THE VORTEX PATCHES OF SERFATI

HANTAEK BAE AND JAMES P KELLIHER

ABSTRACT. In 1993, two proofs of the persistence of regularity of the boundary of a classical
vortex patch for the 2D Euler equations were published, one by Chemin in [5] (announced
in 1991 in [4]) the other by Bertozzi and Constantin in [2]. Chemin, in fact, proved a
more general result, extending it further in his 1995 text [7] showing, roughly, that vorticity
initially having discontinuities only in directions normal to a family of vector fields that
together foliate the plane continue to be so characterized by the time-evolved vector fields.
A different, four-page “elementary” proof of Chemin’s 1993 result was published in 1994 by
Ph. Serfati [22], who also gave a fuller characterization of the velocity gradient’s regularity.
We give a detailed version of Serfati’s proof along with an extension of it to a family of
vector fields that reproduces the 1995 result of Chemin.

In the late 1980s into the early 1990s there was a great deal of interest in determining whether
a vortex patch having a smooth boundary at time zero continues to have a smooth boundary
for all time as it evolves under the 2D Euler equations. Majda had suggested in [20] the
possibility of singularities forming in finite time. Existing numerical evidence showed that
the boundary typically deforms dramatically over time, and hinted at the development of
such singularities. The announcement in 1991 [4] and the two 1993 papers [5, 2] came, then,
as a surprise to many, showing as they did that the boundary remains regular for all time.

In 1994, another proof of the persistence of regularity of a vortex patch was published by
Ph. Serfati in the four-page paper, [22]. Like Chemin’s [4], it was published in a journal
devoted primarily to short announcements, but unlike [4], it was never followed by a full-
length publication. In this highly condensed form much is omitted that would aid the reader
in understanding, and much is left to the reader to decipher. It’s opaqueness has kept [22]
from having an influence on subsequent developments in two-dimensional fluid mechanics.
One of our purposes here is to present our interpretation of Serfati’s argument in a detailed
enough form to make it accessible, for it is not only an elegant approach to the vortex patch
problem, but some of its ideas, buried for two decades, have potential applications to problems
of current interest.

Chemin proved a more general result in [7] of which the persistence of regularity of the
boundary of a vortex patch was a special case. He employed a family of vector fields and
showed, speaking roughly, that if the initial vorticity is C* in the direction of this family
for some a > 0 then this property holds true for all time. A second purpose of this work is
to show that if one extends Serfati’s hypotheses on the initial data by employing a family
of vector fields then one obtains the same result as [7]. We also reinterpret this result as
showing that if the initial velocity is C'* in the direction of the family of vector fields then
this property holds true for all time.

Finally, Serfati also showed that the gradient of the velocity is C'* after being corrected
by a C* multiple of the vorticity. We give a different proof of this result (which was one
sentence in [22]) and show that it yields an improved estimate on the local propagation of
Holder regularity of the velocity.

Date: (compiled on Thursday 26 March 2015).
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1. INTRODUCTION AND STATEMENTS OF RESULTS

The Euler equations (without forcing) in velocity form can be written,

u+ (u-V)u+Vp =0,
{ divuy =0, (1.1)

where u is the velocity field and p is the pressure. The operator u -V = u'0;, where we follow
the usual convention that repeated indices are summed over. These equations model the flow
of an incompressible inviscid fluid.
By introducing the 2D vorticity,
w=ohu’ — 82u1,

we obtain the vorticity formulation,

(P 12
Here,
K(x) = 217r|j|_2’ at = (—x9,11), (1.3)
is the Biot-Savart kernel, which can also be written
K=V'F, F(z)= %log\xl, V= (=05, 01),
F being the fundamental solution to the Laplacian.
Let n(t,z) be the flow map associated to the velocity field u, so that
om(t,z) =u(t,n(t,z)), n0,z)==x. (1.4)
Then (1.2) tells us that the vorticity is transported by the flow map, so that
w(t,z) = wo(n t(t,z)) (1.5)

is the vorticity of the solution to the Euler equations at time ¢, where wyq is the initial vorticity.

All this presupposes that sufficiently regular solutions exist and are unique. In fact, it all
can be made sense of for initial vorticity in L' N L°°, in which case the vorticity remains in
L' N L™, as first shown by Yudovich in [28]. One must, however, use a weak formulation of
(1.1) or (1.2), though (1.2)2 and (1.5) continue to hold.

If the vorticity is initially the characteristic function of a bounded domain, it will remain
so for all time as the Euler solution evolves, since 7(t, ) is a diffeomorphism. A (classical)
vortex patch is such a bounded domain. So if

wo = ]197 (16)
where €2 is a bounded domain, then by (1.5),
(d(t) = ]th, Qt = n(t, Q)

The bounded domain, ), is the vortex patch at time ¢.
The regularity of the boundary of €2 will be specified using a parameter, «.

‘Throughout this paper we fix a € (0,1). ‘

We can now state the result of [5, 2] more precisely.
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Theorem 1.1. [4, 5, 2] Let Q be a bounded domain whose boundary is the image of a simple
closed curve v € C1TY(SY) and let wy be as in (1.6). There exists a unique solution u to the
2D FEuler equations, with

Vu(t) € L®(R?), ~(t,) :==n(t,y(")) € C*T(S) for all t € R.

In [5], Chemin proves a more general result of which Theorem 1.1 is a corollary. We show
in Section 9 that Serfati’s result in [23] is equivalent to that in [5]. To describe Serfati’s
result, we must first make some definitions. Let ¥ be a closed subset of R? and Y; be a
C%vector field in R2. Let N3(X) := {x € R? : d(x,¥) < §}. Serfati assumes the following
initial conditions:

wo = wh +wi e (L' NL®)(R?), wi=0o0n3xY wieC*R?),
Yo € C*(R?), [Yo| = ¢ >0 on N (%), 6 > 0, (1.7)
K xdiv(woYp) € C*(R?).
We streamline these conditions to
wo € C*(R2\ X) N (L' N L™)(R?),
Yo € C*(R?), |Yp| > ¢ > 0on N5 (%), & > 0,
div(woYp) € C*L(R?),
divYp € C*(R?).
(For the negative index Holder space, C*~1(R?), see Definition 2.1.)
We show in Appendix A that (1.7)3 is equivalent to (1.8)3 (since woYy € L*°). Also,
we added the condition in (1.8)4, which is missing in [22], though present in [5, 7], as it
is necessary in the proof of the convergence of the approximate solutions (see, however,
Remark 5.1). Such convergence is not addressed by Serfati in [22]. This is the only place this

condition is required. (See also Remark 1.3.)
We define the pushforward of Y; by

Y(t,n(t x)) = (Yo(z) - V)n(t, z). (1.9)
This is just the Jacobian of the diffeomorphism, 7(t, ), multiplied by Yj. Equivalently,

Y(t,x) = n(t).Yo(t,x) == (Yo(n~ ' (t,2)) - V)n(t,n " (t,x)).
We will make frequent use of constants of the form,
ca = C(wo, Yo)a b, Cu = Clwp, Yo)a H(1—a)?, (1.10)

where C'(wp, Yp) is a constant that depends upon only wp and Y. The values of these constants
can vary from expression to expression and even between two occurrences within the same
expression.

Theorem 1.2 (Serfati [22]). Assume that wo is an initial vorticity for which there exists
some wvector field Yy so that (1.8) is satisfied and let w in L>®(R; (L' N L*>®)(R?)) be the
unique solution to the Fuler equations. We have,

IVu(t) | < cac®’, [V (#)ga < Cac®™". (1.11)
Moreover, there exists a matriz A(t) € C%(R?) such that
Vu(t) — w(t)A(t) € C*(R?)  for all time. (1.12)

(An explicit form for the matriz A is given in (6.3).)
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Remark 1.3. The first part of Theorem 1.2 giving (1.11) is the same result as that of
Chemin in [5]. In [5], though, Chemin assumes divYy = 0 (dropping this restriction in [7]).
Serfati does not state this restriction on div Yy; the present authors, however, were unable to
determine from Serfati’s proof whether or not he meant to do so. Given that he did not add
the required condition div Yy € C%, it seems likely that he did intend to do so. We will show
in our version of the proof that, in any case, div Yo = 0 is not required to complete the proof.

A classical vortex patch satisfies (1.8), as we show in Section 7. We describe other examples
satisfying (1.8) in Section 10.

A number of additional useful facts follow from the proof of Theorem 1.2 or are simple
consequences of it. We summarize these facts in Theorems 1.4 and 1.5.

Theorem 1.4. Let wq, Yy be as in Theorem 1.2. Then

cat

|divY (#)llca < [divYolca e, (1.13)
ldiv(@Y ) ()]l ga-1 < Cae”™, (1.14)

IV - V)u(t)l|go < Cac™™, (1.15)

1908 oo > V77 (D)l < e, (1.16)
IA®) g s [1Vu(t) = w()AE) | o < Cae™". (1.17)

Suppose that Yy is divergence-free, and let ¢g be a stream function' for Yo; that is, Yo = V.
Let ¢ be ¢g transported by the flow, so that ¢(t, ) := ¢o(n~'(t,x)). Further, suppose that o
is a C' level curve of ¢o and let y(t,-) = n(t,v0(:)). Then v(t) is a C'T level curve of

o(t) with
V(B lcrva < Cae™™". (1.18)

The bounds in (1.13) through (1.17) are proven as part of the proof of Theorem 1.2. We
prove (1.18) in Section 7. The bound in (1.15) means that u remains C'*®smooth in the
direction of Y. (For a classical vortex patch, it means that Vu is discontinuous only across
the boundary.)

A simple consequence of Theorem 1.2 is the local propagation of Holder regularity stated
in Theorem 1.5. Critical to its proof is Serfati’s construction of the matrix A; (1.20) of
Theorem 1.5 does not follow from [5] or [7], which has no analog of A.

Theorem 1.5. Let wy, Yy be as in Theorem 1.2. If wy € CP(U) for some open subset U of
R2 and B € [0,1) then w(t) € CP(U) for all t, with

ecoét
lw®lleswyy < llwolles@y e (1.19)
where Uy = n(t,U). Further,
ecat
IVu®)ll o, < Cae® - (1.20)
Proof. For any z,y € Uy,

jw(t,@) —w(t,y)| _ |woln™ ' (t,2) — woln~" (t,y))] (\n (t,x) — n‘l(t,y)|>ﬂ
-y =1t ) — 2t )| |z -yl

Iror any continuous divergence-free vector field a stream function always exists and is unique up to an additive
constant.
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Together with (1.16) this gives (1.19) (a bound that holds for any Lipschitz velocity field).
The bound in (1.20) then follows from (1.17). O

Theorem 1.5 improves, for initial data satisfying (1.8), existing estimates of local propa-
gation of Holder regularity for bounded initial vorticity. For instance, Proposition 8.3 of [21]
would only give Vu(t) € Cp.(Uy).

In [7], Chemin extends the result he established in [5] by employing a family of vector fields
in whose the direction the initial vorticity has regularity. We do the same for Serfati’s initial
conditions in Section 8, yielding the same result as Chemin. Moreover, we show in Section 9
that (1.8)3 is equivalent to

Yo - Vug € C*(R?),

meaning the initial velocity field has C'*® regularity in the direction of Yy. By (1.15), this
regularity persists for all time.

