak solution as in Definition 4.1. That this also holds
for o9 = 0 follows similarly or simply by taking the limit as o9 — 0 in the calculations above.

Now let p be a weak solution as in Definition 4.1 with p € Ck(O,T; C’k’a) for some k > 1,
and let X be the flow map for v := V® * p, which we note exists and is unique. Then define
r as in (5.21). Making the change of variables x = X(¢,y) as above, we see that for any
¢ € C((0,T) x RY),

T
/0 /Rd (r(t,z)0up(t, ) + r(t,z)(v - Vo) (t, z) + (01 + 02)7(t, )0 (t,z) dx dt) = 0,

meaning that, by Theorem 4.2, r is an Eulerian solution as in Definition 4.1. Note that to
justify the change of variables we needed higher time regularity of p than that of a weak
solution. (]

Theorems 5.3 to 5.5 taken together show that, as long as the initial density has some
regularity, we are assured of at least one solution to (GAG,), and that solution is both a
Lagrangian and an Eulerian (weak) solution. Moreover, the solution maintains the spatial
regularity it had at time zero. Next, we prove uniqueness of Lagrangian solutions (and so of
our Eulerian solutions as well for higher regularity).

Theorem 5.6. Fiz T > 0 with T < (|oa| ||poll; )"t or T < oo if 09 = 0 and assume that
po € L®(R?) and is compactly supported. Then there exists at most one Lagrangian solution
to (GAGy) as in Definition 5.1 having the same initial density.

Proof. Suppose that p1, po are two Lagrangian solutions as in Definition 5.1 having the same
initial density, pg. Define

h(t) = [ Xa(t,-) = Xa(t, )l oo
where X is the flow map for v; := 01 V® * p;. Then

| Xo(t,x) — Xq(t,2)| < /0 |va(s, Xa(s,z)) — va(s, Xi(s,x))|ds

t
«ﬁ/maxww»—waxwwmw
0
=: 11 + Is.

By Proposition 5.2 and (2.2), vi(t), va(t) have a log-Lipschitz MOC p as in (5.12). Then
I1 can be bounded as

n< [ n(Xa(sn) = Xa(sa)) ds < [ u(hts) s
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(We used that 4 is nondecreasing in this bound.)
For I, we set z = X;(s,x) and write

va(s,X1(s,x)) — vi(s, X1(s,x))
= 01[V® * pa(5)](2) — 01 [VP * p1(s5)](2)

=01 /Rd Vo(z —y)p2(s,y) dy — o1 /Rd V&(z—y)pi(s,y)dy

V(s -y LX) 5.9)

= 0 d
g 1= oaspo((X2) ' (s.9) (5.23)
po((X1) "' (s, 9))
-0 Vo(z — d
eV T (X))
po(y)
= Pz - X —_— X
01 Rdv (Z Q(Svy))l _UQSPO(y) det V 2(S?y) dy
po(y)
— ¢z - X —_— X .
o V(2 = Xi(s,y)) 250000 det VX1 (s,y) dy
Using the expression for det VX as in (5.6),
va(s,X1(s, 2)) — vi(s, Xi(s, z))
71 _1 (524)
=1 [ (V8= Xa(s.)) = V(= = X (5.9)) mou)(1 — caspn(w) 7 dy
when oy # 0, and
va(s,X1(s, @) — vi(s, Xi(s, x))
— o1 [ (T8~ Xa(s.9)) = T~ Xa(s,1) pln)e™ 0" dy
R
when o9 = 0. In both cases, by Proposition 5.2 and Lemma 5.11, we have
t
B < ColT) [ 1(90(: = Xa(s.9)) = Tz = X1(5: )00 3 s ) 2
t
< ClT) [ i) ds.
0
Combining these estimates gives
t
h(t) < C(T, |oul, |ozl, llpoll 1 zee » !supppo!)/o p(h(s)) ds (5.25)

up to time T'. Uniqueness of the Lagrangian solutions then follows immediately from Osgood’s
lemma, since y is an Osgood modulus of continuity. ([l

Taken together, Theorems 5.3 to 5.6 give the following:

Theorem 5.7. Fiz T > 0 with T < (|oa|||poll ;)™ or T < oo if o2 = 0. Let py €
L®(RY) be compactly supported. There exists a unique Lagrangian solution to (GAGy) as in
Definition 5.1, and (5.3) and (5.4) hold. Moreover, if also py € C**(RY) for some k > 0
and o € (0,1), then p € L=(0,T;C*), and (5.7) holds. When k > 1, p € C*(0,T;C*) is
also the unique classical, Fulerian solution.
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Remark 5.8. It is easy to see that the solution as given in Theorem 5.7 can be extended
uniquely up to any t < T*, where T* is the first time at which the denominator in (5.2)
reaches zero for some x € RY.

We used the following lemmas above.

Lemma 5.9. Let o, € (0,1). Then for any real number Cy,

fog —112 a
P RN —Ci(fo oo o ts
Hl—C1(fog) oy SN0 COT 29D e 1 o s -
fog —12 . a .
Hl_CM o SNA=CilF o) i Il V117 -

Here, C® is the homogeneous Holder space.

Proof. For (5.26)1, by a simple calculation we have for any z and y in R,

flg@) — fll) flg(x)) = f9(y))
1-Ci(f(g(=))) 1-Ci(f(g(y) (1 =Cr(f(g(@))(1 = Culf(g(v)))’

so that
fog g g @) = S ((l9t@) — g )"
—_— —Ci(fo o
[T &Fgt ], <10 o700 M lo@) — g )l° ( P )
<= Ci(f o) Hlie I fllge llglls -
The same argument setting 5 = 1 yields (5.26)s. O

The ideas in the two lemmas that follow originated for 2D in [1].
Lemma 5.10. For z,y € R?, we have

1 |z —y

|[@(z) — ®(y)| =

2w allyl

For z,y € R, d > 2.

