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Abstract. We study the viscous boundary layer that forms at small vis-
cosity near a rigid wall for the solution to the Navier-Stokes equations
linearized around a smooth and stationary Euler flow (LNSE for short)
in a smooth bounded domain Q C R* under no-slip boundary conditions.
LNSE is supplemented with smooth initial data and smooth external
forcing, assumed ill-prepared, that is, not compatible with the no-slip
boundary condition. We construct an approximate solution to LNSE on
the time interval [0,7], 0 < T < oo, obtained via an asymptotic ex-
pansion in the viscosity parameter, such that the difference between the
linearized Navier-Stokes solution and the proposed expansion vanishes
as the viscosity tends to zero in L?(Q) uniformly in time, and remains
bounded independently of viscosity in the space L?([0,T]; H*()). We
make this construction both for a 3D channel domain and a smooth do-
main with a curved boundary. The zero-viscosity limit for LNSE, that
is, the convergence of the LNSE solution to the solution of the linearized
Euler equations around the same profile when viscosity vanishes, then
naturally follows from the validity of this asymptotic expansion. This
article generalizes and improves earlier works, such as Temam and Wang
[20], Xin and Yanagisawa [23], and Gie [4].
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1. Introduction

We study the boundary layer formed near a rigid wall by a low-viscosity in-
compressible fluid that solves the Navier-Stokes equations (NSE) linearized
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around a smooth and stationary Euler flow. In exterior domains, such equa-
tions model the flow around an obstacle moving at constant velocity, the clas-
sical Oseen system, where the steady profile is also spatially homogeneous. In
a smooth bounded domain, they model the behavior of nearly inviscid flows
in bodies with cavities, as in simplified models of the earth’s mantle.

For simplicity, we assume that the fluid occupies a bounded, connected
region 2 in R? with a C° boundary I'. We can then write NSE as the system
of PDEs,

ou’®

ot

+u® - Vu*+Vp = f+ecAu® in (),

divut =0 in Q.

Above, € > 0 is the given, constant viscosity coefficient, u® is the velocity
field, p® is the pressure field, and f is a given time-dependent external force
(independent of €). Together, (u®,p®) is the solution to NSE. We impose
no-slip boundary conditions,

u® =0,

and we give an initial condition ug on the velocity alone. The no-slip condition
is the most appropriate at rigid, smooth walls.
As customary in fluid mechanics, we denote by H the function space

H={uecLl*Q)|divu=0 and u-n=0onT}, (1.1)

endowed with the L? norm, where n represents the unit outer normal to I'.
In the domain €2, we consider a smooth vector field U of class H N

C*°(9), which is a solution to the stationary Euler equations (EE),
{ U-VU+Vr=F inQ,

(1.2)
divU=0 inQ,

where F € C*°(Q2). We impose on U the no-penetration condition,
U-n=0 onl.

One can always construct solutions to the equation above provided F' is
appropriately given. For example, when F' = 0, one can obtain steady Euler
solutions, called Beltrami flows, from eigenfunctions of the curl operator.
We linearize NSE about U in the usual manner. We let v = u® — U so
that u® = v + U. Using (1.2) gives an equation for v° from NSE, in which
the pressure can be identified (up to a constant) with p® — 7. LNSE is then
obtained by retaining all linear terms in v®. The pressure that ensures the
divergence-free condition on v° can still be identified with p*—x. Given U and
the initial conditions on u°, it follows that v° satisfies a non-homogeneous
boundary condition on I', namely, v© = —U. However, by performing a lift
of the boundary value that is divergence free (e.g. via an harmonic vector
potential), we can WLOG assume that v = 0, provided the right-hand-side
of the equation is changed accordingly. Finally, with abuse of notation, we
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relabel v® by u® and p® — 7 by p°. Then, the initial-boundary-value problem
(IBVP for short) for LNSE is the system,

ou®
ot

—eAut+U -Vut+u® - VU+Vp* = f—F+ecAU in Qx(0,7),
divu® =0 inQx(0,7),
u® =0 onl x(0,7),

’U,E‘tzo = U in Q,
(1.3)
for any fixed T' > 0.

It should be noted that often in the literature, the Stokes equation,
obtained by dropping the non-linear terms directly in NSE, is called the
LNSE. Here, instead we refer to the LNSE as an Oseen-type equation, that
is NSE linearized around a non-trivial profile U. The vanishing viscosity
limit and associated boundary layer for the Stokes system can be analyzed
adapting techniques used for the heat equation and do not require the use of
correctors.

The goal of this work is to analyze the boundary layer that arise in
the system (1.3) at small viscosity due to the mismatch in its boundary con-
ditions and those of the corresponding limit problem (1.6) below, which is
obtained by formally setting ¢ = 0. Our main task is to build an incompress-
ible boundary layer corrector (and hence an asymptotic expansion of u® in
¢) assuming sufficient regularity of the data. Since the minimal regularity
requirement for the data is not our focus, we assume that

FeCi0,T;C>®(Q)), wugec HNC®). (1.4)

However, this smooth data may not necessarily vanish on the boundary and,
in this sense, the initial data is ill-prepared; that is, the boundary and initial
conditions in (1.3) are not compatible.

As is the case for the unsteady Stokes system (see e.g [18, 19]), under the
assumption (1.4), for any 0 < T < oo there exists a unique, strong solution
v° to the IBVP for LNSE (1.3) at fixed . Moreover, the solution u® satisfies
uniformly in €,

out

ot

u® € L*(0,T; V)N C([0,T); H), € L*0,T; H), (1.5)

by standard energy estimates. (The limit problem satisfies these same esti-
mates.)
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Formally setting e = 0 in (1.3), we obtain the corresponding limit prob-
lem,
ou®

W+U~Vu0+u0~VU+Vp0:f—F in Q x (0,7),

div UO =0 in Q x (O,T), (16)
u’ - n=0 onl x(0,7),
ulli—g = uy in Q.

By analogy with (1.3), we call the above system the linearized Euler equations
or LEE. Under the assumptions (1.4), for any 0 < T' < oo the system (1.6)
possesses a unique strong solution u® (with pressure p°, unique up to an
additive constant) such that

u’ € CY0,T; HNC>®(Q)). (1.7)

(We refer to the results in [13] for a proof.)

In this work, we systematically employ the method of correctors as
proposed by J. L. Lions [14] to analyse the boundary layer for LNSE. The
corrector that we construct accounts for the difference between the solution
to LNSE and LEE due to the discrepancies between the boundary values of
the viscous and inviscid solutions, and it accounts for the rapid variation of
the functions and their normal derivatives in the boundary layer.