In outline, Serfati’s proof involves showing that the vorticity is transported over time in
such a manner that its discontinuities are characterized by Y (¢). The regularity of Y (¢) is
shown to be retained over all time, its estimate being inextricably entwined with an estimate
on Vu(t) in L. At this high level, Serfati’s approach is the same as that of Chemin in [5]
and Constantin and Bertozzi in [2].

Thus, though Serfati’s approach is novel in many ways, it clearly owes much to both
[5] and [2]. Like Chemin, Serfati proves a more general result involving the persistence of
tangential regularity along a vector field, for which a vortex patch is a special case. Like
Bertozzi and Constantin, Serfati uses estimates on singular integrals, some of them in much
the same manner (Corollary B.3, for instance, a special case of which is used in [2]). Unlike
[2], however, Serfati uses no “geometric lemma” and there is also no clear analog in [5, 2] of
Serfati’s linear algebra lemma, Lemma 3.1.

More concisely, one could say that the setup of the problem and the use of transport
estimates is much like that of [5] while the estimates involving the gradient of the velocity
are more like that of [2], but the most difficult to estimate term is bounded in an entirely
novel way. Plus, Serfati characterizes the gradient of the velocity more fully. (Also see the
comments at the end of Section 9.)

There has been a number of papers since [22] related to the regularity of the boundary of
vortex patches. Among those treating 2D vortex patches are [9, 6, 10, 13, 24|, which study
the inviscid limit (see [24] for historical comments as well); [3, 12, 11, 14], which study vortex
patch boundaries having singularities; [15, 16] for vortex patches in a bounded domain. None
of these, however, have used techniques from [22]: they are all intellectual descendants of
either [5, 7] or [2] (or both).

This paper is organized as follows. In Section 2, we fix some notation and make a few
definitions. In Section 3, we state six key lemmas we will need. In Section 4, we study
the transport equations of Y and a related vector field R, as well as the propagation of
regularity of div(wY’). In Section 5, we prove the first part of Theorem 1.2, the bounds
in (1.11), and also prove (1.13) through (1.16). In Section 6, we prove the second part of
Theorem 1.2, the existence of the matrix A satisfying (1.12), along with the proof of (1.17). In
Section 7, we consider the case of a classical vortex patch, showing how Theorem 1.1 follows
from Theorem 1.2, along the way proving (1.18). In Section 8, we describe an extension of
Serfati’s result to a family of vector fields like those of Chemin in [7], in Section 9 showing
that the resulting hypotheses on the initial data are equivalent to those of [7]. In Section 10,
we discuss several examples of initial data that satisfy the hypotheses of Theorem 1.2. In
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Appendix A, we prove the lemmas stated in Section 3. In Appendix B, we detail some
calculations involving Vu. Finally, in Appendix C, we discuss our use of weak transport
equations.

2. NOTATION, CONVENTIONS, AND DEFINITIONS
We define

L 81’&1 821&1 .
Vu = <81’U,2 82u2 = DU,

the Jacobian matrix of u, and define the gradient of other vector fields in the same manner.

We follow the common convention that the gradient and divergence operators apply only
to the spatial variables.

Another common convention we follow is that constants denoted by C' depend only on
the quantities specified in the context or stated explicitly, such as in C'(wp, Yp), but do not
depend on other parameters, such as « or €. In a series of inequalities, the value of C' can
vary with each inequality.

All vectors are to be treated as column vectors for linear algebra operations, even when
written in the form (v!,v?).

We write |v| for the Euclidean norm of v = (v!,v2), [v]* = (v1)24 (v2)2. For a 2 X 2 matrix,
M = (M;;), we use the operator norm,

|M| := max |Mv]|. (2.1)
lv]=1
Of course, all norms on finite-dimensional spaces are equivalent, so the choice of matrix norm

just affects the values of constants. Our choice has the convenient properties, however, that
it is sub-multiplicative, gives the identity matrix norm 1, and

2
|M| = \/max eigenvalue of MM* < ZM% <V2|M]|, (2.2)
i’j

the first inequality being strict when M is nonsingular.
If X is a function space, we define

lollx = vlllx»  IMIlx = 1Ml x -

Definition 2.1 (Holder and Lipschitz spaces). Let o € (0,1) and U C R%, d > 1, be open.
Then C*(U) is the space of all measurable functions for which

f(z) — £()]

f e = f [e9] + f Yo <OO, f Yo = Sup B TC R

1 lcaw) = 1£ll ooy + 1 fllgeqoy 1 llew) ot 2=y
TFY

For o = 1, we obtain the Lipschitz space, which is not called C* but rather Lip(U). We
also define lip(U) for the homogeneous space. Ezplicitly, then,

[f(z) — F()l
. :: oo + . b Z‘ :: Su N S
||f||sz(U) ||f”L ) Hlezp(U) ||f||lp(U) x,y#epU |$—y|
7Y
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For any positive integer k, C*+®(U) is the space of k-times continuously differentiable
functions on U for which

[l grary = Z D7 £l oo (1) + Z 1D? f|carry < oo
|BI<k |8|=Fk
We define the negative Hélder space, C*1(U), by
Co N U) = {f +divu: f,v € C*U)},
12l gar @y = mE{ L f lgay + IVllgaqy = h = f+dive; f,v e CH(U)}
It follows immediately from the definition of C*~! that
Jdiv ol < o] e - (2.3)
We also have the elementary inequalities,
1f o gllga < 1fllee IVllTe
1f9llca < Ifllce lgllca -

Definition 2.2 (The inf “norm”). For any measurable subset A C R? and measurable func-
tion f on A, we define

(2.4)

sy = in€ 7)1

Definition 2.3. For any A C R?, we define N5(A) := {z € R?: d(x, A) < &}, where d is the
Euclidean distance in R?.

Definition 2.4 (Radial cutoff functions). We make an arbitrary, but fized, choice of a radially
symmetric function a € C&(R?) taking values in [0,1] with a = 1 on B1(0) and a = 0 on
By(0)¢. For r > 0, we define the rescaled cutoff function, a,(x) = a(x/r), and for r,h > 0
we define

Mrp = ar(l - ah)-

Remark 2.5. When using the cutoff function p.p we will be fizing r while taking h — 0,
in which case we can safely assume that h is sufficiently smaller than v so that p.p vanishes
outside of (h,2r) and equals 1 identically on (2h,r). It will then follow that

V(@) < Ch=t < Clz[™" for |z| € (h,2h),
Vprn(z)| < Cr=t < Cla[™ for |z] € (r,2r),
Virn =0 elsewhere.
Hence, also, |Vp,p(z)| < Clz|™! everywhere.
Definition 2.6 (Mollifier). Let p € C&F(R?) with p > 0 have ||p| ;1 = 1. For e > 0, define
pe() = (e7%)p(:/e).

Definition 2.7 (Principal value integral). For any measurable integral kernel, L: R? x R? —
R, and any measurable function, f: R? — R, define the integral transform L[f] by

Lif)(z) :== p-V-/ L(z,y)f(y)dy := lim L(z,y) f(y) dy,
R2 h=0% Jiz—y|>h
whenever the limit exists.

When dealing with algebraic manipulations of principal value integrals, we will find it
convenient to introduce the notation in Definition 2.8.
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Definition 2.8.

fFg@) =p.v. / f(@ —1)g(y) dy.

3. KEY LEMMAS

Lemmas 3.1 to 3.6 are six key lemmas we will need in the proof of Theorem 1.2. Lemmas 3.1
and 3.2 are the two lemmas of [22]: a simple, if seemingly unmotivated, linear algebra lemma
and an estimate on an integral transform that includes singular integrals. Lemma 3.3 is a
variant on Lemma 3.2, while Lemma 3.4 gives explicit estimates on the four kernels to which
we will apply Lemmas 3.2 and 3.3. Lemma 3.5 is used to establish the equivalence of (1.7)3
and (1.8)3, and Lemma 3.6 is the form of Gronwall’s lemma that we will need. We give
the proof of Lemma 3.4 in this section and defer the proof of the other lemmas (except for
Gronwall’s lemma, which is classical) to Appendix A.

Lemma 3.1. Let M = ((z Z) be an invertible matriz. For any 2 X 2 symmetric matrix B,

| M|
|B| < 2|detM| |BM;| + |tr B|,

where My = (a,c)T is the first column of M.
Lemma 3.2. Let L: R? x R? = R be an integral kernel for which

1El. = sup {lo =y [L@,9)| + |o = ol IVaLiz,y)| } < o0
z,y€R?

and for which
‘p.v./ L(z,vy) dy‘ < oo for all x € R (3.1)
RQ
Let L[f] be as in Definition 2.7. Then
1217 = @@y = ooy [ L) ) - )]

< Ca (1= a) LI I Fll e -

Ce (3.2)

if
V. L(,y)dy=0 3.3
pov. [ Ll (33)
then

IL[f]llge < Ca™ (1 = a) LI, I fll e - (3-4)

The inequality in (3.4) is a classical result relating a Dini modulus of continuity of f to a
singular integral operator applied to f in the special case where the modulus of continuity is
r +— Cr®. (See, for instance, the lemma in [18], and note that applying that lemma to a C*
function gives the same factor of a~'(1 — a)~! that appears in Lemma 3.2. This reflects the
fact that the integral transform in (3.2) applied to a C'-function gives only a log-Lipschitz
function, and applied to a C°-function yields no modulus of continuity.)

Lemma 3.3 allows us to bound the full C* norm.
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Lemma 3.3. Let L be as in Lemma 3.2 and suppose further that

1Ll := LIl + sup [|L(z, )l 1 (g, ()c) < 00
zeR?

Then the conclusions of Lemma 3.2 hold with each C* replaced by C* and | L], replaced by
1]

We shall apply Lemma 3.2 to the kernel Ly of Lemma 3.4 and apply Lemma 3.3 to the
kernels Ly, Ls, and Ly. Note that for Ly, L3, and L4, we are actually applying Lemma 3.2
to each of their components.

Lemma 3.4. Consider the four kernels,

(1) La(z,) = pe(z — yeiy);

(2) La(x,y) = V(a-K)(x —y) for some fized r > 0;

(8) Ls(x,y) = VK(x— y)w(y), where w € CF(R?);

(4) La(zy) = pe(z — 4)Vuo(y).
Here, K is the Biot-Savart kernel of (1.3). Then ||Li|,, < C|wol|lj for C independent of
e; Lo satisfies (3.3) with ||Lal|, < C independently of r; | Ls]|,, < CV(w) with

; (3.5)

V) = el + v, [ VEG - oty N

< C||Vugl| ;e for C independent of €.

and || L4||

k% —

Proof. The bounds on the x-norms of L1, Lo, and L4 are easily verified, the key points being
their L!-bound uniform in x, the decay of K(z —y) and V,K(x — y), and the scaling of
pe(x —y) and Vzp-(z —y) in terms of . For L, ||Ls]|, is bounded as for Ly, with the p.v.
integral in (3.5) coming from the final term in ||L||,, . O

Lemma 3.5. Let o € (0,1) and Z € L*®(R?). Then, divZ € C*YR?) if and only if
VF xdivZ € O%R?) (equivalently, K * divZ € C%(R?)). Moreover,

[div Z[[ga-1 <[[VF #div Z|ga < C([|Z] g0 + [|div Z]ga-1) - (3.6)
Lemma 3.6 (Gronwall’s lemma and reverse Gronwall’s lemma). Suppose h > 0 is a contin-
uous nondecreasing or nonincreasing function on [0,T], g > 0 is an integrable function on
[0,T], and
t t
10 <)+ [ o)) ds or 50 =0 = [ o(s)1(s)ds

for all t € [0,T]. Then

t t
f(t) < h(t) exp/0 g(s)ds or f(t) > h(t)exp (—/0 g(s) ds> ,
respectively, for all t € [0,T].