Cy (1 1>d‘2
Vo(z) - Vo(y)| < — [ — + — z—yl.
Ve (z) (¥)] 2wl el T |z — y

Proof. This result is well-known for d = 2. So assume that d > 3. We have, for any z,y € R?,

d d |2 d d i d
wy |yl ey P+ Jy et = 22 gl
d d| dy d - 2d,, 12d
|yl ="yl || ™yl
d— d— d—2, d— d— d—
oyl P — 20 ylal Pl el e — ) 2yl

d d _ _
2]y ? | 24|y 241
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Hence,
d—2 d—2 d—2 d—2
vy | 2=yl (el =)+ (2T = )y
d d —1, d—1 - d—1, jd—1
z|® Jyl 2|9y 2|yl
d— d—
e =yl | 2l =yl
= d— d—1, jd—
|y |y 2
d—3 d—4 d—4 d—3
o=yl (=l = DUl + 2™ 7yl + |yl ™ + 517
- d—1 d—1 d—2
2]y 2|yl
|z —
<L _y‘zrm =i
But,

d—

1 d—2
1 Cyq (1 1)
- —_— 4+ —
= 1 &

i= [zl 1yl W\yl = Telll \Iel * 1ol

and (Jz|ly|*")~! is bounded by the same quantity. Therefore,
C, (1 1\%?2
< T+ |z —yl.
zllyl \J| vl
4

Lemma 5.11. Let X1 and X5 be homeomorphisms of R%, d > 2. Let 6 = || X1 — Xa||;« and
suppose 6 < e~L. Then, for any measurable subset U C Q, with finite measure, there exists
C > 0, depending only on 2, the measure of U, and d, such that

IV(X1(2) ~ 2) = VE(Xa(a) - 2)lyy < ~Cologdma|det VX o) (527

Y
Iy

T
V@ (x) = VO(y)| = Ca|—3 —
lz|® |y

Proof. Set A = V®(x—y;)—V®(x—1y2) andlet p, ¢ > 1, with p~t+¢ ' = 1. Let a = |z —y1],
b = |z — y2|, and note that |y; — y2| < a + b. Then from Lemma 5.10,

C 1\ 1 1 C, 1 IN*2/at+b\r 1
A< +* ly1 — y2|7 [y — g2l < d_l -+ - ly1 — 2|
ab b (ab)l s\a b ab

Cd 1 1 d+%72 Cd 1 di% 1
- (ers) <G (Trg) Tk
a I3

_o_ 1 1 1
§0d2d2P<d1+b >]y1—y2|q
P

In the final two inequalities we used (ab)~/2 < (1/2)(a=! + b~1) followed by (¢ + d)"
2r=1(¢" + d") for any ¢, d,r > 0.
It follows that

|det VX (w))]
4y 0 < €O ZH nw _Caqz/ Tt
< C’(Sq max{HdetVX IHLW}Z 1 d-1
lw—z[" 7l Ly (x; )
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But, as in the proof of Proposition 3.2 of [1], the above norm is maximized when U is a ball
centered at z (of radius R, depending on the measure of U). This gives

R Tdfl

2
1 _ _1 _ 1
1Al L1y < Cde ?E?’;{” det VX! 1<} Z/O —rdr= o5 jn_%{n det VX! }pR>
=1, ]:1 r P ]

< 9" rpmax{L, Ry max{] det VX 1},
J=4

This is minimized, relative to p, when p = —log, giving
Al L1 ) < € max{1, R}e(—dlog ),
which is (5.27). O

6. TOTAL MASS AND INFINITE ENERGY

In dimensions three and higher, p¥ € L*(R%) N L*>®(R%) is enough to guarantee v¥ € L?(RY).
In 2D, however, this is no longer true: the 2D velocity for any v > 0 will generically have
infinite energy even if it has finite energy at time zero (see, for example, Proposition 3.1.1
of [7]). When dealing only with existence of solutions to (GAG),) the infinite energy of 2D
velocities is a minor issue. We will need to face this issue directly, however, in Section 7 when
we take the vanishing viscosity limit.

For f € L'(R?) define the total mass of f by

mf) = [ £ (6.1)
Rd
The total mass of the viscous solutions evolves over time as described in Theorem 6.1.

Theorem 6.1. Assume that pg € L4 NL>® for some N > 1+d/2. Let p* be a weak solution
to (GAG)) as in Definition 4.1 for some v > 0 given by Theorem 4.5 or Theorem 5.7. Then
up to the time of existence,

mip") = mi) + o1+ ) [ [107(5)|" . (6.2)

Proof. Apply the test function, ¢ = agr(z) for R > 0 in (4.2). This gives for any t € [0, 7]

¢
/ / (p”v” -Vagr + (01 + 02)(p")2aR — vV - VaR) dx dt = / p(t)ar — / POAR.
0 JRd R4 R4

Taking R — oo and using that p” lies in L®°(0,T; L9) for all ¢ € [1,00], Vp¥ € L?(0,T; L?),
and vV € L>((0,T) x RY) yields (6.2). O

Remark 6.2. When o1 + 02 = 0, as happens for (AG,), (6.2) shows that total mass is
conserved.

In recovering the velocity from its divergence the total mass of the density plays an im-
portant, if so far hidden, role in 2D: in short, if the total mass of the density is zero and has
sufficient spatial decay, then the velocity will lie in L2. We prove this along with other useful
bounds on the velocity in Lemma 6.3.

Lemma 6.3. Let p € L' N L®(RY). If d > 3 then for all p € (d/(d — 2), o0],

1 1
1@ 5 plle < C@) ol pine, VR *pll < CliplZinze P71 - (6.3)
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Let d =2 and assume that p € L% for some N > 1+ d/2 with m(p) = 0. Then
V@ pl| < C ||PHL§VmL°° . (6.4)
Proof. Let a be as in Definition 1.1. For d > 3,
1@+ pll e < lla®@l[p1 [[olle + 11 = @)@l [[oll L1 < oo

for all p > d/(d —2). In particular, ||® * p[|;0c < C'||p||1q- Hence, for d > 3 we can apply
Lemma 6.4. This gives

Ve s pl]* = — / (@5 )(AD 5 p) < @5 pll e [AB < pll 1 = B % pl o 1]

and leads to (6.3).

Now assume that d = 2 with p € L%, and m(p) = 0, and assume that N > 1 + d/2. Fix
r € R? with |z| > 4 and let R = |z|/4.