We assume the same regular asymptotic expansions in powers of 1/ and
scaling as in Prandtl theory [17]. In particular, the thickness of the layer where
the effect of the corrector is not negligible is of order /¢ as in Prandtl theory.
At the same time, as verified by rigorous analysis below, the corrector shares
the major estimates and properties of the corrector introduced by Kato in [11]
to study the vanishing viscosity limit. This fact is not unexpected given that
the zero-viscosity limit holds in this case. However, in Kato’s work the effects
of viscosity, in terms of viscous energy dissipation rate, must be controlled in
a layer of order € to pass to the zero-viscosity limit.

The main idea behind the corrector method is to propose a form for
an approximate solution to LNSE, which is the given solution to the limit
problem plus the corrector. Formal matched asymptotic analysis and physical
considerations are used to derive the form of the corrector and the effective
equations it satisfies. Then the validity of this asymptotic expansions is es-
tablished by energy estimates on the difference of the viscous solution and the
proposed expansion, performed on the whole domain 2. To enforce the in-
compressibility condition on the corrector, we follow the original approach in
[4], where the viscous boundary layer for the Stokes equations is investigated.
In this article, we generalize the analysis in [4] by studying the asymptotic
behavior of the Navier-Stokes equations linearized around a stationary Euler
flow. The asymptotic expansion proposed in this article provides complete
structural information of the boundary layers for LNSE.

Establishing the zero-viscosity limit is nontrivial even in the absence
of boundaries, due to the singular nature of the limit. When boundaries are
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present, the analysis of flows at small viscosity is significantly more challeng-
ing, given that rigid walls generate vorticity. When no-slip boundary condi-
tions are impose on the viscous solutions, the lack of control of growth normal
to the boundary of the tangential velocity components keeps the problem still
essentially open, unless strong conditions such as analyticity or symmetry are
imposed on the data or the solution (we refer to [6, 16] and references therein
for a survey of recent results) or the equations are linearized. In this work, we
consider another simplified situation where the vanishing viscosity limit and
the associated boundary layer can be rigorously studied. The analysis of the
boundary layer for LNSE can be the first step in elucidating the role of (a
potentially strong) tangential advection on the stability of the layer. Indeed,
recent results on the ill-posedness of Prandtl equations have as their starting
point linear instabilities around shear flows [3, 8, 9].

While Oseen-type equations were studied in the context of the vanishing
viscosity limit and Prandtl-type approximations in [15, 20, 21, 22, 23] in
domains with flat boundaries such as a channel, in this article we consider the
LNSE in a general smooth domain with a curved boundary and hence extend
those earlier results. As a matter of fact, when the boundary is curved, the
expansion of the viscous solutions in powers of the viscosity, assumed small,
that is obtained on domains with flat boundaries does not give a suitable
approximation. As exemplified in Equation (1.8) and Theorem 1.1 below,
an additional corrector for the pressure is required in order to account the
lower-order error caused by curvature.

In addition, prior works consider only the case of well-prepared or com-
patible initial data, that is, data that vanish on the boundary. This work,
instead, is the first that analyzes the boundary and initial layers for Oseen-
type equations (or LNSE around a stationary Euler flow) when the initial
data is ill prepared. In the case of incompatible data, an initial layer forms in
the viscous equations that needs to be accounted for in the analysis. Indeed,
when the limit solution is steady, the contribution from the initial layer may
persist in the limit of vanishing viscosity.

For a curved boundary, as in the case treated here, it is necessary to
introduce a pressure corrector at zero order. We therefore write the approxi-
mate expansion of the LNSE solution as

ut ~u’ + 0,
6 p°, for the case of a 3D channel domain, (1.8)
- p® +¢q, for the case of a 3D smooth domain.

To isolate and so clarify these technical difficulties, we treat the case of LNSE
in a channel first in Section 2 before tackling the the more technically involved
case of a curved boundary in Section 3. The corrector, ®, is given explicity in
(2.7) and (2.8) for the channel and in (3.16) and (3.17) for a curved domain.

Our main result is the following error estimate with sharp rates of con-
vergence in viscosity:
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Theorem 1.1. Make the assumptions in (1.4) and let w® = u® — (u’ + @),
the difference between the linearized Navier-Stokes solution and its asymptotic
expansion, as given in (1.8). Then w® vanishes with the viscosity parameter
in the sense that

1 1
W || o< 0,7:22(02)) + €2[[VWE |20, 1522(02)) < KTe?, (1.9)

for a constant k depending on the data, but independent of €. Moreover, as
e tends to zero, u® converges to the Euler solution u® in the sense that

N

l[u® — u®| oo (0,7502(0)) < KrE®. (1.10)

This paper is organized as follows. We introduce and study the veloc-
ity corrector ® in Sections 2 and 3 for a channel geometry. We introduce
the pressure corrector ¢ in Section 3, where we discuss the case of a curved
boundary and prove Theorem 1.1. There, we also introduce a suitable coordi-
nate system in a collar neighborhood of the boundary I', used in the analysis
of the viscous layer.

Throughout, we will use the fairly standard notation in which a sub-
script on an equation number signifies the ordering of the equation in that
reference. For example, (2.3)5 means the third equation in system (2.3).
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2. Boundary layers for LNSE in a 3D channel domain

In this section, we consider the problems (1.3) and (1.6) when the domain is
a 3D periodic channel, identified with

Q=:(0,L)* x (0,h) C R?,

under periodic conditions in the x; and x5 directions. Periodicity makes the
domain bounded and ensures uniqueness of solutions to the fluid equations.
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2.1. Asymptotic expansion of solutions to LNSE

We start with the ansatz that to the first-order, only the velocity needs
to be corrected to obtain the LNSE solution from the LEE solution:

u® ~u’+ 0O, p° =~ p°. (2.1)

The hypothesis that the approximate pressure is the Euler pressure is justified
as in Prandtl theory, and will be rigorously verified.