4. APPROXIMATE SOLUTIONS AND TRANSPORT EQUATIONS

We first regularize the initial data by setting ug. = pe * ug, where p; is the standard mollifier
of Definition 2.6, letting ¢ range over values in (0, 1]. It follows that wy. = p. * wy. Then
there exists a solution, w.(t) € C*°(R?), to the Euler equations (1.2) for all time with C*
velocity field, u. ([19, 27] or see Theorem 4.2.4 of [7]). These solutions converge to a solution
w(t) of (1.2). (We say more about convergence in Section 5.6.)
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The flow map, 7., is given in (1.4) with u. in place of u. Moreover, all the LP-norms of w,
are conserved over time with

lwe @l o = llweoll < llwollze < llwollpiape =+ llwoll 1 + llwoll oo (4.1)
for all p € [1, 00]. Also,
[ue(®)ll oo < Cllwoll1nze~ (4.2)

(see Proposition 8.2 of [21]) so [|ue|| foo (rxg2) is uniformly bounded in e.

For the most of the proof we will use these smooth solutions, passing to the limit as ¢ — 0
in the final steps in Section 5.6.

We let

Yo(t,me(t,2)) = Yo(z) - Vne(t,z) (4.3)

be the pushforward of Yp under the flow map 7. (as in (1.9)). (Note the slight notational
collision between Y and Yj and w. and wy; this should not, however, cause any confusion.)
Standard calculations show that

OY:+u.- VY. =Y. - Vu, (4.4)
and that
Oy divYs +ue - VdivY, =0,
Oy div(w:Yz) + ue - Vdiv(w:Yz) =0, (4.5)
the latter equality using that the vorticity is transported by the flow map. Hence,
div Y (¢, 2) = div Yo(nZ ' (¢, 2)), (46)

div(weYe) (t, z) = div(woYo)(n- L (t, ).

Remark 4.1. Actually, the transport equations in (4.4) and (4.5), and others we will state
later, are satisfied in a weak sense, since Yy and div(wo:Yp) only lie in C*. We refer to
Definition 3.13 of [1] for the notion of weak transport. With the exception of the use of
Theorem 3.19 of [1] in the proof of Lemma 4.3, we will treat all transport equations as though
they are satisfied in a strong sense, however, justifying such use in Appendixz C. (See also

Remark 4./.)

We can also write (4.5) as

%Y;(t,ng(t,m)) = (Yz - Ve )(t, n-(t, 2)),

g (4.7)
p div(w:Yz) (t,n:(t, z)) = 0.
Define the initial vector field
Ro,g = wo,EYb + pe * VF % diV(w()Yo) — Pe * <CUOY0) (48)

and observe that
div Ry = div(woYp) + div (pg % (VF xdiv (woYp) — wQYg)> = div(wo YD),

where we used that AF is the Dirac delta function. Hence, pushing forward Ry, will have
the same effect on div(wgYp) as does pushing forward wy Y itself; that is, letting

R-(t,ne(t,z)) = RO,E(QU) - Vne(t, z),
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we have
OiRe +us - VR, = R. - Vu,
and

div(w:Yz)(t, x) = div Re(t,z) = div R ¢ (ngl(t, z)) = div(wo Yo) (= (t, 2)).

11

(4.9)

Although R. and w.Y: have the same divergence, we will see in the proof of Theorem 1.2
that R. is bounded in C'® uniformly in € in (5.11), which is not true of w.Y.. We will take

advantage of this fact in the estimate in (5.19).
Lemma 4.2. The vector field Ro., defined in (4.8), is in C*(R?), with
[Rocllga < Ca,
uniformly over € in (0,1], where Cy, is as in (1.10).
Proof. We rewrite Ry, in the form,
Roe = pe x VF x div(woYp) + |(pe *w0) Yo — pe * (w0¥0) -
Since VF * div(wpYp) € C%(R?) by Lemma 3.5 (noting that woYy € L>), we have
|pe * VF # div(woY0)||ga < C||VF *div(woYp)| cea < Cwo, Yo)-
Since Yy € C%(R?), applying Lemma 3.3 with the kernel L; of Lemma 3.4, we have

(- )% = g Cnill o = | [ peto = mhanto) Do) ~ Ylw)]

< C(wo, Yo) (a_l(l - a)_l) = C,.
This completes the proof.

Co

Finally, we prove the propagation of regularity of div(w.Yz).
Lemma 4.3. We have div(w:Yz)(t) € C¥1(R?) with

t
[ div(weY2) ()] g1 < Caq exp/ IVu(s)] oo ds.
0

(4.10)

(4.11)

Proof. Noting that C*~1(R?) is equivalent to the Besov space B% L (R?), Theorem 3.14 of

[1] applied to the weak transport equation in (4.5)2 (see Remark 4.1) gives

t
[div(we Yo ) (8l a1 < Cfldiv(wo Y0) [l o1 eXP/ IVu(s)ll oo ds.
0

We must still, however, bound ||div(wo,Yp)||sa—1 uniformly in .
From the triangle inequality,

[div (e £Y0) |l gor < lldiv (e £Yo) — pe * div(wo¥o)ll s + 19 * div(wo, o)l s

Now,
HdiV(WO,E}/O) — Pe ¥ diV(WOYO)HCafl < HWO,EE/O — Pe ¥ (WOYO)HCa < Ca,
the first inequality following from (2.3), the second from (4.11). Also,

e % div(woYo) s < C [VF * (pe * diviwn¥o))llge = C llpe * (VF # div(wo0)) | e
< C|[VF xdiv(woYo)llge < C (ool o + |div(w¥o)l| s )
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For the first inequality we applied Lemma 3.5, for the second inequality we used ||p: * f||oa <
| fllca, and for the third we applied Lemma 3.5 once more. Hence,

[div(wo,£Y0)l| a1 < Ca + ([0l o + [|div(woY0) [l ga-1) < Ca-
g

Remark 4.4. It would be natural to let Yo = p. * Yo and pushforward Yy . rather than Yy
in the definition of Yz, and also use Yy o rather than Yy in the definition of Ry .. This would
allow us to use transport equations purely in strong form. It is the bound in (4.10), however,
that prevents us from doing this, as the equivalent bound with Yy . in place of Yo may not
hold true. Instead, we take the approach described in Appendiz C.

5. PROOF OF SERFATI'S THEOREM PART I

In this section we prove the first part of Theorem 1.2; namely, (1.11). Before proceeding to
the fairly long and technical proof, let us first sketch the overall strategy.

The proof hinges on the transport equation for Y; in (4.4) and the identity in Corollary B.3.
Together, they allow us to relate the four quantities,

Q1= [|Yz - Vue| ga Q2 := || Vul| o
Q3 = [|Ye| o Qs = || K * div(w:Yz) | ca -

A bound on Q)4 comes essentially for free via Lemma 4.3, so we may as well take it as
given. From (4.4) we obtain a bound on Q3 in terms of @1, and from Corollary B.3 we obtain
a bound on @7 in terms of QY2 and (J3. Obtaining these estimates will occupy Sections 5.1
to 5.3, and will also involve estimates on the flow map ..

At this point, we could close the estimates if we could obtain a bound on )9 in terms of
Q3. This is the subject of Section 5.4, which will lead in Section 5.5 to a bound on Q2 in
terms of itself. Once we have a bound on )2, we easily obtain a bound on @ and Q3. In
Section 5.6, we show that in the limit we obtain (1.11).

Note that a coarse bound on Q3 in terms of 1 and Q3 is easily derived (along the lines of
(9.1)), but is inadequate: It will take a great deal more work to obtain in Section 5.4 a tight
enough bound that Gronwall’s lemma can be successfully applied in Section 5.5.

5.1. Preliminary estimate of |[Vu.(t)||; . By the expression for Vu, in Lemma B.1,
Ve ()] oo < Ve(t),

where

Va(t) = flwnll o + Hp v [yt dy (5.1)

LOO
Here, we used (4.1) to replace [|we(t)]| ;0 by ||wol| ;o in the first term.

5.2. Estimate of |V7.(t)||;~ and HVn;l(t)HLoo. As in (1.4), the defining equation for 7,
is

Ome(t,x) = ue(t,n(t,x)), n:(0,z) =z, (5.2)

or, in integral form,

Ne(t,x) = +/0 ue(s,m:(s,x)) ds. (5.3)
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This immediately implies that

IVe(8) | 0 < exp /O Va(s) ds. (5.4)

Similarly,

HVnE_I(t)HLOO < exp/0 Ve(s) ds. (5.5)

The bound in (5.5) does not follow as immediately as that in (5.4) because the flow is not
autonomous. For the details, see, for instance, the proof of Lemma 8.2 p. 318-319 of [21]
(applying the argument there to Vn-! rather than to n-!).
Applying Lemma 3.6 to (5.3) yields
t

o= slewn (- [ V) i5) < Inlt.) — et )| < o slexp [ V(o).

Hence, for any dg > 0,
t
Ny (1:0.9) € 16 N5 (2) € N (e, 8= v (£ [ Valoyas). 6.0
5.3. Estimate of Y. and R.. Taking the inner product of (4.7); with Yz(¢,n:(¢,x)) gives

%Y;(tv na(ta .%')) : Yv&?(tﬂk(t?m)) = (Y;:‘ : vus)(tu 776<t,.%')> : Yé(t7n€(t7x))'

The left-hand side equals

1d

- @ 2
2 Vet (8,2))

SO
d
77 Vet ne(t, @) P| < 21 Vue(t, ne(t, )| oo [Ye(t me(t 2)) |

= 2| Ve (8) || oo |Ya(t, ne(t,2))* < 2VE(E) [Va(t, me(t, 2)) [
It follows that
d
7 [Ye(t,me(t, 2))|? < 2Va(t) |Ye(t, me(t, 2)) [ .