By (1) of Lemma 2.2 and because m(p) = 0 we have

‘/}W aRP’ = ‘/R?(l - aR)p’ <Clpllgz R-(N-1)

Letting

ap = Je arp = C/ agrp
) ng apRr R2 R2

we can write
V@ p(z)] < [V * (ar(p — ar))(@)| + [V® * (arar) ()| + [V = ((1 — ar)p)(z)|. (6.5)

Because ag(p — ar) has total mass zero we have

Ve anto—om))l = 5 [ I anm)ow) —andy

Bz uppag |7

1 T —y

27 Jsuppar [|$ - y|2

1 Yy
< / ) lo) - arldy.
suppag

— a
2m |z[|z = y]

_ m ar(y) (o) — ar) dy

In the last inequality we used Lemma 5.10.

Since |z| = 4R we have |z —y| > (1/2)|z| for all y € supp ar. Hence in the final integrand
above we have both |y|(|z||z—y|)~" < C|y||z| 2 and |y|(|z||z—y|)~* < CR|z|>. We conclude
that

R
V0 + (ar(p — an))(@)] < C Wl n) o) dy + € B anty)lar] dy
supp ar ‘33| supp ar |5U\
C C
< =5 (oWl + larlB*) < 5 Ipll s, + ClaxlR,
2] b w2 R

since H\y|p(y)|]% <C HpHL?V by Corollary 2.5 and N > 1+ d/2.
It also follows from |z| = 4R that

1
sup —
YESupp ar 2m

C

= el

r—y

HV(I)(x - ) 2
|z —

HLoo(suppaR) =
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Thus

C
V@« (arar)(@)] < V(@ — ) oo (supp ar) 1@RARI 1 < H|QR!R2 = Clag|R.
For the final term in (6.5) we use (2.1) to give

C _(N—
V0 (1= an))(@)] < IVl e ity (1 = ar)p) 1 < 5 Nl g, BV
= Clpllzz 2l ™ < Clpllz, lo] 2

since N > 1+ d/2 = 2. Collecting these bounds we conclude that for |z| > 4,

Ve« p(o) < s (19l531 + lollal)

Note that these bounds were all for a fixed x with || > 4 and so for fixed R > 1. It remains
to bound ag, though. We do this using again that the total mass of p is zero so

C C _N_— _
anl = gz [ (1 = an)e| < 55 10 = amolly < CR ol < Clplyg lal™

by virtue of (2.1) and because N +1 > 1+d/2+ 1 > 3. Applying (2.2) for the case |z| < 4
it follows that

C C
Vo i p(@)] < ——5 (Il gnzee + llellzs, 1217) € —=— ol g rzoe
| I < 7o ellsgon + lollzg, lal™) < o el o

Hence, V® * p € LP(R?) for all p € (1,00], and in particular (6.4) holds. O

We used the following technical lemma in the proof of Lemma 6.3 above and will use it
again in Section 8.

Lemma 6.4. Let ¢ € LP* N L®(RY) with Vo € LP2 N L¥(RY) and Ap € L' N L>®(RY). If
1/p1 +1/ps > (d—1)/d then Vo € L2(RY). If 1/py 4+ 1/pa > (d — 1)/d then

Vel = | oae. (6.6
Rd
Proof. Let ag be as in Definition 1.1. Assume first that ¢ is also in C°>°(R?). Then
/ IVe[* = lim / arVyp -V = — hm div(arVe) ¢
R4 R—o0 R4

= — lim aRAsw—ngr;o/Rd(VaR-VsO)w

R—o00

App — lim (Var - V).

Rd R—oo JRd

For the first equality, the properties of a allow us to apply the monotone convergence theorem
(we may obtain oo, though). The one limit we evaluated is valid because arAp — Agp in
L'(R%). For the remaining limit define p so that 1 = %—i— p% + p%. Then 1 > % + % sop > d.
Applying Holder’s inequality gives

/Rd(VaR Vo)

We conclude that the remaining limit vanishes from which (6.6) follows. O

C _d d_q
< 1Vl 1l ouppany V6 iom Il < ERP = RO
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To treat densities in R? having nonzero total mass, as we will need to do in Section 8, we
will subtract from the associated velocity field a radially symmetric velocity field, 79. We do
this in analogy with the definition of the stationary solution to the Euler equations used to
obtain the radial-energy decomposition of a 2D velocity field in [7, 19].

Definition 6.5. Fiz a radially symmetric function gy € C2°(R?) having total mass 1. We
will abuse notation by writing both go(x) and go(r), where x € R? and r = |z|. Define

ro(o) = f)e. )= 5 [ o) dn

Being a radially directed vector field, 7¢ is a gradient. We see that
divrg = 2f + 20, f = 2f + 2120, f = 2f + 10, f
T

rgo(r)
2

1 T
=2f - 27"7,3/0 ng(n)dn+r

Hence also 79 = V& x* gg.

=2f—=2f+go(r) = go(r).

7. THE VANISHING VISCOSITY LIMIT FOR (GAG,) FOR VELOCITIES IN L2

In this section we consider the vanishing viscosity limit (VV') (see Section 1) for any o1, o9
when d > 3 and for 01 + 09 = 0 when d = 2. In both of these cases, vV — v0 remains in
L*(R%). In Section 8 we consider the general situation in 2D.

Remark 7.1. We assume throughout this section, Section 8, and Section 9 the following:

(1) The initial density po lies at least in L% N L for some N > 1+ d/2, where d > 2.

(2) p° is the unique weak inviscid solution to (GAGy) given by Theorem 5.7.

(8) p”, v >0, is any choice of weak solution to (GAG,) given by Theorem J.5. (We will
see in Theorem 7.5 that there is a unique solution for any v > 0 if also py € H?(R%).)

(4) T > 0 is a uniform time of existence for allv > 0 guaranteed by Theorems 4.5 and 5.7.

Proposition 7.2. Assume that pg € L3 N L™ and let yp = p” — p°. For all t € [0, T},
t
m(u(t)) = (o1 + 02)/0 {u(s), p°(s) + p"(s)) ds,
t
[m(u(t)] <oy +02|/0 I+ 1" ()1 ll(s)]l ds.