To obtain an equation for the corrector, we start by supposing that (2.1)
holds exactly, so that ® = u® — u” and p° — p® = 0. Subtracting (1.6); from
(1.3)2 gives

00 —eAuF +U - VO + © - VU = eAU. (2.2)

We refine (2.2) by making an ansatz like that of Prandtl: we assume that
(2.2) holds exactly only outside of a boundary layer of width proportional to
V€. As in the Prandtl theory, this gives that in the boundary layer, 8/0z; ~
VE(0/dx3) and ©; ~ e71/203, i = 1,2. We see that only the z3 derivatives
contribute at leading order to eAu® and that e AU is of lower order in €.
This yields

2

00, ou;
8£Uj +Z@j8xj =0

00;  Pui <
a  © % +;Uj

Jj=1

Also, because s@ﬁauo is of lower order in ¢ it can be added to the equa-
tion, allowing us to replace €0z, u$ by €92, ©;. Supplemented with initial and
boundary conditions, we have the following formal asymptotic expansion for
the corrector:

2

00; oU; . .
oz, +Z®j3xj =0 inQx(0,7), i=1,2,

ot ox

00, R0, <
—€ 5 -‘rZUj
3 =1 j=1
div@® =0 inQx(0,7),
O=-u’ onl x(0,7),

®|t:O =0 1in Q.

(2.3)

Because there are two boundary components, we will construct the cor-
rector from two boundary layer functions, 6; and 6, each defined on a
half-space. (We use the subscript L and R for left and right layer functions
assuming the channel is vertically oriented.) The layer functions satisfy drift-
diffusion equations on half spaces with boundary, respectively, given by the
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planes x3 = 0 and x5 = h:

90;, 1 2 80 oU; 00; 1,
— — eAb; U; .
ot g 7L‘i’Z; ’:1;3 0 8 a.’tg 23=0 ang
2.
205 S0 0P X000 X (O0T), =12,
j=1 T3=
ei,L = —u?, at Tr3 = 0,
0; =0, att=0,

and

00; r
815

2
+Zo7 U

Ly

00; =N oU- 00;.
—eAY;, R+ZU |x3:h 8:1:)4R T30 p—— i
j

axg z3=h 81‘3

= Oa (OaL)2 X (—OO,h) X (07T)a 1= 1727

ZD3h

0
9273——ui, at x3 = h,

0, r=0, att=0,

(2.5)
where T3 := h — z3 and the cut-offs o7, and og are given by
1,0§5L‘3§h/4, h 9.6
x3) = or(x3) = orp(h — x3). .
L(w3) 0. 2> hy2, r(x3) = or( 3) (2.6)

Informally, the parabolic layer function 6, r 6; r) represents the tan-
gential component ©,;, i = 1,2, of the corrector ® near the boundary z3 =0
(x3 = h). However, we want the corrector ® to belong to the space H to
avoid dealing directly with the pressure in the convergence analysis of the
error w®. To this end, we first introduce, as is customary in boundary layer
analysis, appropriate cut-off functions oy, and og so that the domain of the
truncated layer functions is {2 and the approximate corrector satisfies the
boundary conditions on I'. Then, to enforce the divergence-free condition, we
define the tangential components of the corrector ©;, ¢ = 1,2, as follows:

xr3 T3
@i(:mt) :O'Lei’L—f—O'/L/ ei’LdLL'é—l-O'Rei’R—‘rJ;:i/ ei’Rd{L‘é
0 h

x3 T3
_ 9 gL/ Hide§,+aR/ O; pdatyp, i=1,2
3;53 0 ’ h ’
(2.7)

Finally, we use the divergence-free condition on ® to obtain the normal
component of the corrector O3 from its tangential components:

2

7390, 300,
(x,t) Z {O’L / e L dal +op / 8:107»R dxg} (2.8)
(3 h (3

i=1
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Hence ® belongs to the space H;
dive=0inQ and ©3=0onT.
We can write the corrector ® as a sum of three vector fields in the form,
O=0+p+, (2.9)
where, for i = 1,2,

0; =0r0; L +0Rr0; R,

*o’/ 0; 1 dzh + o /7 0; pdxh,
Pi L o , L axg R . , R ALy (2.10)

3 xrs3
! ! / /
%:UL/ Qi,Ldl‘g—i—UR/ 0;, r dx3,
oo — 00

and
03 =0,

B 90;.L ., 2R ,,
B oL / Z d TR / i1 axz T3 (2 11)
_ L/ Z

3 09; r
— OR / Z W dSC/3
=1 =X =1 v

As we will verify in the following subsection, the main part 8 of © is a
fast decaying boundary layer function, which agrees with the classical theory
of boundary layers, while the remaining parts ¢ and 1 are supplementary
vector fields (which are small when € is small ) to maintain the corrector ©
in the space H.

2.2. Estimates on the corrector

In this section, we will derive estimates on the correctors in various
norms. These estimates are needed to establish error bounds on the approx-
imate LNSE solution. We begin by estimating the layer functions 6; r, 6; g,
i = 1,2, in LP. The main contribution in € to the LP norm comes from the
Laplacian, the zero-order term giving possibly an exponential growth in time
only. Therefore, we utilize well-known estimates for solutions to the heat
equation as an intermediate step.

We let Oneat, i, ¢ = 1,2, be the solution of the following IBVP for the
heat equation in a half space:

aehea\t,i 82‘9hea‘c 7

_ 0, 23>0,
ot © ox% 3

(2.12)

_ 0 _
Hheat,i = —U;, at r3 = 07

thatvi = 0, at ¢t = 0.
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We recall the following LP estimates holds on Opeat,; (see e.g. [2]; see [5, 4]
for an application to viscous boundary layers):

£
3 \7? 8k+m0heat i 1_2\ 1_2
— > kK(l+t2 m)e2p~m,  t>0,

LP((0,L)>x(0,00)) —

(2.13)
for0<p<o0,k,>0,1<m<3,andi,j =1,2.
Denoting 9 = 0;, 1. — Ohcat, i, one finds that 01, i = 1,2, satisifies
90, 90, U3 00; <
ot 2 Vilas=0 ;T Gy Ly B Z %5 | e
—FE;, in (O,L) x (0, 00),
9 0, atzzg=0o0rt=0,
(2.14)

a gheat i 2 8eheat,i aUS aeheat,i
Ei = EZ _;Uj|x3=0 axj T e Laxg z3=0 OT3
- Z eheat, 7 8

A standard energy estimate gives bounds similar to (2.13) on 52', hence 0;, 1,
and by symmetry 6; g, satisfies the following estimates, which we record in
a lemma for convenience.

ngo

Lemma 2.1. Fori,j=1,2 and k,£ >0, and 1 < p < oo, we have

() Tl +
NG Ak Lo (0,131 ((0,1)2x(0,00)))

1 £ 0 1
#1322 :
= NG 2% Nlr2omsz20.npx 000 =TT
(2.15)
ak+19 L 8k+19 L
H 6m’“8x3 HLw(o,T;L2((o,L)2x(o,oo))) 8x’“8x3 ‘ L2(0,T;L2((0,L)2 % (0,00)))

< kped, (2.16)

for a constant kp depending on T and other data, but independent of €.
Similar estimates hold for 0; r if 6; 1, v3/+/, and (0,L)% x (0,00) are
replaced by 0; g, (h —x3)/\/Z, and (0, L)% x (—o0,0) respectively.