Similarly,

% Vo (tme(t, )7 > =2Ve(t) [Ye(t,me(t, )
Integrating in time and applying Lemma 3.6 gives
1Yo(z)| e~ JoIVus@lie ds < 1y (¢, no(t, 2))| < [Yo ()] ol Vue(lzoo ds,
Taking the L* norm in x, we conclude that
IYe(®)ll o0 < 1Yol e Vo). (5.7)
Also, for any measurable set A C R,

e~ Jo Ve(s)ds (5.8)

1Ye®)llintn. t,0)) = 1Yolling(a)

>
The estimate for R. corresponding to (5.7) is, using Lemma 4.2,
|Re(®)ll e < O, Yo)elo V-, (5.9)
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Integrating (4.7); in time and substituting n-'(¢,x) for = yields

Yi(t,z) = Yo(o\(t.2)) + / (Y - Vo) (5,72 (s, 17 (1, ) ds.

Taking the C® norm and applying (2.4);, we have

IYe®llga < ¥ollea [V (#)]| 700 + /Ot 1Yz - Vue)(8)ll g [V (s (8, 2))) || o dis.
Now, by Corollary B.3, we have
Yo Vuuls,) = pov. [ VE (o = ples,n) [Vo(s,2) - Yelsw)] dy
+ K s« div(weYe)(s,z) = T+ 11
with
e < ClYe(s)l[ga Vels)-
By Lemmas 3.5 and 4.3, we have
||| e < Coexp /S Ve(r) dr.
It follows that 0
Yo Vae@len < IVOlen Vot + Caexp [ Valr)r (5.10)
To estimate ||V (1:(s,n71(t, )))|| L, We start with

87776(7-7 77;1@ CL')) - UE(Ta 776(7-7 77;1(@ .Z'))),
which follows from (5.2). Applying the spatial gradient and the chain rule gives

0V (ne(m,n= (8, @) = Vue(r,me(m,n ' (£, 2))) V(0 (7,0 (8, 2))).

Integrating in time and using V(1. (7,771 (t, x)))|r=¢ = I**?, the identity matrix, we have

V (e (s,m7 (8, 2))) = 1772 —/ Ve (7, ne (1,02 (8, 2)))V (e (7,07 (¢, 2))) dr.

By Lemma 3.6, then,

[V (e (s, (t @) || oo < exp/ IVue(T)l| oo dT < exp/ Ve(r) dr.

These bounds with (5.5), and accounting for (5.7), give

Y20l < ol exp (o [ Vats) s
«/ t V-6l Velo) + Coexp [ Velr)dr| exo (o V) i) as

< (Wollgo + Cat)exp | Vi) ds + / V() Vals) o [ Vi) ir| ds.

Letting

(0 = 17-(0) o 0 |- [ V) |
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it follows that y. satisfies the inequality,

t
ye(t) < [[Yollge + Cat + / Ve (s)yo(s) ds.
0

Therefore, by Lemma 3.6, we obtain

e (0) < (ol + Catexo ([ V) i) < Calt + e | Ve )

and thus, with the similar bound for R,
t
HYg(t)HCa , HRe(t)Hca < Co(1+t)exp (2/ V(s) ds) . (5.11)
0

5.4. Refined estimate of Vu.. We split the second term in V; in (5.1) into two parts, as
(see Definition 2.8 for the meaning of *)

p. V. /VK(x —y)we(t,y)dy = VK xw.(t, x)

(5.12)
= V(a, K)*w:(t,z) + V((1 — ar) K) % w.(t, z),
where 7 € (0, 1] will be chosen later (in (5.17)).
On the support of V(1 —a,) = —=Va,, |z —y| < 2r, so
V(1= a,)K)| <|(1—a,)VE|+|Va, 9 K)| < Clz —y| >, (5.13)

Hence, one term in (5.12) is easily bounded by

IV((1 = ar)K) ¥w:(t,2)| < C o) & — y| ™ |we (8, y)| dy

! ”WEHLOO -2
<c / T pdp+ Olle =1 e g oy el
< —=Clogr [|woll oo + C llwoll 1 < C(=logr + 1) [|woll 100 -

For the other term in (5.12), we decompose the vorticity as follows. Let g be as in (1.8)9
and take a smooth function x such that x = 1 on N, /4(X) and x = 0 on N, /2(2)¢ (see
Definition 2.3). Let b be a smooth function such that b = 1 on N3s,/4(X) and b = 0 on

N5y (2)C. Then |Yy| > ¢ on suppb by (1.8)2, so
[Yo(nz")| = ¢ on suppb(nz") 2 supp x(n. ). (5.14)
We now let
wé,s = XWo,e; W(Z],s = (]— - X)WO@
and then let
Yty =wl. (n71 (¢ 2t,2) =wd . (N1t 5.15
ws( ,l’) wO,a (775 ( a$))a wa( 71") wO,e (773 ( ,l’)) ( . )

The vorticity w? is the “bad vorticity,” in that it is transported from a neighborhood of
the set ¥ on which the initial vorticity fails to be C%. By contrast, w? is the “good vorticity”
since for all sufficiently small £ > 0, we have

ng,EHCa <C HWOHCC«(R?\E) = C(wo). (5.16)
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t
suppw! C Nyja(ne(t,5)), 6 = 6 = Soexp /0 Vi(s) ds.

Now we split the other term in (5.12) into three parts, as
V(g K)Fw: = (1= 0)(nz )V (e, K) Fwz + (1= b) (1) V(e K) ¥ w?
+ b(nz MV (a,K) % we
: 1Ty + 11T + IT5.

r:min{l,igexp (—C’/OtVE(s)ds>}, (5.17)

leaving the choice of the constant C’ > 1 until later (see (5.22)). We have r < §; /8, where
§; is defined in (5.6), so V(a,K)*w! is supported on Ns(n.(t,X)) for all £ < §/8. Hence,
III; = 0.

Noting that the bound in (5.13) applies also to |V (a,K)|, we have

Now choose

_ '(1 )Y I [ V()@ - y) [$2) - (@) dy]

lim 11T
h—0 h—0 Jr2

<l | o= v1" V(e ) =) dy

<l VG5 [ o=l

|lz—y|<2r
< C(wo)a™ HVn;leoo re.

In the second inequality we used (2.4); and in the third we used (5.16).

To estimate 1113, we will find it slightly more convenient to use V.F in place of K = V+F,
the norms that result being identical. Letting u,, be as in Definition 2.4, by virtue of
Lemma B.4, we can write

L] = b5 ") lim ¥ (g ) F e | = Lim [b(nz 1) B
—0 h—0

where
B =V [:h VF] * we.

Because V [u, VF] is not in L! uniformly in h > 0, we cannot estimate B in L™ directly.
Instead, we will apply Lemma 3.1 with

M= (Y. (Vi)"Y )ont),
so that M =Y.

From
Voouf = v (Y0) = (O ) (Yo ) _ (Yo O +Yg 0,
€ € }/02 61772 82773 1/02 }/01817752 + }/0282773 )

£

(Vi)Y = 6177% 317752 —3;02 _ —szam% + Yoiamg
‘ 82775 82775 YO _YE) 82775 + YE) 82775 ’
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we have

= (Yooung +Y(0m: Yo +Yg 02 1
Yo oz + Yg0anz  —YF0anl + Yy 0an? c

A direct computation yields
det M (t,) = [Yol? (117 (¢, 2)) det V. (172, 2)) = [Yol? (n(1,)) .
since det Vn.(n-1(t,x)) = 1.
For the rest of the analysis of the matrix B, we restrict our analysis to suppb(n-1), on
which III3 is supported. By (5.14), then, we have
det M = |Yo|* (n7'(t,2)) > ¢* > 0. (5.18)
Hence, M is invertible, and applying Lemma 3.1, we have

Yell poo + 1Yol oo [Vl oo
2
C

B < C

|BM,| + |tr B|.
We now compute tr B. We have,

tr B = [O1ftrnO1F) * we + [O2ptrn 02 F) * we + [prn AF] * we
= [81,“'7‘}161]:] * We + [82/17,;1(92]:] * We,

using AF = §p and p,-,(0) = 0 to remove the last term.
But, referring to Remark 2.5, for j = 1,2, we have

C wa t; C w&‘ t?
|10)1rn0; F] * we| < / we(t,v)] dy + — Jwe f, )] dy
" Jr<|z—y|<2r ‘x - y‘ h h<|z—y|<2h |5C - y|
<O [ hellim g, [ Ol
rJr p h p
= Cllwe()]| oo

so that
i tr B| < oo -
Jim [tr B| < O o,
We next estimate |BM;|. Because
_ (O [rnO1 F) kwe O [prn01 F| * we
O1 [trh 02 F] x we 02 [phrn 02 F] * we

we have
Bt = (Y — (00 [n01 F] 5 we) Y2 + (02 [prn O T+ we) Y2
P T (01 [en 0o F ]k we) Y2+ (92 [1en 0o F] x we) Y2 )

We now decompose F} and F5 into two parts as Fy = dj + e, where

2

di =Y (05 [0k F) 5 w)YI = 0 [prn Ok F) * (weY7),
j=1

er = 01 [frnOpF) * (we YD) + O [trn O F| * (weY2) = div <Mrh5k7: * (%Ks))-
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As we can see from Remark 2.5, |y, VF(z — y)| < C |z —y| 72, so

> |lim d| < 2|lim / V 1w VF] (2 = y) (Ye(z) = Ye(y))we(y) dy
h=12 h—0 h—0 JR2
< ONYe(®)ll g eon ()] e / o — 412 dy
lz—y|<2r

< Ca M [Ye(®)[| o flwoll poo
and

<2lim [ [ VF] (z —y)div(wY:)(y) dy’
h—0 Jr2

=2t [ [paVF] [div(@sYe)(y) - div(w:Ys) (@) dy‘
=0 JR2

=2|lim [ [pnVF][divRe(y) — div R-(z)] dy‘

h—0 Jr2 (519)
2w [ ViV [Rely) — Rea)] dy\
h—0 Jr2
<CIRWlen [ lo=ul*dy
lz—y|<2r
< Ca™ |Re(t)ll oo 7,
where we used (4.9) and the regularity of R, in (5.11). Thus,
: 1 ¥ellgoe + 1Yol poo [Vl Lo
lim |B| < Ca g (Wellgn ol + 1Rl o) e o
+ Clwoll oo -
Collecting all the bounds we have obtained so far, we conclude that
Va(t) < C(1 = logr) lwollpin e + Clwo)a™ [[Vnz ()] o 7
C Ye(®)l oo + Y0l poo [V () oo (5.21)
+ 5 (lwoll oo [Ye(@)ll o + 1R (@)l o)
o I¥e(®)llintsupp b)) e S

5.5. Closing the estimates using Gronwall’s lemma. We have, from (5.17), that

t t
+C’/ Ve(s)ds < C(Yo)+c’/ V.(s) ds,
0 0

1—logr < ‘110g580

a t t
re < g—g{exp (—C/a/ Ve(s) ds) < C(Yo) exp <—C/a/ Ve(s) ds) .
0 0
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Returning to (5.21), then, these bounds on 1 — logr and r®, along with the bounds in (5.4),
(5.5), and (5.7) to (5.9), and (5.11), yield the estimate,

Ve(t) < C(wo, Yo) + C'C(wo, Yo) /Ot V(s)ds + C(“’EYO) exp <a(1 - /Ot V(s) ds>
+ Co(1+t)exp <a(4 —C'a) /Ot V(s) ds>

t
< Ca(1+t)+c(wg:%)/ V.(s) ds
0

as long as we choose
C' =4a~t. (5.22)

We note that, as required, C’ > 1.
By Lemma 3.6, we conclude that

[ Vue(t)ll oo < Valt) < Call 4 1)eCe0100 7 < Cpetet,

If « > 1/2, we can apply the above bound with 1/2 in place of «, eliminating the factor of
(1 — )~ ! that appear in C,. This gives
Ve ()| oo < V(t) = C(wo, Yo)a te! < chefel. (5.23)
Then
t ¢
/ Ve(s)ds < —>efel = efol
0 Ca

so by virtue of (5.11),

cat

Yol s [[R() | g < Cae”
It follows from (5.10) that ||Yz - Vu.(t)|~o has this same bound.

