STRIATED REGULARITY FOR THE EULER EQUATIONS

HANTAEK BAE AND JAMES P KELLIHER

ABSTRACT. In 1991, Chemin proved that vorticity possessing negative Holder regularity in
directions given by a sufficient family of vector fields (striated regularity) maintains such
regularity for all time when measured against the push-forward of those vector fields under
the flow map for a solution to the 2D Euler equations. We give an alternative proof, in 2D
and 3D, largely following an approach of Ph. Serfati 1994, and establish the propagation of
striated regularity of the Lagrangian velocity.
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1. INTRODUCTION

The Euler equations in velocity form (without forcing) on R, d > 2, can be written,
ou+ (u-V)u+Vp =0,
divue =0, (1.1)
u(0) = uyp,
where u is the velocity field, p is the pressure, and ug is the divergence-free initial velocity.
These equations model the flow of an incompressible inviscid fluid.

‘Throughout this paper we fix a € (0, 1). ‘

The fundamental well-posedness (though not in the sense of Hadamard) result in Holder
spaces is given in the following theorem:

Theorem (Lichtenstein 1925, 1927, 1928; Gunther 1927, 1928; Wolibner 1933). Assume
that ug € C’l’o‘(Rd), d = 3. There exists a unique solution to the Fuler equations with
u € L>®(0,T;CY) for some T > 0. When d =2, T can be taken arbitrarily large.
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The 3D result goes back to papers of Lichtenstein and Gunther [15, 16, 17, 18, 9, 10, 11],
the 2D result is due to Wolibner [24]. We mention also Chemin’s proof in [4].

In this paper, we will show that, in fact, such well-posedness can be obtained assuming
C1@ regularity of the velocity only in directions given by a sufficient family of vector fields. To
describe this result, we first need to review the vorticity formulation of the Euler equations,
introduce the flow map associated to the Eulerian velocity along with the pushforward of a
velocity field by the flow map, and define some function spaces on families of vector fields.

We define the vorticity in any of three different ways as follows:

d=2: w=w(u):=0ou?— dut,

d=3: & =d(u):=curlu,

d>2: Q=Qu):=Vu— (Vu);
Q) = ol — Ojuk.

(1.2)

When working exclusively in 2D, it is always most convenient to use the first definition.
Even specialized to 3D, most of our computations are more easily accomplished using the
third definition than the second. When we express results or give proofs that apply to
all dimensions d > 2 we will use the third form; when specializing to 2D we will use the
first. A similar comment applies to the expressions that appear below in (1.3) and (1.4),
Propositions 4.1 and 4.2, and Corollary 4.3.

Taking the vorticity of (1.1)1, we obtain the vorticity equations,

d=2: Jw+u-Vw=0,
d=3: & +u-Vid=a-Vu, (1.3)
d>2: Q+u-VQ+Q-Vu=0.

To turn (1.3) into a vorticity formulation, the velocity is recovered from the vorticity
using the Biot-Savart law. Letting Fy be the fundamental solution of the Laplacian in R?

(AFy4 =9), we can write this as
d=2: u=K#*w, K :=VtFy = (=02F,01.F), (1.4)
d>2: W =Kk«Ql Ky:=VF, '

where here and in all that follows we implicitly sum over repeated indices. For d = 2, 3,

1 1 =z 1 2t
(1.5)
1 1 =z
g — K —_
where zt 1= (—x2, 21).
Suppose that u is sufficiently regular that it has a unique associated flow map 7,
om(t,x) =u(t,n(t,x)), n0,z)=umx. (1.6)
Let Yp be a vector field on R? and define the pushforward of Yp by
Y(t,n(t x)) = (Yo(z) - V)n(t, z). (L.7)

This is just the Jacobian of the diffeomorphism 7(¢,-) multiplied by Yy. Equivalently,
Y(t,) = n(t).Yo(t, ) = (Yo(n~L(t,2)) - V)(t, (¢, 2)).
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For a d x d matrix M, let cofac M be its cofactor matrix; thus, (cofac M); = (—1)"* times
the (7, j)-minor of M (the determinant of the (d—1) x (d — 1) matrix formed by removing the
i-th row and j-th column). For any Y7,---,Y;_; in R?, we define A;4Y; to be the vector, Z,
appearing in the last column of the cofactor matrix,

cofac (Y1 y?2 ... ydl Z).

Note that the last column of this cofactor matrix depends only upon Y!,... Y91 so this
uniquely defines Z. (There are various equivalent ways to define A;-4Y;, as, for instance, in
[6].) Specifically, in 2D and 3D,

Ni<2Y; = Y1J' = (_Y127Y11)7
Ni<3Y; = Y1 x Yo,

Let Y = (YM)\ep be a family of vector fields on R? indexed over the set A. For any
function f on vector fields (such as div), define

— ()
F@)=(Fr™)
For example, if Q is as in (1.2), then for j,k=1,...,d,
div(QlY) = (div (Qi(ﬂ”)))
For any Banach space, X, define
1) lx =sup | £ (Y)
AEA

When || ()|l x < oo we say that f()) € X. Define,

AEA
.

d=2: I(Y):= inf sup Y(A)(IL‘)},
z€RZ \cA
(1.8)
d>2: I()Y):=min< inf sup ‘Y()‘) (x)
z€R? \eA

, inf sup ‘/\j<dY(>‘j)(az)‘ .
z€RY Ny, Ag_1€A

We define the pushforward, ), of the family )y by

V() = (Y hen, YO0t 2) = (@) - V)n(t, @), (L9)
We call Yy a sufficient C* family of vector fields if
W € Ca, div)y € Ca, and I(yo) > 0.

We will see that the pushforward, Y(t), of My will remain a sufficient family for all time for
d = 2 and for short time for d > 3, though the bound on I(Y(t¢)) will increase with time.

We can now state our main results, Theorems 1.1 to 1.3. We note that Theorem 1.1
precisely states the well-posedness of the Euler equations assuming C1® regularity of the
velocity only in directions given by a sufficient family of vector fields.

Theorem 1.1. Let )y be a sufficient C® family of vector fields in RY, d > 2. Assume that
Qup) € L' N L=®(RY) and Yo - Vug € C%. Then for some T > 0, T being arbitrarily large
when d = 2, there exists a unique (see Remark 1.8) solution to the Euler equations, with
Y- -Vue L>®(0,T;C%). Moreover, we have the following estimates:

IVu(®)|l e < c2e, (1.10)

cit

1Y)l e < ez, (1.11)
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Idiv Y (#)ll e < [Idiv Vol e e, (1.12)
1 div( V) (B)lcar < e3¢V K, (1.13)
1V Vut)| pa < cac™, (1.14)
(1.15)
(1.16)

— cqt
Vo)l pes > 1V l(t)HLoo < et

cyt

IY)(t) = I(Vo)e
Here,
g, cy 1= %, c3 = _c , Cqr= ¢ .
a « a(l —a) a?(1—a)
The constant C = C(ug, Vo) depends on ug and Yo; specifically, on ||Qo|| p1qp0> |Vo - Vol ca s

1Vollcas 1div Yollgas 1(D0)"t. In each case, C increases with each of these quantities. In
3D, c1 through cy4 also have an additional dependence on T.