Even if the proof of this lemma follows by standard arguments, we
include a proof for the reader’s sake.

Proof. We prove (2.15) by induction on £.



Boundary layers for the linearized NSE 11

Using the bounds on fpeat,; and the definition of Ei, i =1,2, we have

(%) g
VE) Oxkoxy

for0<p<o0,k,0>0,1<m<3, and i,j = 1,2. In addition,

(1_|_tzp m)gzp %, t>0, (2.17)

LP((0,L)2x(0,00)) —

HEi|zS:0HLOO((O,T)x(o,L)?) < K. (2.18)

To prove (2.15) for £ = 0, we multiply (2.14); by Fﬂvf*l where p > 1 is a
simple fraction ¢/r with ¢ an even integer. Integrating over (0, L)? x (0, 00)
gives

|| 2 R 71/ / V3287 dagda das
(0,L)2

/ / 8@; . % 691
(0,L)2 z3 =0 8 w3 Lal'g

Igf—o()l‘g
O L) J élj

We bound each term on the right-hand side separately, starting with the first:

) gf_ ! d$3 d.’l?l d.’l?g

+ El> 5571 dzsdxridzs|.
ZE3:0

S\ 99,
i pp—1
‘/(0 L)2/0 > UL axjag’ dwsdrydas
) j=1
2
I
pi (0,02 0z;

9{) dl‘ldafgdl‘g

a:30

<

193170 0,212 (0000

(2.20)

TP
p

and

‘/ / . ULBUg
(0,L)2 Ox3
xgoL ) OU3

‘ /OL / Oxs 3333

90, ~

x3=0 8%3

gp ! dxgdxldxg

K
<

§f drsdrdey| < &
p

.’E3:0

[0 lep((o,L)2 x(0,00))"
(2.21)
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For the second term on the right-hand side of (2.19), we apply Holder’s
and Young’s inequalities with 1/p and (p — 1)/p and write

‘/OL)Q/ ( Zi: jag;

2
= KT/ / Z| 0] + |Ez|) 6;]P~* dwsdxydxy
0,L)2 =

El) é;?—l dxgdxldxg

<Z| illLe(0,0)2 % (0,000)) + ”Ei”LP((O,L)ZX(O,OO))))||9i|1[),P(1(0,L)2><(0,oo)))
j=1

IN

2

RT RT |1

?;' (@250 T 2 1Bl (0,0)2(0.000)
p=

+rr||0; Hip((O,L)Q x(0,00)))"
(2.22)

Now, it follows from (2.17) and (2.19) — (2.22) that

3 12pp—2
at (Z 10317 0,192 x(Ooo))) +erlp—1) /0 L)2/ 2|V9i\ o7
2
1 ~
< wre? + 11D Y 10170 (0,02 (0,00))
i=1

(2.23)
Then, by applying Gronwall’s inequality with an integrating factor exp(—kr p)

and by using the continuity of L? norm in p, we deduce that, i = 1,2,

HgiHLOC(O,T;LP((O,L)zX(O,oo))) + E%Jr% ||V9i||L2(0,T;L2((0,L)2x(o,oo))) < Kr 5%»
(2.24)
for any 1 < p < oco. Again, we can replace 6; by 6;, 1, in (2.24), owing to
estimate (2.13) for 0; neat-

Next, we observe that any tangential derivative of 51 inz;, j =1,2,
satisfles an equation similar to (2.14) up to lower-order derivatives in z;, in
which the source term is replaced by a tangential derivative of E;. Then,
thanks to (2.17), we can verify (2.15) with £ = 0 for all £ > 0 by an argument
similar to the one above.

Now we assume that (2.15) holds true for 0 < ¢ < ¢/ —1 as our induction
hypothesis, and establish (2.15) with £ = ¢'.

We multiply (2.14); by (z3//)" 5?71, where again p > 1 is a simple
fraction q/r with an even integer ¢. Integrating over (0, L)? x (0,00) and
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integrating by parts gives

0;

o
P

1d P
() w0, (R e
p € ((0L> <0<>o>> (0,L)2

09; oUs|  0b; ¢
‘/OL)2/ ( “/’3 0z, +$30L(9£C3 z3= o&x;;)(ﬁ) &
+]/ /“( +E)(w3)”g_p-1
(0,0)2 Jo Vel !
7, SO |
\E \/E Lr((0,L)2x(0,00))
(2.25)

L?((0,L)?x(0,00))
Thanks to the induction hypothesis and estimate (2.13), the same computa-
tions that led to (2.24) give (2.15) for k = 0. Again, because any tangential

P

>

+K + K

derivative of 0; in z;, j = 1,2, satisfies the equation similar to (2.14) (up to
lower order derivatives in x;, we deduce that (2.15) holds for all £ > 0 as
well.

To prove (2.16), we derive the IBVP for 86;/dxs. First, we differentiate
(2.14)173 in I3

2

d 00 00, o 00, oU. 00,
EA +ZU-‘£3:0£87333+(0—L+$30/)73
j—l

8t 833‘3 6373 6373 z3=0 6373

oUs 89 oU; OF,; )
= L
T3 o— O3 lzs=0 8:33 ]Z D5 03|, o Org in (0, L)* x (0, 0),
00;
Drs 0 att=0.