(5.24)

5.6. Convergence of approximate solutions. In this section we show that in the limit
as ¢ — 0, the estimates in (1.11) hold for the solution w to (1.2) with velocity u. For the
delicate parts of the proof we follow the argument on pages 105-106 of [7], but beginning in
a slightly different manner.

That the approximate solutions (u.) converge to the solution u for bounded initial vorticity
is by now classical (see Section 8.2 of [21], for instance). Because (Vu,) is uniformly bounded
in L®°, however, we can obtain stronger convergence, as follows.

Fix T > 0. It follows from [23], under the assumption only that the initial vorticity
and velocity are both in L, that Vp. is bounded in L*([0,T] x R?) (see [17] for details).
Then since dyu. = —u. - Vu. — Vp. it follows that (d;u.) is bounded uniformly in . So, in
fact, (u:) is a bounded equicontinuous family on [0, 7] x L for any compact subset L of R?
with a Lipschitz modulus of continuity in time and space. By the Arzela-Ascoli theorem, a
subsequence converges uniformly on [0,7] x L to some @, with @ = u by the uniqueness of
limits. This also shows that Vu € L*([0,T] x R?), with the bound in (1.11). (Here and
in what follows, we take subsequences as necessary without relabeling the indices.) It then
follows that V7, and for that matter V7., are in L>([0,7] x R?).

It follows from Lemma 5.2, which we prove below, that u. decays in space uniformly in
time and in €. This same uniform decay applies to u by the convergence we showed above.
Thus, in fact, ue — u in L>([0,7] x R?) since we can control the size of |u. — u| outside of a
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sufficiently large compact subset. By interpolation it follows that u. — u in L>(0, T'; C®(R?))
for all 5 < 1.
From (5.3), then, we can estimate,

|77€(t7 x) - n(ta z)|

é/o |ue(s, e (s, @) — uls, (s, )| d8+/0 |u(s, ne(s, x) = uls,n(s, )| ds

t t
< [ ) = ue) g+ [ IVl ey res,) = (s )] s

It follows from Lemma 3.6 that n.—n — 0 in L>([0, T]xR?) and, similarly, that n-t—n=1 — 0
in L>(]0,T] x R?). By interpolation it follows that n. —n — 0 in L>(0,T; C#(R?)) for all
8 < 1.

We now argue along the lines of pages 105-106 of [7].

We can write (4.3) as

Yo Vne =Yz 0.

By (2.4)2 and (5.24), then, Yy - V1 is uniformly bounded in L°°(0,T; C*(R?)). But C*(R?)
is compactly embedded in C?(R?) for all 3 < a so a subsequence of (Y - V7.) converges in
L>(0,T; C8(R?)) to some f for all 3 < «, and it is easy to see that f € L>(0,T; C*(R?)).

To show that f = Yy - Vn, we need only show convergence of Yy - V. — Yy - Vi in some
weaker sense. To do this, observe that

(Yo Vi) = Yo - Vil = div(n!Yo) — nl div Yo

But 7. —n — 0 in L>(0, T; C?(R?)) for all B < 1 as we showed above so 72Yy — 'Yy — 0 in
L>(0,T; C%(R?)). And, by assumption (1.8)4, n div Yy — 7/ div Yy — 0 in L>(0, T; C*(R?)).
By the definition of negative Holder spaces in Definition 2.1 it follows that Yp-Vn. — Y-V in
L>(0,T; C*1(R?)). Hence, f = Yy-Vn, so we can conclude that Yy-Vn € L>¥(0, T; C*(R?))
and Yy - V. — Yy - Vi in L0, T; C8(R?)) for all 8 < a.

Then, since Yz = (Yp- Vi) ont and Y = (Yo - V) o™t (see (1.9) and (4.3)), we have,

IYe = Ylpoe < [|[(Yo- Vi) ozt = (Yo - Vi) o™ |
+[|(Yo- Vi) o™ = (Yo - Vi) o]
< Yo Viellg 2" =07 I5o0 + 1Yo - Ve = Yo - Vil oo
—0ase—0,
where we used (2.4);. Here the L* norms are over [0, 7] x R? for any fixed T > 0. Arguing
as for Yy - V), it also follows that Y € L°°(0,T; C*(R?)) and that the bound on Y (¢) in (1.11)
holds. Then (1.16) follows from (1.11) as in (5.4) and (5.5).

The proofs of (1.13) and (1.14), which we suppress, follow much the same course as the
bounds above. Finally,

(Y. - Vuo)! = div(ulY.) — ul div Y,

and given that we now know that Y; — Y in C%(R?) for all 8 < o with Y € C*(R?), (1.15)
can be proved much the way we proved the convergence of Yy - V. — Y - Vn, above (taking
advantage of (1.13)).

This completes the proof of the first part of Theorem 1.2.
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Remark 5.1. Had we only assumed that divYy € C% (R?) for some o/ € (0,a] then the
argument above that showed Yy -Vn. — Yy-Vn in L>=(0,T; C*~Y(R?)) would yield Yy - Vn. —
Yo - Vg in L®(0,T; C¥~Y(R?)). This would be sufficient to conclude that f = Yy - V1, and
the proof would proceed unchanged.

Lemma 5.2. The approximating solutions, u., decay in space uniformly in time and in €.

Proof. Let |z| > 2 and R = |z| /2. From (1.2)2, we can write

U = (/ +/ —I—/ )K(x—y)ws(y)dy.
Bi (=) Br(z)\Bi1(z) Br(z)®

Fixing p,q Holder conjugate with p € [1,2) and applying Holder’s inequality to each of the
three terms above, we have

et )| < (1K@ = Mo o) 106 0 oo oy
+ 1K (@ = ) Lo (Br 2\ B (2)) st(t)HLl(BR(x)\Bl(x))>
(5.25)

(

+ 1K (@ = )l Lo (Bp@)e) lwe Ol (@)
NztnLa)(Br) + CR™ [lwe ()] 1.2y
MzinzE,, »00) + C lwollpige |2l

We claim that for constants C7,Cs > 0,

Hwa(t)H(LlﬂLq)(B|x|/2(0)O) < ||w0,a”(leLq)(BMVQ_ClT(o)C)
S ”woH(LlﬁLq)(B|z|/2_clT—02(O)C)

for all |z|/2 > CiT + Cp. The first inequality holds because [|uc| (o ryx0) < C1 =
llwoll 1azee by (4.2) and the vorticity is transported by the flow map. Then since wg . = pg*wo
and p. is supported within a ball of radius Cse, and we have assumed that ¢ < 1, the second
inequality holds as well. Thus, w. decays in space uniformly in time and in . It then follows
from (5.25) that u. decays in space uniformly in time and in €. O

6. PROOF OF SERFATI’S THEOREM PART II

In this section we prove the second part of Theorem 1.2, finding a matrix A € C*(R?) such
that Vu — wA € CY(R?).
We start with the expression

Vi) = () ) o [ VR pe dy 6.1)

for Vu,. given by Lemma B.1. This expression may not hold in the limit as ¢ — 0, but to
remove from Vu the discontinuities inherent in w we will clearly need, before taking ¢ to zero,
to subtract from Vu, its antisymmetric part, w, A, where

1/0 -1
1. =
w0 ).
What remains, then, is the principal value integral in (6.1): the symmetric part of Vu.. We
first show that away from 7.(¢, %), the symmetric part of Vu, has C regularity.
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Let dp be as in (1.8) and r > 0 and the cutoff function x be as in Section 5.4. Then
(1= x(n="(2))) p-V-/VK(x — y)we(y) dy
= (=X @)y [ VlarK) = pel) dy

+ (1= x(nz }(x))) s V(1 = a;)K)(z — y)we(y) dy
=1 + 1.

By (3.3) in Lemma 3.2 applied with the kernel Ly of Lemma 3.4, we have I; € C%(R?)
with a C® bound that is uniform in . (Note that in the integrals above, y remains bounded

away from 7:(3,¢) on the support of (1 — x(n-1(z))).) By (1.19) we have the e-independent
bound,

ecat

Hillga < llwollgaqsey e

Since the kernel V ((1 — a,)K) is smooth and bounded, I is smooth, lying in C*(R?) for
all £ with a norm that depends only upon ||we||;1 = |lwo||; 1. In particular, ||Iz|| s < C(wo)
with a norm independent of . (Cutting off with y was not needed to conclude this.)

We will complete the proof by establishing the following lemma:

Lemma 6.1. We have,

X pv [ V(s = pely) dy = w.Be + D
R
where

5 X0 ( VY2 (Y2 - (Y£)2>
ooy \(¥2) - () —evy?
and D. is presented in the proof. B. and D, lie in C*(R?) with

cat

[1B:@)llga s 1De(®)llca < Cae” . (6.2)

Before proving Lemma 6.1, we show how it completes the proof of the second part of
Theorem 1.2. Let

Z&: = A(l) + B,

which lies in C% with a C® norm that is uniform in . Then

Vue —w.A;. = p.v. / VEK(x — y)w:(y) dy — w:Be

=L +L+ X(ngl) p. V. /2 VK(zx — y)w:(y) dy — w:Be
R
=L +12+ D:

lies in C* with a C norm that is uniform in . The final equality is where we used Lemma 6.1.
This shows that A is a candidate for our matrix A (in the limit), but for aesthetic reasons
we prefer to apply the cutoff function y to A®) as well, using

A= X(ﬁ{l)A(l) + Be.
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This is valid, since the bound in (1.19) was established without using the matrix A, so we
know at this point that (1 — x(n7!))we lies in C% with a C® norm that is uniform in e. A
simple calculation shows that

_ x(m2h) <Y€1Y3 —(Y;1)2>
€ |Y,€|2 (}/62)2 _}/'61}/'62

The bounds in (1.17) then follow from (6.2), the bounds on I; and Iy, above, and Lemma 6.2.

An examination of each of the components of D. shows, arguing as in Section 5.6, that
for some subsequence, (e4)72, Ds, — D in L>(0, T} CP) for all B < « and that D lies in
L>(0,T;C®). Similarly, A, converges in C? for all 8 < a to

-1 2 (12
]

which lies in C%, and also in the limit (1.17) holds.

Proof of Lemma 6.1. The proof comes down to understanding the regularity of the prin-
cipal value integral in (6.1) on the support of x(n-!). To do this, we forcefully inject into
this integral the vector field Yz, which characterizes the discontinuities in the vorticity field.
This approach has already been used in our application of Corollary B.3 in Section 5.3. Now,
however, the injection of Y. will be deeper. Loosely speaking, Y. was injected linearly in
Corollary B.3; now, we will inject Y. quadratically.