Cc1 =

Theorem 1.2. [Serfati [22] (in 2D)] Let u be the solution given by Theorem 1.1 for d = 2.
There ezists a matriz A(t) € C*(R?) such that for all t >0,

c1e€ t
IA®) o s [Vu(t) = w®)A®) oo < cse™ ", (1.17)
where ¢1 1s in Theorem 1.1 and
o — C(uo, o)
DT a1l — )t

When d = 3, the same result holds, though now we have A(t)X(t) in place of w(t)A(t). In
3D, c5 also has an additional dependence on T'.

Theorem 1.3. Let Y be a sufficient family of C vector fields and Q € L' N L>®(RY). Then

Y-VueC¥ < div(wy) e C** d=2, (1.18)
V-VueC® — div(hy) e Co 'V k d>2. ‘

Theorem 1.3 is very close to Lemma 4.6 in Fanelli’s [7], and indeed follows from that lemma
combined (for the forward implications) with Proposition 6.2, below—see Section 6. The
backward implications in (1.18) are implicit in the proofs in [2, 3, 4, 22, 6] (see Remark 1.7).

Theorem 1.3 allows us to rephrase our striated regularity results in Lagrangian form. Define
the Lagrangian velocity,

v(t,z) == u(t,n(t,x)).
A classical calculation using the chain rule gives, for any Yy € ),
Yo(x) - Vo(t,z) = (Y - Vu)(t,n(t, ).
Thus (see (2.5)),
1Yo - Vo@)llga < 1Y - V) @)l ge V(@) 700 -

As a simple corollary of Theorem 1.1, then, we see that the striated regularity of the La-
grangian velocity is propagated over time:

Corollary 1.4. Making the assumptions in Theorem 1.1, Yy - Vu(t) remains in C% for all
time in 2D and up to time T for d > 3.
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The equivalence of striated regularity of the initial vorticity and velocity in Theorem 1.3
yields an immediate proof of Theorem 1.1 when combined with the following two existing
results for the propagation of regularity of striated vorticity.

Theorem 1.5. [Chemin [4]] Let Yy be a sufficient C family of vector fields in R?. Assume
that w(up) € L' N L®(R?) and div(wodo) € C* L. (The negative Hélder space, C*, is
defined in Section 2.) Then there exists a unique global solution to the Euler equations, with

div(w(t)Y(t)) € L2 ([0, 00); Co‘_l).

loc

Theorem 1.6. [Danchin [6]] Let Yo be a sufficient C* family of vector fields in R, d > 3.
Assume that Q(ug) € L' N L¥(R?) and diV(Qi(uo)yo) € C Y (RY) for all j, k. Then for
some T > 0 there exists a unique solution to the Euler equations, with div(Qi(u(t))y(t)) €
L>(0,T;CY) for all 5, k.

Remark 1.7. As part of the proofs of Theorems 1.5 and 1.6 in [4, 6], it is shown that
Y- -Vu € L*(0,T;C%). Some form of all the estimates stated in (1.10) through (1.16) are
also obtained, some implicitly, though the specific dependence on « is not noted.

Remark 1.8. For uniqueness in Theorems 1.1 and 1.6 for d = 2 and in Theorem 1.5, the
condition that w € L°(0,T; L' N L>°) suffices, by Yudovich [25]. For higher dimension,
a uniqueness condition that suffices for Theorems 1.1 and 1.6 is that w € L*°(0,T; Lip) N
C(0,T; H'), as established in [6]. The family Y itself clearly cannot enter into any uniqueness
criterion.

The 2D striated regularity result was first proved by Chemin in [2, 3]. Serfati in [22] also
obtained the equivalent of Theorem 1.5, using a different approach, and gave the 2D version
of Theorem 1.2. In each of these works, the initial vorticity was assumed to have striated
regularity in a portion of the plane as described by a single non-vanishing vector field, and
to have C“ regularity elsewhere. The use of a family of vector fields to characterize striated
regularity throughout the plane was a later refinenement of Chemin: we give in Theorem 1.5
the result as it appears in [4]. (The use of a family of vector fields adds some bookkeeping
to the proofs, but the heart of the matter was already addressed in [2].)

In dimensions 2 and higher, Theorem 1.6 is as stated (essentially) in [6] (recently extended
to nonhomogeneous incompressible fluids by Fanelli in [7]). See also [8, 21, 12].

We give proofs of Theorems 1.5 and 1.6 following Serfati’s approach to 2D Euler in [22].
The proof is self-contained in 2D, though in 3D we use an estimate on vortex stretching in
dimensions 3 and higher from [6]. We present the full details in 2D, but just outline what is
different in the higher-dimensional argument.

We close this introduction by observing a simple consequence of Theorem 1.2: the local
propagation in 2D of Holder regularity stated in Theorem 1.9.

Theorem 1.9. [2D] Let wy, Yy be as in Theorem 1.2. If wg € C*(U) for some open subset
U of R? and o € [0,1) then w(t) € C*(Uy) for all t, with

acpeflt

lw(®llcaw,y < lwollgaqye ) (1.19)
where Uy = n(t,U). Further,

cyt

IVt gy < 5 (1 + ||W0”ca(U)) e

The constants ¢1 and cs are as in Theorem 1.2.

(1.20)
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Proof. For any z,y € Uy,

«

jw(t,@) —w(t,y)| _ |woln™ ' (t,2) —woln~ ' (ty)| [ |n~"'(t.2) — 07" (t.y)]
z—y|” =1t @) =0t (it ) |z =yl

Together with (1.15) this gives (1.19) (a bound that would hold for any Lipschitz velocity

field). The bound in (1.20) then follows from (1.17). O

Theorem 1.9 improves, for initial data having striated regularity, existing estimates of local
propagation of Holder regularity for bounded initial vorticity. For instance, Proposition 8.3
of [19] would only give Vu(t) € Cp.(Uy).

This paper is organized as follows. In Section 2, we fix some notation and make a few defi-
nitions. We develop the basic estimates we need on singular integrals in Section 3. Section 4
includes a number of lemmas centered around Vu, these lemmas being central to the proofs
of all of our results. Our proofs of Theorems 1.3, 1.5, and 1.6 all rely upon a linear algebra
lemma of Serfati’s to obtain a refined estimate on Vu in L*°. We present this lemma in
Section 5. The proof of Theorem 1.3, giving the equivalence of striated regularity of velocity
and vorticity, is presented in Section 6. In Section 7, we give the proof of Theorem 1.2 in 2D,
giving the 3D proof in Section 8.