Proof. This follows from Theorem 6.1. O

The total mass of p* — p° is zero at time zero, but there is no reason to expect, based
upon Proposition 7.2, that m(u(t)) remains zero. Proposition 7.2 does show, however, that
as v — 0, m(u) vanishes if ||u|| vanishes. This will be very useful to us in Section 8.

Theorem 7.3. Assume that pg € CH*(R?) for some a > 0 is compactly supported. When
d =2 assume that o1 + 09 =0. For allv <1 and t € [0,T],

I =)@l + 6 = DO+ [ = P s < oot
Proof. Define

p=p"=p w=v"-v0 n=p04p" (7.1)
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Then divw = o1 and w € L2(R%) for all ¢ € [0,7] by Lemma 6.3 (for d = 2 this uses
m(p) = 0 by Proposition 7.2).

Taking (GAG,) — (GAG)) in the equivalent weak form given in (4) of Theorem 4.2 gives
for any ¢ € [0, 7]

t t
/0 (1, Op) + /0 /Rd (P°w - Vo + pv” - Vo + (01 + o2)une — vVp” - Vo)

- / H(t)p(t)
]Rd

for any ¢ € Y. Choosing ¢ = p € Y we write (7.2) as

)2 - /0 (Bupio ) = /0 (oW, Vi) + (v, T + (0 + 02) (um, 1) — (V¥ V). (7.3)

Employing Lemma 1.2 of Section III.1.4 of [24] (or Lemma 3.9) we have

[ @iy =3 [ s = 3101 = 5 1O = 3 )1
For the other terms,
("W, V) = —(div(p"w), ) = —{p" divw + w - Vp’, 1)
= —o1(p", 1) — (W Vp°, ) < Co(t) ||ull* = (w- Vpo mE
(1", Vi) = (v, Vi) =~ (div?, 1) = =T 12) < [ o Nl
< Colt) Il

(01 + 02)(un, ) < |or + o] [|0° + "] oo II1ll> < Co(t) l1?
—v(Vp", V) = (Y, V) = v(Vp°®, V)

< —v(Vp, Vi) + S |VR°* + 5 19l < Cotyw = 3 [Vl

(7.2)

To estimate the term —(w- V", 1) we consider the cases d = 2 and d > 3 separately. Note
that HWH 20 <C |||l when d > 3 by the Hardy-Littlewood-Sobolev inequality. Therefore,

a—2
= (w Vol ) < flw - VPl < Iwll 20 1V alli]

< ClullV e llallll = ClalP1Ve°lla < Colt) ul?

when d > 3. For the case d = 2, the Hardy-Littlewood-Sobolev inequality does not yield the
desired estimate, but we have

—(w- VO ) < lw - VOl < 1wll2o V0| za ] (7.4)
where 1/p+1/q =1/2. By Lemmas 7.7 and 7.8 we have
Iwllzr < C(lwll + [l - (7.5)

Substituting this estimate into (7.4) gives, for any fixed ¢ € (2, 00),

—(w- V) < w- Vo lllull < CIVA llza(llw]l + Dl < Cot) (1wl + llll) |l (7.6)
Applying the above estimates to (7.3), we see that for d > 3,

()] + v / IV ()| ds < Colt)tw + Co(t) / () ds, (7.7)
0 0
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while for d = 2,

WO+ [ 1) ds < Cototr+ [ Cols) (Iw@I + ) ds. (78)

Applying Lemma 1.2 (Gronwall’s lemma) to (7.7) we conclude that p, converges to p in
L>(0,T; L?(R%)) as v approaches zero. However, we must obtain a bound on ||w|| for both
d = 2 and d > 3 below in order to obtain the estimate in Theorem 7.3 on the difference of
velocities in H'. Therefore, we utilize (7.8) for both d = 2 and d > 3 in what follows.

We return to (7.2), but use (3) of Theorem 4.2 instead of (4) for an as-yet unspecified
0 € C([0,T); L) N L?(0,T; HY). In place of (7.2), then, we obtain

t
/0 o7 (0w, V) + (0w - V) + (1, v" - V) + (01 + 02) (. )
—v(Vp”, V) =0.

(7.9)

Here we used
—(Oup, ) = —oy H (8 divw, ) = oy H(Oyw, V) (7.10)

for a.e t € [0,T] for all ¢» € C>°(R?) and hence by density for ¢ in place of .

Because un belongs to all L spaces, the equality in (7.9) holds for all p € L2(0,T; H" NLP)
for any p € [1, 00|, any element of such a space being approximable by a sequence in Y. When
o1 + 02 = 0 only Vo appears in (7.9), so equality holds for all ¢ € L?(0,T; Hl). Setting
@ = 01® % pu we note that for d > 2 we have 1» € L2(0,T; H') by Theorem 4.5 and Lemma 6.3.
For d > 3 we have ¢ € L*(0,T;LP) for any fixed p > d/(d — 1). Hence (7.9) holds for
@ = 019 x u for both cases covered by this theorem.

Then Ve = w and (7.9) becomes

t
/ o7 HOw, w) 4 (00, [W|?) + (u, vV - w) + a1 (o1 + o) (um, @ x p) — v(Vp’, w) = 0. (7.11)
0

Again using Lemma 1.2 of Section III.1.4 of [24] (or Lemma 3.9) we have

t
[asew =3 [ atw.w) = S Iw 01 = 3 1w = 5 Iwio)”
and we have the estimates
(0% 1w )] < [16°]] L I ® < Colt) w1,
[ v W) | < V7| W] [l < Co(t) [IwlI* + Co2) (|l
2v + |o !