Using the notation in Definition 2.8, we can write

K 'S¥w. 0 K*%w
p-V-/VK(ﬂf —ywe(y) dy = <8;K1?Fwi 8;K2¥a;> '

Now, div K =0 so

(6.4)

WK 'Fw, = -0 K*%w..
Also,
crl K = —div Kt = —div(VIF)t = AF =4.
But since the * operator avoids the origin in the integrand, we have
NE*¥w. = K ¥ w..

Thus, the p.v. integral in (6.4) is, as we know, the symmetric part of Vu.. Moreover,

K ypv [ VK= oty =MD (12 ),

|Yel? —¢
where
ae = V.20 K Fw. = (Y120, K Fw. + (Y220, K ¥ w.
=Y! [V K'¥w. + Y20 K?Fw.| + Y2 [Y20K' %w. — YO K* ¥ w,]
=Y [V!OK'¥w. + Y20, K'¥w.| — Y2 [Y20,K*%w. + YO K* ¥ w,]
and

b = [V LK R = (V)01 K2R, + (V2?0 K2 5 e
=Y. [V 0 R + Y20, K7 F o] + Y2 Y20 K Rz — V05K ]
= Y (VIO R + Y20, T ] V2 (V20K Fas 4 VIO o]
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Observe that we can write

- Y. (VK'Fuw.) (Y (VK2R w)
ae_YE‘<—Ya'(VK2¥w5) ’ be =Yz Y. (VK'%w.) )"

Defining, for vector-valued functions v and w,
vF-w = v Fw,
we have,
Yo (VK ¥ w,) = VK7 % (w.Y2) + [(VK % w,) - Y. — VK7 % (w.Y2)]

Lemma B.2 gives

1 ~
Y. VK'xw, = §wY2—|—K1 wdiv(wY) + [(VE'¥w,) - Y = VK' % (w.Y2)]

Y. VK? xw, = —%le + K? xdiv(wY) + [(VK?%w.) - Yo — VK% (w.Y2)] -
Therefore,
ae = Y;(YE VK sxw,) — YEQ(Y8 VK% xw,)
_ %Y;Yg
+ V! (K * div(wY) + (VK % w,) - Yz — VK 5 (w:Y2))
— V2 (K** div(wY) + (VK*%w.) - Yo — VEK? % (w.Y2))
= wY!V2 + a.
and

be = Y (V.- VK? % w.

1

)+ Y2(Y. - VK 5 w,)
= 5‘*’6 [( ) )2

£

+Y! (K« dlv(wY) + (VK?*%w,) - Y. — VEK?% (w.Y2))
+ Y2 (K« div(wY) + (VK % w,) - Yo — VK% (w.Y2))
1 _
= Gwe [(V2)7 = (V)] + be.

This gives B. as stated above and
D — x(ng‘;) a. b\
’Y;:| be —ac

(VK %w.) - Yo — VK7 % (w.Y:) = p.v. / VK (x —y) - [Ye(2) = Ye(y)] we(y) dy.

Now,

Applying Lemma 3.3 with the kernel Lg of Lemma 3.4 and using (5.23) and (5.24); gives
[(VE %we) - Yo = VEI 5 (e Yo) || o < CHYe(t)] g Ve(t) < Coe®e™.

This with (1.14) gives the the bound on D; in (6.2).
For the regularity of B, first note that

cat

[1Yel[ ¢

inf(supp x(n=1))

Y™ < Cyet

(suppn~1t) = Y- H



THE VORTEX PATCHES OF SERFATI 25

by (1.11), (5.8) and (5.14). The bound on B in (6.2) then follows from (2.4) and Lemma 6.2.
O

We used the following elementary lemma above:
Lemma 6.2. Assume that ¢ € CZ(R?) takes values in [0,1] and f € C*(R?). Then

||¢f||CQ(R2) S ”fHLOO(suppgp) + HC)OHC(X ||f||0a(supp<p) .

We now give a simple example where A can be explicitly calculated.
Suppose that wy is radially symmetric, so that wy(z) = g(|x|) for some measurable function,
g. Then the solution to the Euler equations is stationary, with

zo [T xo [T
u(z) = (—2/ pg(p) dp, 2/ p9(p) dp),
™ Jo = Jo
where r = |z|. Then

20110 [T T1T9 2x 1 T T
) /Opg(p)dp— 7 9(r) (2—>/0 pg(p)dp—r%g(r)

—272 1 r x? —2x129 [T T1T9
< - +2)/ pg(p)dp+ () z / pg(p)dp+ =5=9(r)
r r 0 r r 0 r

2 _ .2

1 /" 2z120 75 — ] 9(r) [—a17s —a:%

= pg(p) dp + 2\ 22 g
0 T3 — 22 2179 !

For simplicity, add the assumption that g(r) = 0 on Bs(0) for some 6 > 0. Then, choosing

—ZT2 T

Y = (1 - agpa)ep = (1 — agya) (w ) ,

r

with a as in Definition 2.4, and letting x(|z|) = 1 — as/2(7), (6.3) gives

Ay~ X0 <_$12x2 —x%) |

7 12

We see, then, that

2 _ .2
2r1792 5 — 2]

Vu(z) —w(z)Alz) = 3 ; pg(p) dp

3 — 1} —2r120

1 (" 2cosfsin®  sin?6 — cos? 0
=2 pg(p) dp

r2 sin?6 —cos26  —2cosfsin

in polar coordinates. This is C*° in 0 and is as smooth in r as p allows, but is in any case
always at least Lipschitz continuous. (Across the boundary of a classical vortex patch, for
instance, it is only Lipschitz continuous.)

As simple as this example is, it provides useful insight into how w(t) and A(t) combine to
cancel the singularities in Vu. In particular, it highlights how the matrix A has no direct
dependence on the magnitude of w, only upon its irregularities as described by Y. So the same
pattern of irregularities in the initial vorticity would yield the same A(0). For a nonstationary
solution A(t) would, of course, evolve in a way that depends upon the magnitude of w at
time zero.
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7. PERSISTENCE OF REGULARITY OF A VORTEX PATCH BOUNDARY

We now prove Theorem 1.1 using Theorem 1.2, first reformulating the vortex patch problem
using level sets as in [2]. We take ¢g € C*(R?) such that

¢o(l’) >0 in €,
¢o(x) =0 on 0N and inf |[Veo(z)| > 2¢> 0.
z€0N

We will be applying (1.18) of Theorem 1.4 with the closed set ¥ = 0f.
Let Yy = V1t € C* and note that Yj is tangential to 9Q and |Yp| > ¢ > 0 on N, (99)
for some §g > 0, since 0f2 is compact. Also, formally,

diV(CU()Y()) =wodivYy+Vwy - Yy =0+ Vwy - Yy = 0.

More precisely, let ¢ be any test function in D(R?). Then

(div(woY0), ©) = —(wo¥o, Vig) = — /Q

onO-ch:—/Yo-chz/divYocp:O.
Q Q
The integration by parts is valid since Yj lies in C%(2) € L2(2) and divYy = 0 also lies
in L?(Q) (see, for instance, Theorem 1.1.2 of [25]), the boundary integral vanishing since
YO -n =0.

Let ¢(t) be ¢ transported by the flow map, so that

Otp+u-Vo =0.
Applying V* to both sides of this equation gives
Vo4 u-VVte=Vie. Vu.
Comparing this to (4.4), we see that Y (t) = V1¢(t). Since Y(t) € C% by Theorem 1.2
applied with ¥ = 9Q, we have ¢(t) € C1T. Then, because 9Q; remains a level set of ¢(t),

Y (t) = V4(t) is tangential to dQ. Hence, the boundary of the vortex patch remains in
C*e. (This argument also proves (1.18).)

8. AN EXTENSION OF SERFATI’S RESULT

It is actually slightly easier to prove a more general form of Theorem 1.2, making assumptions
on the initial data using a family of vector fields, much as Chemin does in [7]. At the expense
of a little extra bookkeeping, the decomposition of the vorticity into “good” and “bad” parts
is no longer needed, and all the associated estimates in Section 5.4 go away.

We start with a family Yy = (YO()‘)) e of vector fields in C%(R?) and define, for any s € R,
A
1F00)lor = sup | £ (v5))|
A€A

I(Yp) := inf sup ‘Yb(/\)(x)‘ .
z€R? \eA

Cs(R2)’

Here, f is any function on vector fields (such as the divergence) and we define
%) = (™))

When || f(Yp)||os < 0o we say that f(Yp) € C°.

AEA
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Then, in place of (1.8), we assume that

wo € (L' N L*)(R2),
1Yollga < 00, I(Yp) >0,

8.1
diV(WOYO) S Cail, ( )
divYy € C*.
We define the pushforward of the family, Yy, by
Y1) = (YO )her, YO(tn(t,0) = (v (@) - V)(t,2). (82)

Then the first part of Theorem 1.2 holds with these new assumptions, reproducing, as we
show in the next section, the result of Chemin in [7]:

Theorem 8.1. Suppose that wy is such that the conditions in (8.1) are satisfied for some
family of vector fields Yy. For the unique solution w in L>®(R; (L' N L*°)(R?)) to the Euler
equations in vorticity formulation (1.2), the bound in (1.11) (with Y as in (8.2)) holds, as
do (1.13) through (1.16) and (1.18).

Proof. We outline only the changes that are needed to the proof of Theorem 1.2 given in
Section 5, as well as the preliminary transport estimates in Section 4.

In place of the Y., R. vector fields corresponding to the mollified initial vorticity, we have
entire families,

Vo= (YM)aen, Re=(R™M)en.

The calculations in Section 4 now apply to each Yg()‘)7 9). Lemma 4.2 then gives a C“
bound on the family Ry, and Lemma 4.3 bounds ||div(w:Yz)||ca-1-
Sections 5.1 and 5.2 require no changes. The estimates in Section 5.3 are now done for

each Yg(’\), and (5.11) become bounds on whole families. Also, (5.8) becomes a lower bound
on I(Yz).

In Section 5.4 the initial decomposition in (5.12) of the second term in V. is unchanged, as
is the estimate of the second part. We no longer make a decomposition of the initial vorticity
as in (5.15), for that is the purpose of the family of vector fields, Y.. What remains, then,
is the estimate of the matrix B without a cutoff function; that is, with B = V[, VF] * we.
To estimate B at x € R?, we choose arbitrarily any A € A such that (5.18) holds at  with

YO(A) in place of Yy and ¢ = I(Yp); this is always possible by (8.1)2. This leads to the same
estimate on B as in (5.20), where now Y; and R, are families of vector fields.
Sections 5.5 and 5.6 proceed with no significant changes, except that the estimates now

apply to families of vector fields. O

To obtain the second part of Theorem 1.2, (1.17), and Theorem 1.5, we must strengthen
the assumptions on the vector field, Yy, giving more uniform-in-space control on it than the
restriction that I(Yy) > 0. For this purpose, we define, for any A € A,

Uy ={z eR2: YV (@) >} (8.3)

with 0 < ¢ < ¢:= I(Yp). Each U, is open since it is the inverse image of an open set under

the continuous map, |Y0(>‘)|. There always exists a countable partition of unity, (©p)nen, for
which supp p,, C Uy for some A € A (see Theorem 13.10 of [26]). We require that such a
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partition of unity exist for some ¢’ € (0,¢) with the further property that

I' ((¢n)nen) = sup Z [enllga Lsupp p, (%) < 00 (8.4)
z€R? neN

This condition rules out families of vector fields, Yy, having members whose magnitude drops
arbitrarily quickly from c¢ to 0.
With this added assumption, we have Theorem 8.2.