With Section 8, we have a complete proof of our main results: we directly proved Theo-
rems 1.2 and 1.3, and Theorem 1.1 follows from Theorem 1.3 applied to Theorems 1.5 and 1.6
of [2, 3, 4, 6]. In Section 9 we begin a direct proof of Theorem 1.5, following [22]. From this
we derive, as well, the specific estimates stated in (1.10) through (1.16).

The subject of Section 9 is the transport equations of a vector field Yy € )y as well
as the propagation of regularity of div(wY’). Section 10 contains the body of the proof of
Theorem 1.5. In Section 11 we outline the changes to the proof of Theorem 1.5 needed to
obtain Theorem 1.6 for d > 3.

Finally, in Appendix A, we discuss our use of weak transport equations.

2. NOTATION, CONVENTIONS, AND DEFINITIONS

We define Vu, the Jacobian matrix of u, as the d x d matrix with
(Vu)z = ou’

and define the gradient of other vector fields in the same manner. We follow the common
convention that the gradient and divergence operators apply only to the spatial variables.

We write C'(p1, . .., pn) to mean a constant that depends only upon the parameters py, ..., pp.
We follow the convention that such constants can vary from expression to expression and even
between two occurrences within the same expression. We will make frequent use of constants
of the form,

ca == Clwo, Yo)a™ !,  Coq:=C(wo, Vo)a (1 —a)7!, (2.1)

where C'(wp, M) is a constant that depends upon only wy and ).
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We define
M sn(R) = the space of all m x n real matrices,
MJZ = the element at the i-th row, j-th column of M € Myy4(R),
M; = the j-th column of M € My, 4(R),
M-N=) MNj=> M;-Njforall M,N € Myn(R).
i, J
Repeated indices appearing in upper/lower index pairs are summed over, but no summation
occurs if the indices are both upper or both lower.

We write |v| for the Euclidean norm of v = (v!,v2,--- ,v%), |v|* = (v")2 4 (v?)2 +- - - (v%)2.
For M € Myx4(R), we use the operator norm,
|M| = |m‘ax |Mu]| . (2.2)
v|=1

Of course, all norms on finite-dimensional spaces are equivalent, so the choice of matrix norm
just affects the values of constants. Our choice has the convenient properties, however, that
it is sub-multiplicative, gives the identity matrix norm 1, and

d 2
|M| = y/max eigenvalue of MM* < Z (M| < Vd|M]|, (2.3)
ij=1

the first inequality being strict when M is nonsingular. If X is a function space, we define
[ollx = Mllvlllx 1My = [[|M]]]x -

Definition 2.1 (Holder and Lipschitz spaces). Let o € (0,1) and U C R%, d > 1, be open.
Then C*(U) is the space of all measurable functions for which

|f(z) — f(y)]
Fllawy == Il + 1 lge@n < 005 [ fllgaqy = sup 2T,
1 llceq) = 1wy + 1 llea ey = sup H0—
z#y
For a = 1, we obtain the Lipschitz space, which is not called C* but rather Lip(U). We
also define lip(U) for the homogeneous space. Explicitly, then,

[f(z) = fy)|
. = o + i s i = su
I Lipy = Il oo @y + 1 liipwy I ipqory x’?pr Te—
z#y

For any positive integer k, C*+®(U) is the space of k-times continuously differentiable
functions on U for which

1l graqury = Z HDﬁfHLOO(U) + Z HDBfHCa(U) < 0.
|BI<k |8|=F
We define the negative Hélder space, C*1(U), by
CoNU) = {f +divu: f,v e C*U)},
17l a1y = mE{ (| fll ooy + [0l ey : B = f +dive; f,ve C*(U)}-
It follows immediately from the definition of C®~! that
Jdiv el ges < folloe (2.4)
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We also have the elementary inequalities,

1fogllea < NFllea IVglze
Ifgllca <[ fllcallgllca

. 1l g
11/ fll¢ga < Gt [ 712

Definition 2.2 (Radial cutoff functions). We make an arbitrary, but fized, choice of a radially
symmetric function a € CZ(R?) taking values in [0,1] with a = 1 on B1(0) and a = 0 on

By(0)°. Forr > 0, we define the rescaled cutoff function, a,(x) = a(x/r), and for r,h > 0
we define

(2.5)

trh = a7 (1 — ap).

Remark 2.3. When using the cutoff function p.p we will be fizing r while taking h — 0,
in which case we can safely assume that h is sufficiently smaller than v so that p.p vanishes
outside of (h,2r) and equals 1 identically on (2h,r). It will then follow that

Ve (z)] < Ch=t < Cla| ™t for |z| € (h,2h),
\Vien(z)| < Crt < Cle|™ for |z| € (r,2r),
Virn =0 elsewhere.

Hence, also, |Vp,p(x)| < Clz|™! everywhere.

Definition 2.4 (Mollifier). Let p € C¥(R?) with p > 0 have ||p||;1 = 1 and be radially
symmetric. For e >0, define p-(-) = (¢~ %)p(-/e).

Definition 2.5 (Principal value integral). For any measurable integral kernel, L: R x R? —
R, and any measurable function, f: R? — R, define the integral transform L[f] by

LIf)(z) == p.v. / L(z,y)f(y) dy = lim L(z.y) f(y) dy,

Rd h=0% J|z—y|>h
whenever the limit exists.
Finally, we give the form of Gronwall’s lemma that we will need.

Lemma 2.6 (Gronwall’s lemma and reverse Gronwall’s lemma). Suppose h > 0 is a contin-

uous nondecreasing or nonincreasing function on [0,T], g > 0 is an integrable function on
[0,T], and

F(H) < h(t) + /0 g()f(s)ds or f(t)> ht) - /0 o(s)f(s) ds

for allt € [0,T]. Then

1) < hesp [ gls)ds or 102 ht)exo (-] o) is).

respectively, for all t € [0,T].
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3. ESTIMATES ON SINGULAR INTEGRALS

Because Vu, via the Biot-Savart law (1.4), involves a singular integral, estimates on such
integrals are central to all of our results. In this section, we give the basic estimates we will
need for such integrals.

Lemma 3.1 is a fairly standard result on singular integral operators (so we suppress its
proof). We do not apply it directly, but rather indirectly through its corollary, Lemma 3.2.
Lemma 3.3 gives explicit estimates on the kernels to which we apply Lemma 3.2. We note
that one of these kernels is not derived from the Biot-Savart kernel.