V |
AT )] = (00 + (9w < A o 4 2 g 2 )
01
-1 1
v|o 2v+|o
< X2l ywut + 220 |H 7+ Cofey?
01

Now consider (/m, D x p) = o1 (un, div(® * w)) for d > 3. Write
[, div(® + w)[) < [lunll 20 [V * Wl 2a

<HMHL2II77HLdHV<I>*WH 2 <G ()HMHL2HWHL2,

where we applied the Hardy-Littlewood-Sobolev inequality. The term o1(o1 + 02){(un, ® * u)
disappears entirely when o1 + 09 = 0.
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Substituting these bounds into (7.11) gives for all v < 1

uw@W<2Anwmw%u+@ww+Acma@w@W+mmm%ds

Adding this inequality to that in (7.8) gives for all v <1

Hw@W+W@W+;Aummw%ws@ww+AcMQOM@W+w@W)@

Applying Lemma 1.2 (Gronwall’s lemma) we conclude that
t
Iw@)I* + @)l + V/O IVi(s)[|?* ds < Co(t)twe®®

for all v < 1. The proof is completed by observing that ||w(t)|| 5 < |[w(t)|| 4+ C ||u(t)| by

Lemma 7.8. ]

Remark 7.4. An examination of the proof of Theorem 7.3 shows that the conclusion holds as
long as the solutions satisfy: (a) p, p° € L=(0,T; L*NL=(RY)) and (b) Vp° € L=(0,T; L*N
LYRY)) when d > 3 or Vp° € L>®(0,T;L*> N LI(RY)) for some ¢ > 2 when d = 2. Our
assumptions on the initial data imply that these conditions hold, though they are not minimal.

Similar considerations yield the uniqueness result for solutions to the viscous equations in
Theorem 7.5. Thus in Theorem 7.3 and later in Theorem 8.1, p can refer to the unique
solution for the given value of v.

Theorem 7.5. Fiz v >0 and let d > 2. (1) Weak solutions to (GAG,) as in Definition /.1
are unique within the class of solutions for which (a) p¥ € L°(0,T; L' N L>=(R%)) and (b)
Vp¥ € L=(0,T; L?> N LYRY)) when d > 3 or Vp” € L>®(0,T; L? N LY(R%)) for some q > 2
when d = 2. (2) Let N > 1+ d/2 and k > max{2,d/2} be an integer. If py € H, then there
exists a unique weak solution to (GAG,) lying in Y]@.

Proof. (1) If instead of subtracting an inviscid from a viscous solution we had subtracted two
solutions having the same viscosity then the proof of Theorem 7.3 would yield the uniqueness
of solutions to (GAG,) for v > 0 in the class of solutions having the regularity of p° stated
in Remark 7.4. This covers the cases d > 3 and d = 2 with o1 + 09 = 0. The case d = 2 with
01 + o9 # 0 will be treated in Theorem 8.1.

(2) If py € H¥ then p” € Y& C C([0,T); H*) by Theorem 4.5. Then by the Galgliardo-
Nirenberg-Sobolev inequality,

v v L v 1_%
IV 0" | g2r < CIDFPY|[F 10" || ot -

This shows that p” has enough regularity to obtain uniqueness. O

Remark 7.6. Since only one of the two weak solutions in the proof of Theorem 7.5 needs to
have the required additional regularity over that of a weak solution, it also follows that a weak
solution having the additional initial regularity given in Theorem 7.5 is a strong solution.

We used the following two lemmas above.
Lemma 7.7. Fiz py € (2,00). There ezists C = C(po) such that for any p € [po, o0]
[ullp < C([lull + [Vul)

for any vector field u having components in H'(R?).



THE AGGREGATION EQUATION VANISHING VISCOSITY LIMIT 39

Proof. Let u be a vector field having components in H'(R?). By the Gagliardo-Nirenberg-
Sobolev inequality we have for any p € (2,00)

2 1-2
ullpp < Cllull? [Vul 7.
But Young’s inequality in the form,
A'B'"" <rA+(1—-1)B
with

p
r=2 a=T,

|
N
N
N~
]
<
£

2 2
so that A"BY" = |ju||? || Vul|'"» gives

p—22ﬁ
\mupscwwu+c7]9(p) IVl < € (Jull + [Vl

The inequality also holds for p = oo by the continuity of LP norms. ]
Lemma 7.8. Assume that u = V® x p € L2(R?) with p € L>(RY). Then |Vu| < C ||pl|.

Proof. We have Vu = Rp where R = VVA~!. But each component RY is a Calderon-

Zygmund operator, which is bounded in L?. Hence, ||Vu|| < C|p|. (In fact, knowing that

Vu € L? one can justify an integration by parts to obtain ||Vul|| = [|[VV® * p|| = || A®  p|| =

llp]l, but we will not need this.) O
8. THE VANISHING VISCOSITY LIMIT FOR (GAG),) FOR VELOCITIES NOT IN L?

In this section, we consider the vanishing viscosity limit (V'V))" (see Section 1) in the general
2D case. Throughout this section we make the assumptions in Remark 7.1.

Theorem 8.1. Assume that d = 2 and pg € C1(R?) for some o > 0 is compactly supported.
Define u, w as in (7.1), and let

wi=p—m(pu)go, w:=w-—806" 60":=om(uto. (8.1)
(For 19, go see Definition 6.5; for the definition of m see(6.1).) Then for allt € [0,T], v <1,

t
mum%+wme+VAHVMﬁsawww%@# (8.2)
Moreover, for all k >0,
Iw(t) = % (®)l| o = 16" (D)lln < 2tz e, (8:3)

Proof. We have divw = o171 and w € L2(R%) for all ¢ € [0, 7] by Lemma 6.3, since m(j1) = 0.
We start off the same way as in the proof of Theorem 7.3. This leads to (7.3) and all
the estimates following it that led to (7.7) and (7.8). We estimate the one term (w - V", 1)

differently, however. First note that
[(w - V%, )| < (W - V%, )] + [((arm(p)T0) - V°, ). (8.4)

Following the proof of Theorem 7.3, we have

(- V%, )] < - VROl < Il ol Vo2 ol el (8.5)
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where 1/p +1/q = 1/2. Let p € (2,00) and observe that ¢ = 2p/(p — 2) € (2,00) as well.
From Lemmas 7.7 and 7.8 we have

Wl < C (Wl + llzl)

since w = V® x 1. Substituting this estimate into (8.5) gives, for any fixed g € (2, 00),

(W -V, )| < CIVA (]| + RNl < Colt) (] + 1Al |4l
Now, by the definition of zr and Propostion 7.2,