Theorem 8.2. With wy as in Theorem 8.1 and adding the condition in (8.4), we have (1.12)
and (1.17), as well as the conclusions of Theorem 1.5.

Proof. We need only show that (1.12) holds, for the remaining facts follow from it and (1.11),
which we established in Theorem 8.1.
Returning to Section 6 we employ our partition of unity to piece together A.. We do not

make the decomposition of Vu, using the cutoff function x. Instead, we construct an AE”)
corresponding to ¢, (n-1)Vu. in the same manner that A. was constructed for x(nz!)Vu,
in Section 6. We then let

A= pa(nzhAM
neN

and note that we have a doubly exponential in time bound on HAg") | o (52 (supp o)) Uniform
in n and e. The regularity of A and Vu — wA in (1.12) along with the bound in (1.17) then

follow from an application of Lemma 8.4 with 1, = ¢, on-! and f, = Aén). We can do this
since

r ((wn)neN) < anngzoo r ((‘Pn)néN)
by (24)1 ]

Remark 8.3. Observe how in the proof of Theorem 8.1 we had no need of a partition of
unity when treating the matriz B since the reqularity of B was not at issue.

Lemma 8.4. Let (¢n)nen be a partition of unity and let (fn)nen be a sequence of functions
in C*(R?). Then

sup ¥n fn

neN

<3 (1 +1 (('¢n)n€N)) sup anHCa(suppl/)n) :
Co(R2?) neN

Proof. Let
F =Y tufn, Kn=suppty.
neN
First observe that

[E[l oo < sup [ full oo (x,.) -
neN

so it remains only to bound the homogeneous norm.

Let ,y € R%. There exists two finite sets, N = {n1,...n;} and M = {m,...,my} such
that the only elements of (¢, ),en not vanishing at = have indices in N and the only elements
of (¢n)nen not vanishing at y have indices in M. Defining

An(a.y) = Gnfn)(@) = (Unfa) ()

|z —y|*

)

there are four cases.
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If n € N and n € M then
[Yn(@)(fn(@) = Fu@)] | [fn(@)(Wn(@) — ¥n(y))]

|z —y|* |z —y|* (8.5)
< n(@) [[fnll o,y T 1¥nllee [l Lok, -

If n¢ N and n ¢ M then A,(x,y) =0.
If n € n but n ¢ M then

Y (@) fn(@)] _ |(dn(2) = Pu(y)) fu(@)]
Ap(z,y) = o = a < [¥nllga lfrll Lo
( ) ’w__y’ ’w__y’ H HC H HL (Kn)
and the same inequality holds for n ¢ N but n € M.
Thus, (8.5) holds for all four cases.

‘An(xﬂﬁ S

Then,
F(x)— F(y
‘A(xvy):::L4£4l447§4M'§ j{: ‘An(xvy)
|z —y] neMUN
< 25D | full o1, + 259D || full o 1, 7' (¥0):
neN neN
from which the stated bound follows. OJ

9. EQUIVALENCE TO CHEMIN’S VORTEX PATCH RESULT

Using our notation, Chemin in [5, 7] makes the same assumptions on the initial data as those
in (8.1) except that in place of (8.1)3 he assumes that Yy - Vwy € C21. We show in this
section that the assumptions of Chemin and Serfati are, in fact, equivalent, and that both
are equivalent to assuming that Yy - Vug € C“. We state this more precisely as follows:

Proposition 9.1. Assume that wy = curlug satisfies (1.8)124 or (8.1)124. Then
Yo Vwg € C*1 <= div(wpYp) € C¥ ! <= Yy - Vug € C°.
Proof. Since wgdivYy € L' N L*> and
Yo - Vwg = div(woYp) — wo div Yo,

the first equivalence is immediate in light of Lemma 9.2, which we prove below. (This
equivalence continues to hold with the weaker assumption of Remark 5.1; in fact, div Yy € L™
is sufficient for this equivalence to hold.)

We have already shown that div(woYp) € C*~! = Y- Vug € C%, since Yy - Vug € C% is
(1.15) at t = 0. We complete the proof by showing that Yy-Vug € C% = div(woYp) € C*7L.
We will do this only in the setting of the more general assumptions in (8.1), though there is
a clear analog to those in (1.8).

So assume that Yy - Vug € C* and that (8.1); 24 hold. Let Y = YO(’\) be any element of Yy
and let Uy be as given in (8.3). Then on Uy we can write Vug as

Vel YL vl B
Vio=uo (v ¥4 (v v = (Vo T o v

Now, Y - Vu(l) and Y - Vug both lie in C', so using divug = 0 and wy = 811% — fbu(l) € L™,
we have

Vug - Y+ = —01udY? 4 dou Yt = 0udY? 4+ 01udY — oY =Y - Vg — woY?t € L™,
Vud Y+ = —01udY? 4+ 00udY! = woY? — 0huY? — 01ulY! = woY? — Y - Vg € L™,
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Also,

(v YY) =|(v v <o
This shows that

940l e 1) < C YT [IY - Vtoll oy + il 1Y Nl oy | o)
< () [ I% - Tuollge + lwill e [Yolla |-

We conclude that Vug € L>(R?).
The result now follows immediately from Corollary B.3, though this corollary requires

regularity of wg, so an approximation argument, which we leave to the reader, is required.
O

Lemma 9.2. For all 5 <0,
(L' N L®)(R?) C CP(R?).

Proof. Let B € (—1,0) and f € (L' N L>°)(R?). From Lemma 8.1 and Proposition 8.2 of [21],
K x f is log-Lipschitz and so lies in C'T#(R?). But then

f=curl(K % f) = —div(K  f)*
is the divergence of the C1*P-function, —(K * f)*, and so lies in C#(R?). O

In both [7] and [22], (4.4) is used to bound |[Yz(t)|[ca (or || X¢x|ly. in [7]) which leads
each author to bound ||z - Vae||pa. Serfati does this” using Corollary B.3, introducing the
quantity div(w.Yp), which is transported by the flow and can be uniformly bounded in C*~!.
Chemin does this on p. 101 of [7]. Since div(w:Yz), we, and divY; are each transported by
the flow, it follows that Yz - Vw, = div(w:Yz) — we div Y- is also transported by the flow, and
it turns out that it too can be uniformly bounded in C*~!'. The two proofs diverge sharply
in how they manage all the estimates that result, but this dichotomy of choice in what is to
be transported is the origin of the difference between both their initial hypotheses and their
end results.

The condition Yy - Vug € C* has a precise geometric interpretation: the initial velocity has
C'*e_regularity in the direction of Yy, and this regularity persists over time. The condition
Yy - Vwy € C*1 does not mean that wy has C®regularity in the direction of Yp, except in a
loose sense, and the condition div(wgYy) € C®~! or Serfati’s original form of this condition
that K * div(woYp) € C“ are hard to interpret.

Using the condition Yy - Vug € C¢ also allows one to view the result of Chemin in [7] as
an extension of the well-posedness of the Euler equations for ug € C'T® (as in Chapter 4
of [7]), showing that such regularity in one direction is sufficient and will persist over time.
The constants ¢, and Cy, of Theorem 1.2, however, do not depend only upon [|Yy - Vug||ca,
since if nothing else they also depend upon |lwg||;1470- To have well-posedness in the sense
of Hadamard, then, would require a definition of the proper functions space and a closer
evaluation of the manner in which ¢, and C, depend upon wy and Yj.

2Rather, this is our interpretation of what he is doing, as the expression for Y (z) - Vu(z) in Corollary B.3
never appears in [22].
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10. EXAMPLES SATISFYING THE HYPOTHESES OF SERFATI’S THEOREM

We have already seen in Section 7 that a classical vortex patch satisfies the hypotheses of
Theorem 1.2 in (1.8). The following are some additional examples:

(1)

(2)

Suppose that wy € C*(R?). Then choose ¥ = () or choose Yy to be any nonzero
constant vector on ¥ = R? with woYy € C%(R?) so div(woYp) € C* H(R?); either way,
(1.8) is satisfied.

Let ¥ = 09, where Q is a bounded domain having a C'T® boundary. Let wy = flg
for f € C%(Q) with f|sq = 7, v being a constant. Choose ¢y and Yy = V+¢y as for
a classical vortex patch (see Section 7). Now, wy — v1lg and Y both lie in C?, so
div((wo — v1a)Yo) € C*L. But,

div((wo — v1q)Yp) = div(weYp) — v div(1qYs) = div(we o),

since we showed that div(1oYy) = 0 in Section 7. Hence, (1.8) holds and 0 will
remain C11¢ for the same reason as for a classical vortex patch.

A finite sum of classical vortex patches or vorticities as in Example 2 as long as their
boundaries are disjoint. The boundaries will remain C1*.

Let ¢g € C(R?) with |[Vg| > ¢ > 0 on all of R? have level curves each of which
crosses any given vertical line exactly once. Let Yy = V1t¢g. Then Yy € C%(R?),
div Yy = 0, and its flow lines are level curves of ¢g. Yy describes a shear flow deviating
in a controlled way from horizontal. Define f,, (z2) so that the flow line that passes
through (x1, fu, (z2)) also passes through (0, z2).

Let W: R — R be any measurable bounded function supported on some nonempty
bounded interval [¢,d]. For some fixed L > 0 let

wo(z1,72) = L_p, (1) W (fa, (z2))
and let

Y= {(xlva): ($17fx1 (‘732)) € [_L’ L] X [Cv d]}

Observe that wg has the same level curves as ¢g, which are all in C'+,

Now, (1.8)1,2 are clearly satisfied. Also, formally, div(woYy) = Vwy-Yo+wp divYy =
0, and we can verify this as for a classical vortex patch.

Because ¢p and wg have the same level curves and level curves are transported
by the flow, ¢(t) and w(t) have the same level curves for all time, where ¢(t) is ¢
transported by the flow. We conclude from (1.18) that all the level curves of w remain
C1*2including the top and bottom boundaries of suppw(t). That is, extreme lack
of regularity of wg transversal to Yy does not disrupt the regularity of the flow lines.

Any vector field satisfying (1.8) or (8.1) plus a C®(R?) vector field. Because this does
not require the choice of the vector field or family of vector fields Y to change, if Y} is
divergence-free then (1.18) will continue to hold. In particular, we conclude that the
initially C'*® boundary of a classical vortex patch remains C'T® even if the initial
vorticity is perturbed by a C%(R?) vector field.