(2.26)
Second, to obtain a boundary condition for 06;/0xs, given the regularity of
the data, we simply restrict (2.14) to 23 = 0:

0%0;, 1~
— _2E, atazs=0, 9.27
o3 € s (227)

which is of order e~ by (2.18).
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A standard energy estimate gives

1d<z 8, || )
2dt \ < 1) 93 || 12((0,)2 x (0,00)) &”3 L2012 0.00)
920, 00, OF;
<> | :
= 1 J0.L)> x{as=0y O3 O3 93| L2((0,1)2 % (0,00))
0;
+/<;Z .
= 11973 1| L2 ((0,£)2 % (0,00))

(2.28)
To estimate the boundary integral in the right-hand side, we use(2.27) and
the trace theorem:

26 0
/ 6 (9 dxlde
(0.L)

9
2x{x3=0} 6:173 61'3

< KH

673 L2((0,L)2 x {5 =0})

L2((0,L)2 % (0,00)) H@asg

<5l

H((0,)?%(0,00))
<o 22 = (k=
Ox3 I1L2((0,L)2x (0,00)) O3 1L2((0,)2x (0,00)) Il ~ Ox3 11 L2((0,L)2x(0,00))
1 90,
< ke 24 ‘ —
_ axg L2((0,L)2%(0,00)) _
1| 96; 00;
+ke? H —
0x311L2((0,L)2x(0,00)) Il ~ O3 11L2((0,L)2x(0,00))
1 551' 1 agz’
< ke 2+ ‘ — fEHV— ,
0x311L2((0,L)2x(0,00)) 2 03 11L2((0,L)2x(0,00))
(2.29)
so that
SN
dt \ = 11923 1| 12((0,Ly2 x (0,00)) 8”33 L2((0,L)2 % (0,00))
00,
<kp(l+t77)e? + mf—% .
Ox3 L2((0,L)2 x (0,00))

(2.30)
Finally, an application of Gronwall’s inequality with exp(—2rt'/?) as inte-

grating factor gives (2.16), employing again (2.13) to replace 0; with 0;. L
(I

Our goal in the rest of this section is to derive the equations satisfied
by the three components of the corrector, and estimate the data in terms
of e. We begin with 8, the main component of the corrector. Thanks to its
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definition, we can write,

2 2
897 — €A0i + ZU]'}IS:O M —+ ZUj’zgzh M
=1

ot o Ox; = Ox;j
8U3 a(UL 91 L) 8U3 8(03 92 R)
- - - o7 h . - - - 7
+$3 oL 8$3 23=0 33?3 ( £E3) IR 8$3 z3=h 8333
2 2
oU; oU; .
+ZUL 0; 1 9, . + ZURaj,R oz, L = Biomp,i(0:), 1=1,2,
j=1 3= j=1 3=
(2.31)
where
00;. 1, 09; r
Erompi(0;) = —5{202 G 01 0in 207 4o ai,R}
3 U3
+x30L 871‘3 m:OJ/Lej,L —(h—23)0oR 87333 m:haﬁgj,R.
(2.32)
By the estimates in Lemma 2.1,
| Eremp.i(03)]| Lo 0,720 < Fret. (2.33)
Also, Taylor’s theorem applied to U in x3 at x3 = 0 gives, for 7,5 = 1,2,
0(orb; o1
H(Uj _Uj|z3:0) (aaL Z,L)H < /fHﬂffs (oL Z,L)H
2 Lo0(0,T;L2(Q)) Ox;j Lo0(0,T;L2(Q))
S /‘\ZTEZ,
(2.34)
0
H(Ug—mgaLaU?’ )a(GL %L)‘
03|, _q Oxs L2(0,T;L2(Q)) 92.35
’ 90;. 1 5 (2.35)
gon?,)aL > ‘ < Kred,
0wz lL2(0,T;L2(0))
and
ou; oU;
|os0se( 5t - H < oty 1.ao
x; Oz wa=0/ 1L>°(0,T3L2(Q)) Lo°(0,T;L2(2))
< HTE%.
(2.36)
Consequently, we can write the (vectorial) equation for 0 as
00
E76A0+U-V0+0~VU:E(0) in Q x (0,7,
0=-u’ onl x(0,7), (2.37)
0|t:0 =0 in Q,
where
E(6) := (E1(61), E2(62), 0) (2.38)

satisfies the estimate,

||Ei(9i)||L2(O,T;L2(Q)) S HT€%, 7 = 1, 2. (239)
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We now turn to estimating the supplementary layer functions for the
corrector @, starting with . First, using (2.10), (2.11), and (2.15) we see
that

8k+m§0

H 635?83;;’" HLOO(O,T;LOO(Q))

8k+19i I
H Dk g HLw(o,T;Ll((o,LVx(o,oo»)

6k+191' R
835?8@3 HLOO(O,T;Ll((O,L)2x(foo,h)))

1

< krez, j=1,2, k,m >0.

(2.40)
Next, we can write
dpi :
5 = Li + T2, =12, (2.41)
thanks to (2.4) and (2.10), where
* 8%, 1, > 9%0; r
T; 1 = €0 / d + eo / © 2 dat
L)y Tou3 /Y
50 891 L 801 R
L R )
ax?’ 3,‘3=0 8:E3 373=h
ael L
Ti72::0'L/0 eAO; 1 — ZULC30 oz, daty
(2.42)

/

o0
—0oy, / xgcrL
0 Oxs

+0-;%/7 A ezR ZU’I_% haezR ;’
h

_ 2
, / > _, 0U;s
—0 TaO
R 30RZ —
h Ox3

4D Oing,
with Ap =37, ,8%/9%x} and T4 = h — 2. By the standard trace theorem,

90, 2 oU;
L Z 0]7 L % dll:g
=1

z3=0 O3 J las=0

/
dzs,

x3=h 8.133 = 633‘]'

T, 112 () < ke

g L.

H&a:;; L2(r) H%’ LZ(Q)H8$3

HY(Q)
(2.43)
Then, it follows again from the estimates in Lemma 2.1 that
T3, 112 0,7:02(0)) < ;ng% 1=1,2. (2.44)
IT;, 2l e (0.7, 0200y) < Kre®, i=1,2. (2.45)

Combining (2.44) and (2.45) for d¢;/0t, i = 1,2, and observing that dps/0t
enjoys the same estimates, we finally see that

< kpe?. (2.46)

H ot ’LQ(OTL2(Q)) -
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We deduce from the estimates above that

HE(cp) ;:%—6A¢+U-V¢+¢-VU‘

o < krer. (247)

L2(0,T5L2(2))

In addition,
elr = @lt=o = 0. (2.48)
We tackle b, which is defined in (2.10). We temporarily set
o
W 1 =07, /0 0; rdxy, i=1,2, (2.49)
which, by (2.4), satisfies

0Y; 1,
ot

i L e oUs Oi, 1,
23=0" Qx; 139 Laxg z3=0 OT3

2
—5A¢i,L +ZU3|
Jj=1
(2.50)
- Etemp,i(ai, L);

:ESO

+ij,

Ly

where

~ z3 o3
" !/ 1" 1" ! -
Etemp,i(ai, L) = —¢&oy, / 07,',L dx3_2€O'L0i’ L+$30‘L / 92-7 L dl'g, 1= ]_7 2.