@I < lp@I + fm(u@) goll < Tn@) + llgoll o Jr(le/0 ()l ]]0”(s) + p°(s)|| ds

< )] + Colt) /O ()]l ds,

so that

(W - V%, )] < Co@)lIwllllll + Co(®) |l + Co(t)HM”/O ()l ds

t 2
< CoO)IF] + Co®)ull® + ( [ ds> (8.6)

< Co@®)[w|* + Co(®)|ull* + Co(t)?f/0 lu(s)]* ds,

where we used Jensen’s inequality (or Cauchy-Schwartz) in the last step. To estimate
|((1m(p)T0) - V¥, 11)|, we observe that, by Proposition 7.2,

m(u()] < lor + 0| /0 (" ()1 + 22 ()l ds < Co(t) /0 @l ds  (8.7)

so that
[((arm(p)T0) - V¥ )| < ol [|[V°|| 1m0l oo [m(p)| [| ]

1 9 1 ¢ S|
< 2ot IV ol Fee mlp)® + 3 ul? < Co(t) (/O [l e(s) ] d8> +5 & (8.8)

t
1
<ottt | nGa)* ds+ 5 1l

where we again used Jensen’s inequality (or Cauchy-Schwartz) as well as Proposition 7.2.
Hence, applying (8.6) and (8.8) to (8.4) we see that

[((w - V%, )| < Co(8) [WII* + Co(t) lul® + Co(t)lﬁ/0 lu(s)]* ds.

Now, [(w-Vp°, u)| (as part of (p°w, Vu)) appears in (7.3) integrated over time. Hence we
need to remove the double time integral that would appear if we simply integrated the above
estimate over time. We can do so by noting that

/0 Coly)y /Oyuu<s>uz ds dy < Co(t)t / / ()| dsdy < Co(t)e? / lu(s)I? ds.  (8.9)

Thus we see that in place of (7.8) we have

WO+ [ 1V ds < Cotttr+ [ Cols) (IS + u)I?) ds. (310
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To bound ||w||, we derive the equivalent of (7.9) for w for an arbitrary ¢ € L2(0,T; H').
The only change we need make is in (7.10), which, using divw = divw 4+ oym(u)go, becomes

— (O, ) = —0'1_1(815 divw, p) = —01_1(8,5 divw, ¢) —m’ (1) (go, )
= 07 (0w, V) — (o1 + o2)m(un){go, ©)

with 7 as in (7.1) and using Proposition 7.2 to give m/(v) = (o1 4 02) {1, n) = (o1 +02)m(un).
Thus, (7.9) becomes

[ o 0. V) = (o1 + omdmlm o )+ (- V) + (v Vi
+ (01 + o2)(un, ) — v(Vp", V) = 0.

(8.11)

Now set ¢ = 01® * i = 01® * (u — m(u)go) and fix pg € (2,00]. Then Vo € L>(0,T; L?)
with ¢ € L>°(0,T; LP°) by Lemma 6.3. Also, un € L>(0,T; L?), where qq is Holder conjugate
to po because both p and n lie in L*°(0,T'; LP) for all p € [1, 00]. Hence, (8.11) holds for ¢ by

a simple density argument. Using Vi = w and (un, ¢) —m(un)(go, ¢) = (un —m(un)go, ¢),
(8.11) becomes

t
/ o7 0, ) + (0w W)+ (v’ W) + ou(on + 02) (u — m{un)go, @ * F)
0
—v(Vp”,w)=0.

(8.12)

(0%, % - w)| < [|0°]] e IW1I% + lonllm () |[{70 - . po)] < Co(t) [|W]1* + Co(t)lm(w)]%,
(s v =) < V7 oo (90 al] < Co®) 912 + Colt) ull?,

- ~ vlol| 2wt lor e VP 2
VI )] = I8+ (9,80 < Do+ 2 i+ ot
1
vio; v+ |lo; .
<Y o] g +%nwn2+co<t>u2
2“71 ’

Substituting these bounds into (8.12), using (8.7) with Jensen’s inequality, and applying
Lemma 8.2 we obtain for all v <1

I < [ 5 1Va(s) 1P ds+ Cotw + [ Coe) (IF)1* + o)) s

Adding this inequality to that in (8.10) gives for all v <'1

SOOI+ )1 +5 [ IVa)1? ds < ot + [ Cots) (I566) 2+ (o)) s

Applying Lemma 1.2 (Gronwall’s lemma), we conclude that

W ()1 + @) +v /0 IVu(s)||? ds < Co(t)treCo® (8.13)
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for all ¥ < 1. Also, by Lemma 6.3 and Proposition 7.2,
W@l < W@+ Cla@)l < WO+ (2@ + [m(u@)] ol

t
< W@+ @l + ligoll o +02|/O () [HIn(s)]l ds
t
< W@ + lu@)ll +Co(t)/0 la(s)]] ds

t
< W ()] + Cot)(tr)2eCo® + Co(t)/ Co(s)s2v2e%0() ds
0

< |[W(®)] + Co(t)tze®ys

In the second-to-last inequality, we used (8.13). Combining this bound with (8.13) completes
the proof of (8.2).
To prove (8.3), we simply observe that

W (t) = W) = llorm(p)Toll Lo < lorl[m()][[Toll Lo < Clm(p)]

t
< Co(t)/ ()l Ins)]| ds < Cratset,
0

where we used Proposition 7.2 and (8.2). A similar bound holds for all spatial derivatives of
w(t) — w(t), yielding (8.3). O

We used the following lemma in the proof of Theorem 8.1, above.
Lemma 8.2. Define p, n, i, w as in (7.1) and (8.1). When d = 2, we have,

[ (= m(un)go, @+ )| < Co(t) Wl [lll -

Proof. First observe that v := un — m(un)go lies in L%, (R?) because p and 1 both lie in
L% (R?) N L>®(R?). Also observe that v has total mass zero. Thus V® x v € L?(R?) by
Lemma 6.3. Similarly, i € L2 with total mass zero and V® * i = w € L?(R?). This allows
us to integrate by parts, using v = div(V® % 7)), to conclude that