Lemma 3.1. Let L: R? x R* — R be an integral kernel for which

Il = sup {Jz = g1 [L@,9)| + 2 — 1" [VaLia,y)|} < o0
z,y€R4

and for which
'p.v./ L(z,vy) dy‘ < oo for all x € RY, (3.1)
R4

Let L[f] be as in Definition 2.5. Then

Hp.v. [ et - sy <cal 0= DLl 62
R4 Ca
It
p. V. /Rd L(-,y)dy=0 (3.3)
then
JLUf ]l < Ca (1= @) [Z], [l - (3.4)

The inequality in (3.4) is a classical result relating a Dini modulus of continuity of f to a
singular integral operator applied to f in the special case where the modulus of continuity is
r +— Cr®. (See, for instance, the lemma in [13], and note that applying that lemma to a C*
function gives the same factor of a=!(1 — a)~! that appears in Lemma 3.1. This reflects the
fact that the integral transform in (3.2) applied to a C!-function gives only a log-Lipschitz
function, and applied to a C°-function yields no modulus of continuity.)

Lemma 3.2 allows us to bound the full C* norm.

Lemma 3.2. Let L be as in Lemma 3.1 and suppose further that

1Ll := LIl + sup [|[L(z, )l 1 g, @)c) < 00
rER4

Then the conclusions of Lemma 3.1 hold with each C* replaced by C* and | L], replaced by
L] -



10 HANTAEK BAE AND JAMES P KELLIHER

Proof. In light of Lemma 3.1, we only need to bound the corresponding L* norms. We have,

v [ 26l - 10 d:

LOO

lim / |L(z,2)| |z — 2| dz
h=0J By, (x)CNBi ()

< LI M Nl g

< [ fll¢re

+ 2[[fllzo sup 1Lz, )l L1 (m1 )0y

Lo reR?2

+ 2Ll (11l oo

lim / lz— 2% dz
h=0.JBy(x)°NBi(x) Loo

< COZ_l ||L||** ||f||C°‘ :

O

We shall apply Lemma 3.2 to the kernels of Lemma 3.3. Note that for Lo, we are actually
applying Lemma 3.1 to each of its components. Also, for no € > 0 is L; singular, but it
becomes singular in the limit as € — 0.

Lemma 3.3. Assume that Q € L' N L>®(R%) and define the kernels,

(1) Li(z,y) = pe(x — y)Qy);

(2) La(z,y) = Qy)VEa(z —y).
Here, Kq = VFy is the Biot-Savart kernel of (1.4) (in 2D, we can use K ). Then | Li|,, <
C Q]| ;00 for C independent of € and ||Lz||,, < CV(Q) with

V() = (90 + v [ 20 VEe =)y

Proof. The bounds on the *-norms of L; and Lo are easily verified, the key points being
their L'-bound uniform in x, the decay of Ky4(z —y) and V,Ky(x — y), and the scaling of
pe(x —y) and Vgzp-(xr —y) in terms of . The p.v. integral in (3.5) comes from the final term
in || L], m

Lemma 3.4. Let r € (0,1]. For all f € C*(R%), g € L°(RY), we have

‘/V[Mmed](fﬂ —y)(f(@) = f(¥)g(y) dy‘ < Ca I fllga gl poe (3.6)

For all f € L™®(R%), we have

L/wMVﬁp@va>@

Proof. First observe that the integrals in (3.6) and (3.7) are well-defined because in both
cases, f is bounded on any compact subset of R? and the kernels are locally integrable.

For (3.6), we have |V[u,, VF4)(z — y)| < Cs~? by Remark 2.3 and | f(z) — f(y)| < |f]l¢a s°,
where s = |x — y|. Hence,

’/V[urhvﬂ](fﬁ —y)(f(x) = f(y)g(y) dy‘ <C|fllgallglpe /}: s g gd—1 g

< Ca™ | £llga 19l poo 7

We now show (3.7). Since f € L>®(R?) C C*}(R?), we see from Definition 2.1 that there
exist fo, f1 € C* with f = fy + div f; such that

Lfollga s [[f1lloa < 2[[fllga-1 - (3.8)

(3.5)

< Ca™ [[fllgams v (3.7)
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(The 2 could be any value greater than 1 by definition of the infimum.)
For fy, we have,

] [~ ) t0) dy\ - ] [P F @ =) Gote) ~ olw) dy

r
< C HfOHCa /h 5—(d—1)8asd—1 ds < C ”fOHCa Toc—i—l < C HfOHCa ,roz—I—l

< C|fllgams 79 < C N f | gamn 7.

The equality in the first step holds because the mean value of the kernel is zero. In the final
inequality, we used (3.8). Observe that div fi; € L, since f, fo € L°°. This gives us sufficient
regularity to integrate by parts and use (3.6) to obtain

' [V ) divy i) dy

- '/(Mrthd)(w —y){divy (A y) = filw) dy‘

= | [ T T =)o) = Pl o] < Cat DAl r®
< Ca ' fillga ™ < Ca || fllga 7%,
where we use (3.8) at the end. Since
/ (rnVFa) (@ —y) f(y) dy / (1rn VFa)(x —y) fo(y) dyH / (1rnVFa)(x —y) div fi(y) dy|,

adding the bounds for these two integrals yields (3.7). O

<

4. LEMMAS INVOLVING THE VELOCITY GRADIENT

In this section we give the lemmas involving Vu that we will need.

Proposition 4.1 is a standard way of expressing Vu; it is, in fact, the decomposition of Vu
into its antisymmetric and symmetric parts. It follows, for instance, from Proposition 2.17
of [19].

In Proposition 4.2, we inject the C“-vector field Y into the formula given in Proposi-
tion 4.1; the expression that results lies at the heart of the proofs of Theorems 1.3, 1.5,
and 1.6, via Corollary 4.3, and the proof of Theorem 1.2, via Corollary 4.6. Proposition 4.7
justifies switching between two ways of calculating principal value integrals. Proposition 4.5
and Lemma 4.4 are used in the proofs of these results; Proposition 4.5 is also used directly
in the proof of Theorem 1.5. We leave the proofs of Propositions 4.2 and 4.7 to the reader.

Recall the definitions of K and Ky in (1.4). We note that VK, is a symmetric matrix.

Proposition 4.1. Let u be a divergence-free vector field vanishing at infinity with vorticity
Qe L'NL®[RY). Then

d=2: Vu(w)= “’(2””) <(1) _01> —{—p.v./VK(x — y)w(y) dy,

d>2: Vu(z)=0u'(z) = Q(;) + p.v./Q(y)VKd(:c —y) dy;
(Vu)i(z) = 9ju’(x) = J2() + p.v. / ik Fa(z — y).(y) dy.
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The first term is the antisymmetric, the second term the symmetric part of Vu(x).

In Proposition 4.1, the principal value integral is a singular integral operator, which is
well-defined as a map from LP to LP for any p € (1,00). (See, for instance, Theorem 2
Chapter 2 of [23].)