APPENDIX A. PROOFS OF LEMMAS

In this section we prove the lemmas stated in Section 3.
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A.1. Proof of Lemma 3.1. Let

so that
EET = (det E)I, MF = (det M)I,
I being the 2 x 2 identity matrix. Therefore, B can be expressed as
_ EETBMF
det(ME) -
We now compute EZBM. Let B = (B;;). Then,

a’Bi1 + acBya + acBay + ¢?Bos abB11 + adBi2 + bcBay + cdBaa
—acBy1 — ?Bis + a2Boy + acBas  —bcBy — ¢dByg + abBay + adBas

= (l”)

Since B is symmetric, we have
a\’ a A a —\" a
= (o) 2 () = () 2 () m= () (),
d\" a
log =det M tr B — (—b) B (C) .
Therefore, we can rewrite ET BM as
(a T a b\ a
B B
e[ G 26) (@) 2C) )0 o
E"BM = <_C>T ( J 0 detMtrB)
B
a c
Going back to (A.1), we obtain
a\" a »\ " a
B E <c) B<c (d) B(c) Fa tr B ?  —ac
"~ det M det E —c T a d T a det £ 2
B B
a c —b c

E (((a,c)-BMl (b,d)-BMl)F+ tr B (02 —ac>.

(A1)

ETBM = <

S
N———

~ det M(a? + ¢2) \(—¢,a)- BMy (d,—b)- BM; 2+ 2 \—ac a?
Because the matrix norm in (2.1) is sub—multiplicative
. B] (0,0 B ()00 | 0Bl £ )
= det M (a2 + ¢2) |\(—c,a) - BM; ( — T2 e
But, as we can see from (2.2),
B = (@® + A2 |F] < (@® + 0 + 2+ d)'2,
and, also applying the Cauchy-Schwarz inequality,

( (a,c)- BMy  (b,d)- BM; )
(—c,a)- BM; (d,-b)- BM;

<V2(a® + 0?4 & + d*)'? | BM,| .

1/2
< V2 (|(a,0)*|BM[ + (b, ) | BM )
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Hence, applying (2.2) one final time,

\@(QQ + V% + * + d?) | M|
|det M| (a2 + ¢2)1/2
(a® + 0% + ¢ + d*)!/?

<V?2

<V2 |det M |

1B| < |BM,| + |tr B

M M
’ |’BM1’+|trB‘§2|d’et]14’ |BM1|+‘tI‘B’.

A.2. Proof of Lemma 3.2. We need to show that
[ 216 - s d = [ 1216 - 100)] 0

We set h = |z — y| and write
[r@a18G) - @) d: = [ L2 16 - f0) ds
— [ MA@ -f@ld- [ Leale) - S d
|lz—z|<2h |z—

< CILIL N e |z —yl* -

+

/ L@, 2) [f(2) — f(@)) dz / Ly, %) [f(2) - £(y)) d=
lx—z|>2h |z—z|>2h

=: 1+ IT + III.
We first estimate I by
i</ L@l 1) = 7@l
|lz—2z|<2h |.’L‘ - Z|
< fllge / (L@, ) o — =) o — 22 dz
|lz—z|<2h

) _
< Clfllg 1L, o — 2|7 dz < Ca™ || L, (| fll e R
|lz—2|<2h

If | — z| <2h and |z — y| = h, we have |y — z| < 3h and thus
| <c

/|_ <o L(y,2) [f(2) = f(y)] dz| < Ca M |IL|, || fll g h™

To estimate III, we decompose it further (using (3.1)) into

I = [f(y) - f()] / L(z,2) ds + / () — F @) (L, 2) — L(y, 2)) d=

|z—z|>2h lx—z|>2h
=: I1I; 4 IIl,.
We immediately have that
L[ < Hcha/ o — 2|*7 dz < Ca M ||L|, || fllow P
x—z|>2h

We finally estimate IIl,. Since
|L(z,2) — L(y,2)| < |VL(Z,2)| |z —y|, Z=ty+ (1—1t)z, for some ¢ € [0,1],
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we have

L, < / 1F(2) = F)) (Lla,2) — Ly, 2))| d=
|x—z|>2h

< / F(2) = FW)| VL@, 2)| o — y] d=
|x—z|>2h

:h/ |f(z)_f(y)|(\V$L(3ﬁ,z)H§:—z]3 ’y_z|04 dz
|x—z|>2h

ly — 2" 1z — 2|3
ly — 2|* 1
<L, I fllga P ——5dz < C| L[, [ fllca B 3 dz
|z—z|>2h |T — Z| |z—2|>h |T — 2]

< C=a) LI, Iflle b,

where we used the inequalities |2 —y| < (1—t) |z —y| < hand |T — 2| > |z — z|—t|lx —y| > h
to obtain |y — z| < |Z —y| + |Z — 2| < 2|% — z|. Collecting all terms, we have (3.2).
Finally, if (3.3) holds then [g, L(-,2)f(-) dz = 0, and (3.4) follows from (3.2). O

A.3. Proof of Lemma 3.3. In light of Lemma 3.2, we need only bound the corresponding
L norms. We have,

v [ 166 - 10 0

o>

< oo |1 L(zx, —z|%d
<flewfim [ el el

lim / |z — 2|*"% dz
h=0 J B, (2)CNB1(z)

< Ca 'Ll 1 fllga -

+2 ||f”Loo sup ||L($, ')”Ll(Bl(x)c)
zER?

Lge

< LA A Nl e 2Ll (1]l oo

Lge

A.4. Proof of Lemma 3.5. Suppose that div Z € C*~}(R?) with Z € L°>°(R?). We have,
VF xdivZ = m(D)div Z = n;(D)Z",
where m and n;, i = 1, 2, are the Fourier-multipliers,

_ £ _ &g
m(f) - ’£|27 n(g) |§|27

up to unimportant multiplicative constants. We can thus write V. Fxdiv Z using a Littlewood-
Paley decomposition in the form,
VFxdivZ =Y Aym(D)divZ=A1ni(D)Z' + > Ajm(D)div Z, (A.2)
j>-1 Jj=0

where A; are the nonhomogeneous Littlewood-Paley operators (dyadic blocks). We use
the notation of [1] and refer the reader to Section 2.2 of that text for more details. The
sum in (A.2) will converge in the space S'(R?) of Schwartz-class distributions as long as
div Z € S§'(R?).

Now, for any noninteger r € [—1, 00),

sup 277 [|A; £l o
j>1
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is equivalent to the C" norm of f (see Propositions 6.3 and 6.4 in Chapter II of [8]). Also,
1Am(D) fll e < C27 A fll e s 1A-1ni(D) fll oo < C I f o

for all 7 > 0 and i = 1,2. The first inequality follows from Lemma 2.2 of [1] because m is
homogeneous of degree —1. The second inequality follows by a direct calculation, using only
that n; is bounded.

Hence,

IVF 5 div Z||ce < ||A—1ni(D)ZY|| oo +sup27® |Ajm(D) div Z|| ;o
Jj=0
<O\ Z||poo 4 sup 22V || A div Z|| o
7>0

< C|Zl| + C |ldiv Z] gocs

which gives the second inequality in (3.6).
Conversely, assume that v := V.F x div Z € C%(R?). Then,

divv = AF xdivZ = div Z.

Therefore, we conclude that div Z € C*~'(R?) and obtain the first inequality in (3.6). O

APPENDIX B. CALCULATIONS INVOLVING Vu

Recall from Section 2 that Vu = Du, the Jacobian matrix of u (rather than its transpose, as
it is sometimes defined).

Lemma B.1 is a standard way of expressing Vu; it is, in fact, the decomposition into its
antisymmetric and symmetric parts. It follows, for instance, from Proposition 2.17 of [21].
In Lemma B.2, we inject the C'*-vector field Y into the formula given in Lemma B.1; the
expression that results lies at the heart of the proof of Theorem 1.2, via Corollary B.3. Finally,
Lemma B.4 justifies switching between two ways of calculating principal value integrals. We
leave the proofs of Lemmas B.2 and B.4 to the reader.

Our applications of these results are to our approximate solutions, which lie in L' N C*.

Lemma B.1. Let u be a divergence-free vector field in (L' N C°°)(R?) with vorticity w. Then
-1
Vu(z) = w(;) <(1) 0 ) + p. v./VK(a: —y)w(y) dy,

where K = V+F is the Biot-Savart kernel. The first term is the antisymmetric, the second
term the symmetric part of Vu(z).

Lemma B.2. Let w € (L' N C*)(R?) and let Y be a vector field in C*(R?). Then

w(zr) (0 —1 .
p.v./VK(x —y)Y(y)w(y)dy = —(2) <1 0 ) Y (z) 4+ [K * div(wY)] (),
where K = V+F is the Biot-Savart kernel. Alternately, if for j = 1,2 we let i = 2,1 then
, —1) , A
v [ VEI = )Y () (o) dy = 5w @)V ) + (K7« i) 0),

The following is a corollary of Lemmas B.1 and B.2.
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Corollary B.3. Let w € (L' N C*)(R?) and let Y be a vector field in C*(R?). Then
Y(z)-Vu(z) =p.v. / VE(z —y) [Y(z) = Y(y)]w(y) dy + [K * div(wY)] (z),
where K = V+F is the Biot-Savart kernel. Moreover,

Hp. v [ VEG@- 9 V@) - Y@l

< CV@) Y llgw s
Co

V(w) being given in (3.5).

Proof. The expression for Y (x)-Vu(z) follows from comparing the expressions in Lemmas B.1
and B.2. The C*-bound follows from applying Lemma 3.3 with the kernel L3 of Lemma 3.4.
O

Lemma B.4. Let f € C?(R?) for f > 0 be such that V(a,K)% f(x) is defined for some
r >0, z€R% Then

V(e K)* f(z) = lim V(pr K) * f(2).

APPENDIX C. ON TRANSPORT EQUATION ESTIMATES

Together, Lemmas C.1 and C.2 justify our use of strong transport equations in obtaining
estimates in the C“-norm of the transported and pushed-forward quantities. First, the initial
data is mollified using a mollification parameter § independent of e, the strong transport
equation estimates are made, then ¢ is taken to zero. This is all while € is held fixed.
Lemma C.1 is used to obtain the C*-bound on div Yz(¢) (leading to (1.13)), while Lemma C.2
is used to obtain the C*-bounds on the vector fields, Yz(¢), R:(t), and Yz - Vuc(t).

The proofs of Lemmas C.1 and C.2, which are left to the reader, employ only (2.4); 2,
the boundedness of V- 1(t) in L™ over time (for fixed ¢), and the convergence in C® of a
mollified function to the function itself.

Lemma C.1. For fo € C®, let
ft,z) = folnz ' (t,x)),
FO(t,x) = (ps * fo) (' (¢, 2))
for § > 0. Then
£ = fllzso(o.r7.02) = 0 as & — 0.
Lemma C.2. Let Y. be as in (/.3), so that
Yo(t,ne(t,2)) = Yo(x) - Vne(t, z).
Define Yg((s) by
YUt (t,2)) = (ps + Yo) () - Vire(t, ).
Then

VD — Yo e (o.17:0) — O as 6 — 0.
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