~ ~ (2.51)
Using Lemma 2.1 once again, we can estimate this source term by
T3 5 1
Eromo.i(0: H <kper >0, 1<p<oo, (2.52
H(\f) temp.i (0, 1) L*=(0,T;LP(2)) T e o SE )
noticing that oy, and all its derivatives vanish for x3 > 1/2, so that
I3 £ Jo%S) Jo%e) 1/2
‘(ﬁ) (‘)'sz3 indeg §0'fo3 (\[) |91 L|dl‘3
(2.53)

<K

)

L'((0,L)2?x(0,00))

()0

for > 0and 0 <t <T. An energy estimate then gives

o
(%) Vaaﬁgf‘

(22" %5

1 41
I
Ok L0100 (2))

L2(0,T5L2())
< kre®,
(2.54)
fori,j=1,2and k,£ >0, and 1 < p < oco.
From (2.10) and (2.11), it follows that (¢; —;, ) (hence v;) enjoys the
same estimate as in (2.54) with x3 replaced by Z5 = h—x3. In addition, given
its definition, the normal component 13 satisfies the same type of estimates
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as well. We conclude from (2.34), (2.35), and (2.36) that 1) satisfies

%—€A¢+U-V¢+¢'VU:E(’¢') in Q x (0,7T),
$=0 onlx(0,T), (259
Pli=o =0 in Q,
where
I E ()| o~ 0,7522(02)) < krez, i=1,2. (2.56)

We are now in a position to prove our main result when the geometry
is that of a (periodized) channel.

2.3. Proof of Theorem 1.1: The case of a 3D channel domain
Setting
w® = ue—(uo—k@), 7= p° —pY,
we employ the equations satisfied by the corrector ® and by u® and u°

(equations (1.3), (1.6), (2.1), (2.37), (2.47), (2.48), (2.55)) along with the
divergence-free condition to write the IBVP for the error (w®, 7€) as

8;1; —eAw* +U - Vw +w® - VU +V7r* = E(©) in Qx (0,7),
divw®=0 inQx(0,T),
we=0 onTl x(0,7),
wi=o =0 in Q,
(2.57)
where
E(®)=E(0)+ E(p) + E(¢). (2.58)

A simple energy estimate gives (1.9), thanks to the bounds (2.39), (2.47),
and (2.56).

Finally, the vanishing viscosity limit (1.10) follows from (1.9) and the
smallness of the corrector in L>(0,T; L3()).

3. The case of a 3D smooth domain

We now turn to the study of the boundary layer of LNSE (1.3) in the more
general and difficult case when Q is a bounded domain in R3 with curved
boundary I'. Following the analysis of the Stokes problem, we will utilize a
curvilinear system adapted to the boundary.



Boundary layers for the linearized NSE 19

3.1. Elements of differential geometry

We assume that a bounded domain €2 in R3 has boundary I' given by
a compact, orientable 2D manifold of class C*°. We choose a small § > 0
and define a tubular (collar) neighborhood Q35 of Q as the set of all point
in  within distance 3§ of I'. We will place coordinates on 235 following the
procedure described in detail 7], which we now summarize.

Because I' is compact, we can cover it with a finite number of overlapping
charts. We will develop the corrector in a single chart, the resulting estimates
applying to the whole manifold because the number of charts is finite. Let us
focus, then, on a single chart on I', on which have a curvilinear coordinate
system which we label &' = (£1,&) € w, where w is an open subset of R2.
This means that there exists a smooth function, Z: w — I' mapping points
in w to points on I'. (There is a condition on the transition maps between
charts, but such conditions do not concern us here.)

Letting
Oz

6i(€) = 57

gives a covariant basis, (g1, g2), locally on I'. We do not assume orthogonality
of this frame. We extend our coordinate system to a chart on Q3s by setting
&3 to be the negative of the distance from a point in 235 to the boundary.
We label the point, & = (§,&3) = (&1,&2,€3), and we have a covariant basis,
(g1,92,93), locally of Q35, where
ox - on
gi(§) = o, (&) =gi(&) — &3 3
Let gij == g; - g; and g = det(gij)1<i,j<3-
As shown in [7], we can write the metric tensor in covariant form as

i=1,2

(f/), i=1,2, 93(5) = _n(fl)'

g2 —gi2 O
(gij): —g21 g11 0],
0 0 1

where g := det(gi;)1<i,j<3 > 0 locally in Q3s5. The function, h := g'/? >0,
is the magnitude of the Jacobian determinant for the transformation from «
to &.

From the covariant basis, (g;), we introduce

Defining the normalized covariant basis, {e1, es, es}, where
9
€e; = ,
ra

we represent a vector-valued function, F', in the form

3
F= Z Fi(€)e;. (3.2)
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We now have the tools we need to represent covariant differential op-
erators for smooth functions on {235 in an effective manner. The divergence
operator acting on F' can then be written in the £ coordinates as

2
. 1 o rh _, 1 O(hF3)
div F = — — | —F" = , 3.3
v h;@gi(hi )+ 3 0€; (3:3)
while the Laplacian of F' takes the form,
3 .
; . O’F
AF = S'F+LF'+ — e, 34
2 (srrer s g ) 54
where
SIF— linear combination of tangential derivatives
of F7,1<7<3, in ¢, up to order 2 (3.5)

LF' = (proportional to 8Fi/8§3).

The coefficients of ¢ and £%, 1 <i < 3 in (3.5), are multiples of h , 1/h, h;
, 1/hiy i =1,2, g12, g21, and their derivatives.

Finally, we compute the covariant derivative VG, of G in the direction
F for smooth vector fields F', G : Q35 ¢ — R3 in the & coordinates:

VrG = Z{Pl (F,G) +F38£ + Q'(F,G) +R'(F, G)}ei, (3.6)

9¢s
where
' linear combination of the products of
PY(F,G) = | the tangential component F! or F? and , (3.7)
the tangential derivative of G; in &, 7 = 1,2
Q'(F,G) = (linear combination of FIGF, 1 < j k < 2) , (3.8)
R (F,QG) = (linear combination of F/G*, j =3 or k = 3). (3.9

The Q'(F,G) and R (F,G) are related to the Christoffel symbols of the
second kind, which comes from the twisting effects of the curvilinear system
&. For the case of an orthogonal system, the explicit expressions are given in
Appendix 2 of [1].

The formula above for the covariant derivative will be used to compute
the convective term in the curvilinear coordinate system.

3.2. Asymptotic expansion of solutions to LNSE

As in the case of the 3D channel, we postulate an expansion for the
approximate LNSE in the form

u® ~u'+ 0, p° ~p +q, (3.10)

where © is again the velocity corrector, and we have now also a pressure
corrector gq.