Proposition 4.2. Let Q € L' N L2 (RY) and let Y be a vector field in C*(R?). Then

w(z)

i=2: vy [VEG -y @ema=-22 (] ) v+ s @)

d>2: [p.v. /Q(y)VKd(x —y)Y(y) dyr = —W + [KZE * div(QiY) (x).

Corollary 4.3. Let Q € L' N L¥(R?) and let Y be a vector field in C*(R?). Then

d=2: Y(z)-Vu(x) = p.V./VK(x —y)[Y(2) = Y(y)]w(y) dy + [K * div(wY)] (z),

i>2: [V(z) Vu@) = [p.v. [ 2Ktz =) ) - V) dyr
+ [K = div(]Y)] ().
Moreover, for d =2,
pov. [ VK@ =) [¥ @) = Y ()] w(o) dy

V(w) being given in (3.5). The analogous bound holds for d > 3.

< CV(@) [Yllga s
Co

Proof. The expression for Y (z) - Vu(x) follows from comparing the expressions in Proposi-
tions 4.1 and 4.2. The C'*-bound follows from applying Lemma 3.1 and Lemma 3.2 with the
kernel Lo of Lemma 3.3. O

Lemma 4.4. Let Z be a vector field in L' N L>°(R?). Then
K xdivZ =72+ — (K xcurl 2)*.

Proof. A direct calculation shows that as tempered distributions, the divergence of each side
is zero, while the curl of each side is div Z. Since each side decays at infinity, it follows that
the two sides are equal (see, for instance, Proposition 1.3.1 of [4]). O

Proposition 4.5. If Z € (L' N L*>®)(RY) and div Z € C*~1(RY), then VF *div Z € C*(R?)
(equivalently, K * div Z € C*(R?), for d = 2). Moreover,

IVFq s div Z||ca < C([|2]| g1z + [[div Z]| ga) - (41)

We also have div Z € C*Y(R?) if VFy+divZ € CYRY) (equivalently, K x div Z € C%(R?),
ford=2) and

|div Z|| a1 < [|VFg xdiv Z|| qa - (4.2)
Proof. Suppose that Z € (L' N L>)(RY) with div Z € C*~1(R?). We have,
VFy*divZ = m(D)div Z = ny(D)Z",
where m and n;, i = 1,2,--- ,d, are the Fourier-multipliers,

e
O =i MO= g
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up to unimportant multiplicative constants. We can thus write V. F xdiv Z using a Littlewood-
Paley decomposition in the form,

VFixdivZ =Y Aym(D)divZ=A_1ni(D)Z" + > Ajm(D)div Z, (4.3)
j=-1 Jj=0

where A; are the nonhomogeneous Littlewood-Paley operators (dyadic blocks). We use the

notation of [1] and refer the reader to Section 2.2 of that text for more details. The sum in (4.3)

will converge in the space S'(R%) of Schwartz-class distributions as long as div Z € &'(R%).
Now, for any noninteger r € [—1, c0),

sup 277 [|A; f|
j>-1

is equivalent to the C" norm of f (see Propositions 6.3 and 6.4 in Chapter II of [5], which
apply to all d > 2). Also,

IA-1ni(D) fllpoe < CIfllze < Cllflpiazee s 1AMD)fll oo < C277 (1A £ 1o

for 5 > 0 and ¢ = 1,2. These inequalities follow from Lemma 2.1 and Lemma 2.2 of [1].
Hence,

IVFq#div Z|| o < ||AZ1ni(D)Z?|| o0 +sup2® | Ajm(D) div Z|| o
=0
< C| 2|2 +sup 2@V (|4 div Z|| oo < O Z] 1z + C ||div Z]| gams
720

which gives the inequality in (4.1).
Conversely, assume that v := VF, * div Z € C*(R?%). Then,

divv = AFy xdiv Z = div Z.
Therefore, we conclude that div Z € C*~'(R?) and obtain the inequality in (4.2). O

Corollary 4.6. [2D] Let w € L' N L>®(R?) and let Y be a vector field in C*(R?) with
div(wY) € C~L. Then

Y+(z) - Vu(z) =p.v. / VK(z—y) |Y () = Y (y)| wy) dy + [K = div(wY)]*" (z) — wY ().
Moreover,
1Y Vu+wY|ce < CV(@) [Y]|ga + Ol div(wY )l ga-r.
Proof. Applying Lemma 4.4 with Z = wY * gives
K« div(wY 1) = (wY D)+ — (K * curl(wY 1))t = —wY + (K * div(wY))*L.

Applying Corollary 4.3 with Y* in place of Y then gives the expression for Y--Vu, and the C*
bound on Y+ Vu+wY follows as in the proof of Corollary 4.3, and using Proposition 4.5. O

Proposition 4.7. Let f € C#(R?) for > 0 be. Then for all v > 0.

p-v. [ @ K)o~ ) () dy = fi V(oK) 5 £ ),

where a, and prp are defined in Definition 2.2.
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5. SERFATI’S LINEAR ALGEBRA LEMMA

In this section we state and prove a simple linear algebra lemma due to Serfati. (The authors
are not aware of earlier versions of similar lemmas. This lemma is key in Serfati’s approach; it
does not appear, for instance, in Chemin’s approach in [2, 3].) This lemma will be used both
in establishing the equivalence of striated vorticity and velocity in Section 6 and in proving
the propagation of striated vorticity in Sections 10 and 11.

The 2D version of Lemma 5.1 appeared, in slightly different form, in [22]. A version for
d > 2 appeared in Serfati’s doctoral thesis, [20], and in [21].

In our application of Lemma 5.1, the vectors M1, ..., My 1 will represent the d—1 directions
in which we have some regularity of the vorticity. This will give us control of BM; for i < d.
Separate control on tr B will then allow us to bound the full matrix, B.

Lemma 5.1. For any symmetric B € Mixq4(R), d > 1, we have

d—1
P(My,...,My_
1B| < (M, L ) > BM;| +dltr B, (5.1)
‘/\i<dMi| i=1
where My, ..., My_1 are any linearly independent vectors in R and P is a polynomial of
degree 3d — 2.
Proof. Let
Z=\M;
i<d
and form the matrix M by column as
M = [Ml cee Mg Z].