(7, @ % )| = (VO xy, W)| < [V x| [|w]|.
By Lemma 6.4, with a as in Definition 1.1,
V@ %4|* = =(® % 7,7) = —((a®) ¥ 7,7) = (1 — &)®) *7,7)
< la®| g [VI? + (1 = a)®) * 7, 7)] (8.14)
< Co(®) [|pl” + 1{((1 = @) ®) * v, )],

2 = Nl = mam)goll* < (a0l oo + lmapem)] llgoll)*
< (el oo + el Il g0l < Coe) Nl
It remains to estimate [(((1 — a)®) * v,7)|. Define g(x) := 1 + |z|° and write,
(1 = @)®) 7, 7)] = ((1/g) [((1 — a)®) 5] , g7)]
< [1(1/9) (1 = a)®) * Al oo [lgV Il 1 -
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Since po(t), p¥(t) are in L% (R?), Corollary 2.5 allows us to conclude that |gn| < Co(t).
Therefore,

gyl = llwgn — m(um)ggo) o < el lgnll + Im(un)| llggoll 1
< Co(t) lpll + M1l Imll lggoll ;1 < Co(t) [|pell 5

and we conclude that

(T =a)®) 5,7 < Co(®) [|(1/9) [(1 = a)@) * | oo 1]l - (8.15)
We need to extract another factor of ||u|| from ||(1/g) [((1 — a)®) * ]|/ ;0. We have,

1 1
0= 0®) ) @) = 5= [ 0= ale =)ozl — i)y

z —y*ly(y)| dy

N
f\H
&

—
|
2
|8
8
S
~—
S |—
_mb_,
0
8
=
s
B

_|._

=

v (y)| dy

N
— =
&

_
|
2
8
<
Nt
<}
o
8
=
=
o

So

|z|° (1 —a(x —y))loglz —y|
Lo ‘ 2mg(x) /Rz ol
1 (1 —a(x —y))loglr — y|
2mg () /R? lz —y|®

SRS

(8.16)

n \ ()| dy

Lge

< C/RZ|’7(?J)| dy + C/RZ\Z/IEIV(?J)I dy = C[[Vllpr + C =™y (@)l -
But,
1Vl = len = m(un)goll e < el lnll + [m(un)|Hlgoll 1
< Co@) [l + [l MInlHgoll L < Col#) Il
and
2"y (@) = l|u(@) (2| n(z)) — m(un)(|2]"go(x)) 11
< [l Nzl n(@) 2 + Im(un) 2] go(2)]l 12
< Co() |l + Mlul In 121" go (@)l 1 < Co(t) [[ul] -

Substituting this estimate into (8.16), the resulting estimate into (8.15), and finally that
estimate into (8.14), yields the desired bound. O

9. THE VANISHING VISCOSITY LIMIT IN THE L°°-NORM

In this section, we use the results from Section 7 and Section 8 to prove in Theorem 9.1
that the vanishing viscosity limit (see (V'V') in Section 1) holds in the L>-norm of the density.
Throughout this section we make the assumptions in Remark 7.1. Our main result in this
section is Theorem 9.1:
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Theorem 9.1. Assume py € CL(RY) N L3 (RY) for some o > 1, N > 1+ d/2, d > 2
is compactly supported. Define p as in (7.1), and let T be as in Theorem 4.5. Then for
te[0, 7], v <1, and B € (0,1),

()l < Colt)(vt) .

Theorem 9.1 follows easily from interpolation once we establish a modulus of continuity on
p¥ that applies for all sufficiently small v. Working as we are in Holder spaces, it is natural
to obtain a bound on p¥ in a Holder space norm uniformly in v. We do this in Theorem 9.2,
adapting the approach Hmidi and Keraani took in [12, 13] for the Navier-Stokes equations.

Theorem 9.2. Assume pg € C’B(Rd) with 8 <1 and d > 2 is compactly supported and let T
be as in Theorem 4.5. Then p’ € L>(0,T;C?(R?)) and

10" @)llcs < Co(T)e
for allt € [0,T], where Co(T') depends on ||po|lcs and 5.

ec() (T)

(9.1)

Before proving Theorem 9.2 and then Theorem 9.1 we must make a few definitions, most
notably of the Littlewood-Paley operators.

Let S(R?) denote the Schwartz space on R? and let S’(R?) denote the space of all tempered
distributions on R%. Tt is classical that there exists two functions x, ¢ € S(R?) with supp
xC{EeRd: ¢ < %} and supp ¢ C {£ € R?: % <g < g}, such that, if for every j7 > 0 we
set ¢;(x) = 294¢(27x), then

X+) di=x+> d27)=1.
] Jj=>0
For f € S'(R%) and j > —1, define the Littlewood-Paley operators Aj by
e X * f7 Jj=-1

We will make use of the following classical lemma of Bernstein. A proof of the lemma can
be found in Chapter 2 of [6]. Below, C,4(0) denotes the annulus with inner radius ¢ and
outer radius b.

Lemma 9.3 (Bernstein’s Lemma). Let r1 and ry satisfy 0 < r1 < r9 < 00, and let p and q
satisfy 1 < p < g < o0o. There exists a positive constant C' such that for every integer k , if
u belongs to LP(RY), and supp @ C B, (0), then

sup [|0%u||ze < CENFGTu| L. (9.2)

|a|=k
Furthermore, if supp i C Cy 2 (0), then

C'_k)\k||u||Lp < sup [|0%]|r < C’k)\kHuHLp. (9.3)
la|=k

The following Littlewood-Paley definition of Holder spaces is equivalent to the classical
definition of Holder spaces when « is a positive non-integer (see Chapter 2 of [6]).

Definition 9.4. For a € R, the space C is the set of functions f such that

sup 27| A; fll L < oo.
j=z-1
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We set ‘
| fllce = sup 274 A f|| Lo
j>—1

When « is a positive non-integer, we will often write C* in place of C<, in view of the
equivalence between the two spaces.

Proof of Theorem 9.2. This follows from Theorem 5.7 for v = 0. So assume that v > 0. That
the solution p” to (GAG,) belongs in L>(0,T; C?(R%)) for all B > 0 follows from standard
arguments; we show only the uniform control in viscosity of the C#-norm when 3 < 1.