We construct the correctors using the coordinates &, that is, in the
collar neighborhood 235). On this collar neighborhood, we implictly assume
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the representation (3.2) for all vector fields. We remark that § is chosen
independently of €, and hence the collar neighborhood contains the viscous
boundary layer for all sufficiently small €.

We can again formally derive the equations for the correctors from (1.3)
and (1.6), though we no longer assume the pressures are identical. This gives

%—?—5A@+U-V®+®~VU+V(pE—pO) ~eAU +u°) inQ,

div® =0 in €,
® =—-u’ onT,

Oli—o =0 in Q.

(3.11)
The formal asymptotic expansion is performed along the same lines as that
for the channel. Using the coordinate £3 allows us to make scaling arguments
similar to those in the Prandtl theory, which lead to a viscous boundary layer
of thickness £'/2, and to the assumption that 9/9¢; ~ \/£(0/0¢3), i = 1,2.
Then, from (3.3) and (3.11)y, it follows that ©% ~ ¢~/2@3, i = 1,2. Using
these observations as well as the differential geometric foumulas of Section
3.1, we write the equations (3.11) in the & variables, and collect the leading
order terms in ¢, yielding

00! 0?0t i ;00° i ; ;
o ¢ o€z +P(U,0)+U 95 +Q'(U,0) +PY(\,U) + Q(e,U)
~0 in Qs x (0,7) (at least), i=1,2,
Q3(0,U) + @3(U,0) + (,J%q =0 in Q35 x (0,7) (at least),
3

dive =0 inQx(0,7),
O'=-u" onIx(0,T), i=1,2,

©3=0 onl x(0,T),
Oli—o=0 in Q.

(3.12)
Here and below, for any function f expressed in the € variables, we denote by
fthe restriction to the plane {3 = 0 in Rz. So, for instance, U’ := (uo-ei) les=0-

In contrast to the 3D channel of Section 2, the curvature of the domain
induces a small effect on the tangential components ©%, i = 1,2, in the normal
direction, which requires a pressure corrector ¢ to cancel. Our task now is to
build a corrector ® as an approximating solution to this system.

We exploit the insight gained from the construction of the incompress-
ible corrector in Section 2.1, performing the matching asymptotics in the
equations (3.12); and collecting the leading order terms with respect to a
small parameter €. To construct the approximate solution to the corrector
equations, we again solve a drift-diffusion equation in the half space £5 > 0
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in R? and use the solution in the tangential components of ®:

o0 oU3 00" ~. ~ e
— Al ‘(U,6 (U, 80 "(6,U "(6,U
G A+ P0.0) + a0 GG+ O'(0.6) + P(0.0) + '(6.0)
=0, inwx(0,00)x(0,T),
0 = —ut, at &3 =0,
0=0, att=0,
(3.13)
where 6 = 21?:1 #' e; and o is a smooth cut-off function near the boundary,
such that
L, 0<& <9,
o(&3) = (3.14)
07 §3 > 20.

The Pi(U, 0) is the value of Pi(U, 0) with U and the other geometric
functions, e.g., g and h, evaluated at £5 = 0. The other terms, @i(ﬁ,O),
75i(0, ﬁ), and @'(0, [7), are defined in a similar way.

In addition, for convenience, we have set, with a slight abuse of notation,

82
v = Z a—ég for any scalar function v defined in w x (0,00), (3.15)
=1 ot

(which is not the Laplacian expressed in the &€ variables.) Hence, equation
(3.13) depends on &3 only through 6 and the terms containing 5.

As we did for a channel domain, we define the tangential components
©;, 1= 1,2, of the corrector ® to be

) &3
6.0 = 1) L0 o {oten [ o€}, =12 @10

Then, using (3.3), we define the normal component ©3 by enforcing the
divergence-free constraint on ®; that is,

2
1 0 &3
06 =~ €)Y 5 [ Feo [CoEnnmp @
As a consequence of this construction, ® belongs to the space H, since

dive=0in and ©3=0onT at & =0.

To elucidate the structure of the corrector further, we write ® as a sum
of three vector fields in the form,

O=0+¢+1, (3.18)
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where, for i = 1,2,

 h B
gz:JT GZ
hhia ’
- hy h ,/00 _
p=—=0 0" dn, (3.19)
hhi 0
hi ho, [
e — — 0" d
(] hhia g n,
and
63 =0,

9 ~
= Za{h/wi }
= ——=0 - ed 5

’ h = 9 Lh; Jo ! (3.20)

2 ~
s 1 d {h /53 ; }
=——0 = 0 dn ;.

As was the cases for a channel domain, 8, the main part of @, is a fast decay-
ing boundary layer function which agrees with one in the classical theory of
boundary layers, while the remaining parts ¢ and 1) are small supplementary

vector fields (with respect to a small €) to ensure that ® belongs to the space
H.

We define the pressure corrector ¢ in the form,

q= 0/053 o1 (é3(9, U) + 03U, 9)) . (3.21)

With the choice made above for velocity corrector ®, which naturally follows
from a Prandtl-type analysis, there is small error (of order e'/* in L?) in
(3.12)5 (see (3.32) below as well).Then, —9q/0¢3 = —Q3(©,U) — Q3(U, ©)
up to a small error, as discussed in more detail later.

3.3. Estimates on the corrector

As for the channel, our goal in this section is to derive estimates for the
corrector, by deriving the equations that its three parts satisfy and estimating
the data in terms of €.

First, we prove the estimates on #?, i = 1,2, below exactly in the same
fashion as in the proof of Lemma 2.1. For i,7 = 1,2 and k,¢ > 0, and
1 < p < o0, we have

%ak 7
k<

1 1
+ezw T

L= (0,T;LP(wx(0,00)))
o*6

. (3.22)
(35) Vo

Nls

< kre?, and
L2(0,T; L2 (wx (0,00)))
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1 k+1pi
tw "0
IEFOEs

1
< Kre 4
L2(0,T;L2(wx(0,00)))

)

gk+1pi
| gere

L= (0,T;L*(wx(0,00)))
(3.23)
for a constant kp depending on T' and other data, but independent of e.