Note that Z is the last column of M, the cofactor matrix of M (as in our definition of the
wedge product itself in Section 1, this is not a circular definition). Expanding about the last
column of M, we see that

|Z|* = det M # 0,

because we assumed that M, ..., My_1 are linearly independent.
Now,

MMT = MMT =det M I,
from which it follows that

M
B=——_DM" D:=M"BM. 5.2
(det M2~ (52)

Then, noting that D;'. = M; - BMj, we can write,

M;-BM; --- M, -BM,

My -BMy -+ Mg 1-BMqy
My-BM, --- My-BM,
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Because B is symmetric, so is D. Hence, we can replace M; - BMj in the final column with
Mg - BMj, eliminating BM, from all but Dg =M, - BM,. For Dfil, we calculate,
d d—1 d d—1
My -BMg=My - BMg=>» M;-BM; =Y M,-BM; =Y M- BM;—» M;- BM;,
i=1 i=1 i=1 i=1
where we used that M,; = My(= Z). But,

d d
> M; BM;=> (M"BM); =tr(M"BM) = tr(MM"B) = ddet M tr B,
=1 =1
since tr(DE) = tr(ED) for any D, E in Mgy q(R). So,
d—1
My- BMy = ddet M tr B — ) _M; - BM;,
=1
We conclude that

D = Dy + ddet M tr BDs,

where
M, -BM; - M, - BM, 0 --- 0
D1 = ' s D2 =
My 1 -BM; - My - BMy 4 0 --- 0
M, - BM, --- _Z;‘i;llMi'BMi 0 --- 1

For any E, F € Mgxq(R),
(EDoF)) = Ei(D2) Ff = EjF{ = Eq- F,
we see that

Tvd 2

M
———  (ddet M tr BDo)MT = q—%¢— "
(ddet M tr BDy) M det M det M

(det M)?
where we used that |My|* = |Z|* = det M.
This gives the form of the bound on |B| in (5.1). Noting that M, is of degree d — 1 while
M; is of degree 1 for j < d, we see that the highest-order terms in P(M) are of degree 3d — 2.
This completes the proof. ]

6. EQUIVALENCE OF STRIATED VORTICITY AND VELOCITY

To prove Theorem 1.3, we first show that Vu € L°. This can be done via a direct
calculation, simple in 2D, but substantially more involved in higher dimensions. The idea
behind this bound is that Vu is bounded by assumption in the d — 1 directions determined
at any point by elements of ), while the divergence-free condition on u along with the
boundedness of ) are sufficient to control Vu in L* in the remaining direction.

The proof we give, however, will rely instead on Lemma 5.1. This will allow us to obtain
the bound on Vu € L very easily in a manner that works for all dimensions 2 and higher.
(We will use Lemma 5.1 again in the proofs of Theorems 1.5 and 1.6.)
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Remark 6.1. Observe that Y - Vu = VuY. We write Y - Vu when we wish to emphasize
the role of Y -V as a directional derivative (as we do in all sections but this one). We write
VuY when primarily performing linear algebra manipulations.

Proposition 6.2. Assume that Y - Vu € L®(R?), Q € L®(R?), and Y € L>®(R?). Then
Vu € L.

Proof. Fix x € R? and let Y1,...,Y; 1 € Y have lengths of at least I())) and be such that
[Ni<aYi| > I(Y) as well. This is always possible by the definition of I(}).
Now,

1 1
V()| < 5 1Bl + 5 1200

where B = Vu(x) + (Vu(z))T. Since B is symmetric, we can apply Lemma 5.1 to bound it.
Since tr B = 2divu = 0, Lemma 5.1 gives

P(Yi,... Yy ,) & V1176 Gy 42 d‘l
|B| < 7 }7/ 7 E |BY;| < CW E |BY;| < C(Y) E |BY;| .
[Ni<aYil =1 i=1 i=1

But, writing B = 2Vu — (Vu — (Vu)T) = 2Vu — Q(u), we see that
[BYi| <21 - Vul| poo ey + ()] oo (ray [Vl oo (ray »
which completes the proof. ]

The forward implications in Theorem 1.3 follow from Lemma 4.6 of [7] combined with
Proposition 6.2, which in turn relies upon a key paraproduct estimate of Danchin’s in Section
2 of [6] . We give a self-contained, elementary proof below that uses, however, the additional
assumption in d > 3 that VY € L>®(R%). (Because we apply Theorem 1.3 only at the initial
time, the restriction that V) € L* would need only be imposed on the initial data—the
pushforward of the sufficient family need not be Lipschitz, nor should we expect it to be.)

P'r'oof of Theorem 1.3. That div(w)) € C*! = Y .Vu € C% in 2D and that
div(.Y) € C*'Vj,k = )Y -Vu € C® in higher dimensions follow by applying Re-
mark 1.7 at t = 0. It remains to prove the forward implications in (1.18).
So assume that ) - Vu € C®, imposing the additional assumption that V) € L>(R%), as
explained above.
If d = 2 then Vu € L™ by Proposition 6.2, and div(w)) € C*~! follows immediately from
Corollary 4.3 and Proposition 4.5.
Now assume that d > 3 and that ) is Lipschitz. We have, for any ¢, k,
(Y - Vu) — 9;(Y - Vu)k € ¢!
by Lemma 6.4, below. But,
(Y - Vu) — 9;(Y - Vu)* = 0(Y10;u’) — 8;(Y79;u)
= Y99;(0pu’ — 0;u”) + 0 Y7 0ju’ — ;Y 9;uF
— Y -V + [VY(Vu)T — Vu(VY)T], .

Fix p € (1,00). Then Vu € LP N L* for any p € (1,2), because of Proposition 6.2
and because ||Vul/;, < C(p)||Q]|;» (a form of the Calderon-Zygmun inequality). Hence,
(VY (Vu)" — Vu(VY)T] € LP N L™ C C*7!, so that then Y - VQi € C*! for all i, k. But,

Y - VQ = div(YQ}) — (divY)Q},



STRIATED REGULARITY FOR THE EULER EQUATIONS 17
and div(Y)Q}, € L' N L> C C*~1. Hence, div(YQ}) € Co7L. O

Remark 6.3. [t follows from the proof of Theorem 1.3, Lemma 4.6 of [7], and Proposition 6.2
that if Y - Vu € C® then it must be that VY (Vu)T — Vu(VY)T € Co~L.

We used the following simple lemma above:
Lemma 6.4. If f € C* then 0;f € C* " with |0; f|| pa-1 < |l g
Proof. We have 0;f = div(fe;), where fe; € C*. O

7. HIGHER REGULARITY OF CORRECTED VELOCITY GRADIENT IN 2D

To obtain Theorem 1.2, we need to construct a partition of unity associated to the sufficient
family of C vector fields, ), as in the following proposition:

Proposition 7.1. Let Y = (Y(/\)),\GA be a sufficient family of C* vector fields. There exists
an R >0, My = C(Y,a) > 0, and a partition of unity, (¢n)nen, with the property that for
all n € N,

lenllga < Mo,
Y € Y such that |Y| > 1(Y)/2 on supp ¢, (7.1)

#{k € N: supp ¢, Nsupp ¢ # 0} < 2.

Proof. Because Y is C“, there is a modulus of continuity that applies uniformly to all elements
of V. It follows that there exists some R > 0 such that for any x € R? there exists some
Y € Y such that |Y| > I())/2 on Br(x).