This theorem is essentially proved in [12, 13] for divergence-free vector fields v in the
more general setting of Besov spaces. We follow the proof from [13] below, with a slight
modification to account for the assumption that v¥ is not divergence-free in our setting. Our
modification relies on a commutator estimate established in Chapter 4 of [7].

As in the proof in [13], we apply the Littlewood-Paley operator A; to (GAG, ), which gives

NAjp” + VY VA p” —vAA;p” = —[Aj, V" - V]p" + a2Aj(p")>.

We can apply the maximum principle (see, for example, Lemma 5 of [12]) to write
t
140" ()l < [1Ajpoll e +C/0 (1A, v" - V1p" ()l zoe + 145 (p" (5))? | o0 ds.
Multiplying through by 27% and taking the supremum over j gives
t
1" (@llcs < llpollcs +C/O (SUP 20)[[A;,v" - V]p" (5)l| e + |(p”(8))2||cﬁ> ds.
j
t (9.4)
< llpollcs +C/O (SQPWﬁH[AJaV” -V1p" ()|~ + ||P”(8)||L°°HP”(S)||CB> ds,
j
where we used the estimate ||(p”)?||cs < Cllp” |l |lp”||cs to obtain the last inequality. To

bound the commutator on the right hand side in (9.4), we apply Lemma 9.6 below for the
case r = 8 € (0, 1), which gives,

1Az, v - V] (8)llzee < C2797I 0V ()] e [l07 ()| oo - (9-5)
Substituting (9.5) into (9.4) and applying Lemma 1.2 (Gronwall’s lemma) gives
10"l Lo 0scy < Ce“Y Dllpollcs, (9.6)

where .
V(t) :/0 (Vv ($)llLee + [lp"(s)l| o) ds.
To complete the proof of Theorem 9.2, we apply Proposition 2.3.5 of [7] and write

HVVV(t)HCﬂ> |

C
VvY(t)||pe < || VV(t log | e+
199" O~ < ZIVv Dley g( ROl

Since x +— xlog (e+ %) is increasing in z when C' > 0, it follows from Lemma 9.5, the
embedding L™ < C?, and the equivalence between C? and C? when B € (0,1) that

C Vv (t)|l s C 1p” ()|l Lrnes
VY ()l < <0l 1nLe log <€ T el T [ o e
B " | Lrapee 1p¥ | 1o

C o Ol 1nes
< ECO(T) log (6 + C'O(T)) )
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where we used Theorem 4.5 in the third inequality above. An application of 9.6 gives
[9v(0)l1 < Co(T) log (e + Ce” ol

< Co(T)log (770 (e + poll ) ) = Co(T) (V(#) +log (e + ol )

t
= Co(T)log (e + [lpollcs) + CO(T)/O Vv ()l + 0" (8)llze) ds.
Lemma 1.2 (Gronwall’s lemma) and Theorem 4.5 imply that
Vv (#) ]| o < Co(T)e®™.
Substituting this estimate into (9.6) gives (9.1). O

Proof of Theorem 9.1. Fix t < T, p > d, and 8 € (0,1). For fixed N > 0 (to be chosen
later), we use Bernstein’s Lemma and the definition of the Holder space C#(R?) as given in
Definition 9.4 to write

N o)
10" = "))z < D7 180" =)Dl + D 1145007 = p°)(1) | =

j=—1 j=N+1
N » ° o
<C Y RN = YD)l + D 208 (0" — ) (D)1
= Pt (9.7)
N y © )
<C Y 2EA;(0" )W)z +C S 27 B)lles + 16°(D)lles)

—_

J
< C2N5(|(p” — ) (1)1 12 + Co(t)2 NP,

where we applied Theorems 5.7 and 9.2 above to get the last inequality. By Theorems 7.3
and 8.1, for v < 1,

J=N+1

(0" = ) (B)ll1> < Colt)tre®®.
Substituting this estimate into (9.7) gives
10" = ) (0)l= < Colt)te D2V + Co(t)27.
Now set N = —ﬁ log,(vt). We conclude that
1 = P°)(E) e < Co(t)teDwt)' ™5 + Co(t)(wt) 7ot < Cot)e @ (v) 553,
This completes the proof of Theorem 9.1. ([l
Above, we used the following lemmas.
Lemma 9.5. For allr € R,
IVV @ pll ey < Clllpllr + llollep)-
Proof. Let v.=V® x p. Then using the definition of C] as given in Definition 9.4, we have
IVVller = sup 27" |[AgVV| oo <277 [[A 1V V][ oo +sup 27 [[AV V][
o1 q=0

< ClApllp + nglg 27" [ Agpll e < Clipllpr + Cllplle, -
q=



THE AGGREGATION EQUATION VANISHING VISCOSITY LIMIT 47

To obtain the second inequality above, we argued as in (3.6) of [25] when estimating the
low frequency term and applied a classical lemma to bound the high frequencies (see, for
example, Lemma 4.2 of [10]). This completes the proof. O

Lemma 9.6. Assume u is a vector field belonging to L>(0,T; C*(R?)) for every a > 0. Let
r >0, and assume f belongs to L>(0,T;C™(R?)). For any function W (t) satisfying
Vu(t)||cr-
W) 2 max | Fu(o)] -, e

the following estimate holds:

-V, Ajlf e < Cr)2 "W F ()l (9-8)
Proof. The estimate (9.8) corresponds to (4.7) in [7], and is established in [7] as part of the
proof of Lemma 4.1.1. We refer the reader to [7] for details. O

10. CONCLUDING REMARKS

It is possible to obtain a velocity formulation of (GAG,), in analogy with the Navier-Stokes
and Euler equations. For any v > 0, we can write this in the form

vV +v” - VvY + V¢¥ = vAvY,
curl v¥ = 0,
v”(0) = vy,

where the “pressure” ¢” satisfies Ag” = a1(p”)? — Vv¥ - (Vv*)T. This velocity formulation
can be used to obtain the bounds on ||w(¢)|| in Section 7 and ||[w(t)|| in Section 8. Because
divw # 0, however, the pressure does not disappear in these bounds. This requires a great
deal of effort to properly bound the pressure so we took the shorter approach in Sections 7
and 8 leaving the elaboration of the velocity formulation to future work.
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