We derive the equation for 0 from its definition (3.18)-(3.20) and equa-
tion (3.13) for 6%

o0 U3 96° ; ; ;
rACE e +P(U,0) + &30 — 76 a§3+Q(U ,0)+P(6,U) + Q'(6,U)
= Bignp(0), i=1,2,
(3.24)
where
Eéemp(e) = 75(A0 T € — Aﬁel)
9% / hi\ h d / hi\ h 00
e (o) 2 —2e—(o2) =
E@Eg (ah)hi‘9 853( )h- &3
) »
1~ 0 /hi h U3 0 ; h\ h
ally /Ry (S U SR
+;ﬁjU agj(h )0'9 Te0 Her 353( )h 6.
(3.25)

Using the differential geometric formulae for the differential operators
as well as the estimates (3.22), we notice that

3 3
| Etemp (@) || Lo (0,7:22(02)) < Kre™. (3.26)

To estimate the convective terms, we apply Taylor’s theorem at {5 =0
to U and use the estimates in (3.22) to obtain,

1P, 8) = BT, 0)], - o102 < RZ H§30 o Pz S kred,
(3.27)

oU3\ 06’ , 00 3

H( —&o 0&3 ) Oxs lL2(0,1;L2(Q)) — H 3 0853 L2(0,T;L2(2)) < Rret,
(3.28)

and

||Qi(U’ 0) — él(ﬁ’ 0)||L°°(0,T;L2(Q)) + HPZ'(Q U) - 731'(0’ ﬁ)HLw(mT;L?(Q))

2
i A r7 j 3
+|Q'(,U) - (8, U)HLN(O,T;Lz(Q)) < “E :H§39]||L°°(0,T;L2(Q)) < Kret.
i=1

(3.29)
From all the estimates above, we find that the tangential part of the equation
for @ can be written as, for i = 1, 2,

o0
ot

—cA@-e;+(U-VO)-e;+(0-VU) -e; = E(0), (3.30)
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where
i 3
1E°(O)lL2(0.1:22(0)) < ke, i=1,2. (3.31)
We proceed in a similar fashion for the normal component of the 6-

equation. First, the differential geometric formulae (3.4) and (3.7)-(3.9) give

<895A0+U-V0+0~VU> e3 = —e5%0+Q3(U,0)+P*(0,U)+Q%(0,U).

ot
(3.32)

Noticing that the leading order term on the right-hand side of (3.32) is

03(0,U) + Q3(U, 8), we are led to define a pressure corrector ¢ as in (3.21).
Then,

3

<(?9‘;,€A0+U Ve +0- VU) -e3 — Vq=E(q), E(q):ZEi(q)ei,
i=1

(3.33)
where

E(q) = (linear combination of the tangential derivatives of ¢), i = 1,2,

&3 ~ - -
E%(q) = (RES of (3.32)) - (0/ o71(2%6.0)+ 0%(U.0)) dn>.
93 0
(3.34)
Thanks to (3.22) and estimates similar to those in (3.29), one can verify that

I E (D) Lo~ (0,1;02(0)) < 5T5%~ (3.35)
Combining (3.30) and (3.33), gives finally the system satisfied by (8, q):

00
e —eAO+U-VO+6-VU+Vq=E@0)+ E(q) inx(0,T),
0 =—u’ onl x(0,7),
G\t:() =0 in Q.
(3.36)
We next turn to the supplementary part ¢ of the corrector @. Its defi-
nition in (3.18)-(3.20) gives

¢lr = pli=0 = 0. (3.37)
We define the contribution of ¢ to the error as

4%
ot

To bound E(¢), we first observe that, by (3.18)-(3.20), and (3.22), for j =
1,2, and k,m > 0,

E(p) = —eAp+U - -Vep+ ¢ -VU.

1
< Krez.
L= (0,T;L' (wx(0,00)))

k+m 2 k+1pi
Hggkagj HLoc(OTLoc(Q ; ‘ géfazz
(3.38)
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From calculations similar to those in (2.41)-(2.45), we also have

1
< z, 3.39
H ot ’ L2(0,T;L2(Q) — s ( )
These estimates imply that
E ’ < ket 3.40
H () L2(0,T;L2(Q)) nre? ( )

Finally, we derive the equation for 1 (defined also in (3.18)-(3.20). We
use (3.13) and write the equation of v in the &; direction, i = 1,2, as

wl
35 9¢s

o'
ot

+Q' (1, U) = Ejpp (), i=1,2,

—eAp-e; + PHU, ) +g30 + QYU , %) + P (v, U)

(3.41)
where

Elomp(¥) = —c(AY - e; — Agy)')
2 s 2 e s i
Z;Q(h ﬁ)o”[j Hldn—ZE;Gij(};:;;)U’/g gzj dn

_Eggg(of’;;)g a2 (o h)fe

Ul — / 0 d
Z hj 8§j n

U3 9 ; i\ h [
A G N e )
839 5 ag; (” h)hi /Oo o=

(3.42)
Since o and all its derivatives vanish for {3 > 2§, we use (3.22) and find
that

H( G ) Elomp @) <rkpet, £>0,1<p<occ. (343)

L>(0,T;L7(2))

By the energy estimate for (3.41) (which is identical to one in (2.19)), we

then obtain
£ ok, L ki
(5" (%) 5

fori,j=1,2and k,£ >0, and 1 < p < o0.

The normal component 92 satisfies similar bounds given that the two
expressions for ¢?, i = 1,2, and for 1/? are similar. Using these estimates as
well as (3.27), (3.28), and (3.29), we conclude that the second supplementary

1

S RKrez?,

(3.44)

3
1

IN

+e€

L= (0,T;L? (%)) L2(0,T;L2(R))
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part 1 of the corrector satisfies

%—EAdJ—#U-Vzp—Hb-VU:E(w) in Q% (0,7),
¥=0 onl x (0,T), (3.45)
Pli=o =0 in Q,
where )
IE(W¥) 0,102 () < kre?, i=1,2. (3.46)

3.4. Proof of Theorem 1.1: The case of a 3D smooth domain
Recall that the error is given by w® := u® — (u’ +0), ¢ = p* — (p° +¢).
Then, thanks to the equations satisfied by u®, u°, and the corrector O,
along with the divergence-free condition on ®, the equation for (w®, 7¢) can
be written as

8;; —eAw*+U - Vw +w® - VU +V7° = E(O®)+ E(g) inQx(0,7),
divw® =0 in Q x (0,7),
w® =0 onI x(0,T),
w5|t:0 =0 in Q.
(3.47)
where
E(©) = E(0) + E(p) + E(¥). (3.48)

for (we,w°)

Using the bounds derived in the previous sections (specifically (3.31),
(3.35), (3.40), and (3.46)), the error estimate in (1.9) follows from a simple
energy estimate.

The vanishing viscosity limit (1.10) is a consequence of (1.9) and the
smallness of the corrector in L>(0,7T; L?(€2)). The proof of Theorem 1.1 is
complete.
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