Now let f € C§°((0,1)) taking values in [0,1] with f =1 on (1/2,3/4). Then extend f to
be periodic on all of R. For any i,j € Z define fi;, g;; € C5°(R?) by

fij(x1,z2) = f(x1) f(xe) on [i,i + 1] x [4,7 + 1],
gij(x1,32) = 1 — f(21) f(x2) on [i + %* gJ x [j+ %aj + %1,

fij» 9i; = 0 elsewhere in R?.

Let (¢n)nen consist of the collection of all the f;;(-/R) and g;;(-/R) functions indexed in an
arbitrary manner. It is easy to see that all the properties in (7.1) hold. U

From Proposition 7.1, with (1.15) and (2.5), Lemmas 7.2 and 7.3 follow easily. (Note that
(7.1)3 is critical to obtaining these bounds, though the 2 could be any finite number.)

Lemma 7.2. Let (f,)nen be a sequence of functions with f, € C®(supp(p,on™')) for all n.
Then

_ C(wp, Vo)t
> o) fn o

neN

< Ce®
C>(R?)

18116111\)1 ”anCa(supp(gOnm?*l)) '

Lemma 7.3. Assume that ¢ € CZ(R?) takes values in [0,1] and let f € C*(R?). Then

HSDfHCQ(]RQ) < HfHLoo(suppcp) + H(pHCa ||f”Ca(suppcp) :

We now have the machinery we need to prove Theorem 1.2 in 2D.
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Proof of Theorem 1.2 in 2D. For any n € Z let Y,) € )} be such that |Y;)| > I(V)/2 on
Supp ¢n, and let Y;, be the pushforward of Y;? under the flow map, 1. Define for all ¢ > 0,

A= (e 0e) . A= Teatran (7.2
setting A,, = 0 outside of supp ¢,. A simple calculation shows that
AY, =0, A)Y:=-Y,. (7.3)
Let V,, = supp ¢, (') and note that |Y,(t)| > I(Y(t))/2 on V,, for all n. Using (2.5),

AR () cevry < 1Yn ()| Gy, T ®)2.

The bound on [|Al/« in (1.17) follows, then, from Lemmas 7.2 and 7.3, (1.11), and (1.16).
By (7.3), (Vu —wA,)Y, = VuY, € C*V,) with norm bounded uniformly over n by
Theorem 1.1. Also,

(Vu — wA,)Y," = VuY,;- + wY, € C*(V,)

with norm bounded uniformly over n by Corollary 4.6 and Theorem 1.1. Since in the (or-
thogonal) basis, {Yy,, Y,;-}, the matrix Vu — w4, is

(Vu—wA,)Y, T
(Vu —wA,)Y,-)

and Y, € C% with [[Yy | ca(y,) uniformly bounded, it follows that Vu — wA, € C*(V;,) with

norm bounded uniformly over n. Hence, Vu —wA € C“ with the bound in (1.17). O

8. HIGHER REGULARITY OF CORRECTED VELOCITY GRADIENT IN 3D

As in Section 7, we need a partition of unity, as provided by Proposition 8.1, the 3D analog
of Proposition 7.1.

Proposition 8.1. Let ) = (YM)ycp be a 3D sufficient family of C® vector fields. There
exists an R > 0, My = C(Y,«) > 0, and a partition of unity, (¢n)nen, with the property that
for alln e N,

lenllga < Mo,

3Y1,Ys € Y such that |Y1]|,|Ya|,|Y1 x Ya| > I(Y)/2 on supp ¢n,

#{k € N: supp ¢, Nsupp ¢y # 0} < 2.

Proof. A minor variant of that of Proposition 7.1. 0

For the remainder of this section, we give only the local argument, dealing with one pair
of vector fields Y7, Y2 € Y satisfying |Yi|, |Ya|,|Y1 X Ya| > I())/2 on some open set, U =
supp ¢r. This yields locally a matrix field which we will call, A. Piecing these matrices
together to form a single matrix field is done just as in Section 7, so we suppress the details.

Gram-Schmidt orthonormalization yields a C* map, G, from {Y7,Y5} to {Y{,YJ} that
makes {Y/, Y, Y/ x YJ} an orthonormal frame on U in the standard orientation and is such
that ||G||ca < C||Y|/ca- We suppress this map and simply relabel Y7{,Y5 as Y7,Y3, so that
{Y1,Y2,Y1 x Y2} is an orthonormal frame.

We can decompose & using our orthonormal frame as

W& =a1Y1 + a2Ys + agYy x Ys, (8.1)

where each a; is a function of space.
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Proposition 8.2. Writing & as (8.1), we have az € C* with ||az|ca < 2(|Y||ca [|Y - VUl ga.

Proof. Fix a point € U and let Z; = Yi(x), Za = Ya(x). (In effect, we are freezing the frame
as give at the point, x, and calculating the third component of the curl in an orthonormal
frame in the standard orientation.) Since {Z1, Zs, Z1 X Za} is orthonormal, we have,

as(x) = 0z, (w- Zo) — 0z,(u-Z1) = Z1 - NV(u-Zs) — Zo - V(u- Z1)
=(Z1-Vu)-Zy— (Z2-Vu) - Z1+(Z1-VNZy— Z2-NVZ1) - u
= (Y1(z) - Vu) - Ya(z) — (Ya(x) - Vu) - Y1(2).
The last equality holds because Z7, Z5 are constant throughout space. We conclude that
ag = (Y1 -Vu) - Yy — (Yo - Vu) - Yi.

But, (Y7 -Vu)- Yy € C% since Y7 - Vu € C%, Yy € C% by assumption and C¢ is an algebra.
Similarly, (Y2 - Vu) -Y; € C“. Hence, ag € C. O

To determine what form the matrix A might take, let us return for a moment to the
2D result of Section 7. There, we found that the irregularities in the velocity gradient
could be corrected by subtracting from it a matrix-multiple of the scalar vorticity; that is,
Vu—wA € C% where A € C% is given by (7.2). There is no correction in the tangential
direction, since wAY = 0, and a correction tangential to the boundary in the normal direction.
Also, wAY ' = —wY, so the discontinuity in Vu in the normal direction is in the tangential
direction.

To extend this result to 3D, it will be more convenient to use (mostly) the vorticity in the
form of an antisymmetric matrix as opposed to a three-vector. Toward this end, observe that
in 2D, a simple calculation shows that

ol ) (VY YIVEY
wA=D Sy (ng,; (v2)) 2=

n

%(?771)
|V, [?
So if we had instead defined A to be equal to the expression in brackets on the right-hand
side we would have expressed our result in the form A rather than wA, and this form makes

sense in any number of dimensions.
The analog of the relations wAY = 0, wAY "+ = —wY in 3D are that
AQ(Yi X Yg) = Q(Yl X }/2),
APspan{Yl,Yg}le = a3Ys, (83)
APspan{Yl,Yg}QY2 = —azY1,
where Py is projection into the subspace V. We derive such a matrix A in Proposition 8.4,
below, but first we show in Proposition 8.3 that (8.3) gives, in fact, the required properties.

To prove (8.3), we will find it useful to have a way to translate between the three-vector
and antisymmetric forms of the vorticity by defining, for any three-vector, ¢ = <<p1, 2, g03>,

Y, @Y, | Q. (8.2)

0 _903 ()02
Qle)=1{ ¢ 0 —¢
-2 ot 0

Then @ is a bijection from the space of 3-vectors to the space of antisymmetric 3 x 3 matrices.
A direct calculation shows that

Qlp)v=p xv (84)
for any three-vectors, ¢, v.
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If V C R? is a subspace, we define
Py Q) = Q(projy &).
Proposition 8.3. Suppose that A € C% satisfies (8.3). Then
Vu— AQ € C°.

Proof. Let V = span{Yy, Y5} so that V+ = span{Y; x Y5}. Then,
(Vu — AQ)Y; = (Vu — APyQ)Y; — AP, QY; = VuY; — a3Ys — AP, QY
(Vu — AQ)Ys = (Vu — APyQ)Ys — APy 1 QYs = VuYs + a3Y; — AP, 1 QY

by (8.3). But VuY; — APy, 1 QY; € C* since VuYj, A,Y; € C* by assumption and a3z € C¢
and P, 1 Q) € C* by Proposition 8.2.

Also,
(Vu — AQ) (Y1 x Ya) = (Vu — Q) (Y1 x Ya) = (V)T (Y1 x Y3) € C*
by Lemma 8.7.
Because (Vu—AQ)Y7, (Vu—AQ)Ys, and (Vu—AQ)(Y; xY3) are C and the Gram-Schmidt
orthonormalization map, G, is C¢, it follows that Vu — AQ € C“. O

Proposition 8.4. Define the matriz A (locally) by
A:A1+A2, Aj :YJ®Y} (85)
Then A € C* and satisfies (8.3).

Remark 8.5. This form of A only applies when {Y1,Ya, Y1 xYa} form an orthonormal frame
in the standard orientation. An expression for A in terms of more general Y1,Ys would need
to incorporate the map, G—as (8.2) does for 2D.

Proof of Proposition 8.4. What we must show is that A as given in (8.5) satisfies (8.3).
For any vorticity, @ = a1Y1 4+ asYs 4+ asY1 x Y2, we can write

Q = a1 + a28ds + a3(ls,
where Q1 = Q(Y1), Q2 = Q(Y2), 23 = Q(Y1 x Y2). It follows immediately from (8.4) that
Y] = QYs = Q3(Yy x Ya) =0, Q1Y = —QuY]. (8.6)
We first prove (8.3);. Writing, & = a1Y] + a2Y2 + a3Y) x Ya, we have,
QY1 xY2) = a1Q1(Y1 X Y2) + a2fe(Y] x Y3),

where the a3 term disappeared by (8.6).
Now,

0 Y13 —Y12 Y12 Y23 _ Y22 Y'13
MYixYe)=|-Y? 0 V' ||%Y-VY

Y12 _ le 1 0 Yll Y22 _ Y21 Y12
(YP)2YS — YPYY3 — YRYIYE 4 (Y7)2YS)

= | —YPYRYSP + (V)2YF + (V])?YE — YV YR2YY

(YP)2Y5 — YRYRYP — VIV YP + (Y])2Y5
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Each of these components simplifies. We have
(M x V) = | - ()| Yy - V(Y YY) = Y
Similarly,
(V1 x Vo) = V2, [ (Y1 x Va)® = Y3
We conclude that
M (Y1 xY2) =Y, QY1 xYs)=-Y,

the latter following from symmetry by transposing Y7 and Y5 and using Y2 x Y7 =

Thus, by linearity,
QY1 xYs) =a1Ys —a2Yr, AQ(Y1 x Ys) = a1 AYs — ag AY].
Noting that we can also write A; in the form,
V'Y,
Aj= | Y7Y;
v,

)

each row of A; being a row vector, we see that

VY Y

AjY, = | YY) - Y | = (Y, - YR)Y

VY-
Hence,
A1 =Y, AYa=0, AY1=0, AYs=Ys,
so that
AY1 =Yy, AYo =Y,
and hence,

AQ(Yi X Yz) = CL1Y2 — G/Q}/i = Q(Yl X }/2)

This establishes (8.3);.
We next prove (8.3)2 and (8.3)3. By (8.6) and (8.7),

Pipan{y1,v2} Y1 = Popan{yy,yz) (a2Y2 X Y1 + a3Y2) = azYs,
Pipan{y1,v2}2Y2 = Popan{yi,yz) (a1Y1 X Y2 — a3Y1) = —agYi.
By (8.9), we obtain (8.3)2 and (8.3)s.
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(8.7)
—Y1 X }/2

(8.8)

(8.9)

(8.10)

0

Proof of Theorem 1.2 in 3D. The result follows locally in space from Propositions 8.3
and 8.4. To obtain the result in all space, we apply a partition of unity as in the 2D proof in

Section 7.

0

Remark 8.6. This same approach could be used to prove the 2D result, though it would
be longer than our approach in Section 7, which employed Corollary 4.6. The proof in this
section, however, emphasizes that Theorem 1.2 is almost purely geometric in nature.

We used the following lemma above:
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Lemma 8.7. For d =3, (Vu)T (Y] x Y2) € C“ with

(V)" (%1 % Y) | o < ma 1Y - Vtll oo masg [Vl

Proof. We have,
ot ou? o\ [YEYS - YPYS
(V)T (V1 x Ya) = | Ooul 0ou? 09ud | | YPYS — VY5
Ogut Ozu? Ozud ) \YYE — Y2V

We will write out only first component in detail, the other two components being very similar.
Multiplying, we have

[(Vu)" (Y1 x Yo))!
= 0! (YY) = YPY5) + 01 (YPYy — YY) + 01’ (VY5 — Y7Yy)
= Y3 (1u?Y? — 01uPYE) + YR (—o1u' Y + 01u3Y]) + Y3 (01! Y — 91u?YY)
= Y (01u%YP — 01u3Y2) + YE((02u? + 03ud)YP + 01u3YY)
+ Y5 ((—0u® — 03u3) Y — 01u?Y])
= Y} (01u?YP — 01u3Y2) + Y (01u3YE 4 9oulYE + 05u3Y) — 0 YE + 00u?YY)
+ Y3 (—(01u2Y] + 00u®YE + 03uYP) + 0ou®YP — D3ulYPR)
= Y3 (01u°Y? — 01u3YP) + Y& (VulY) — doudY? + ou?YS)
+ Y3 (= VuY) 4+ 9u?Y;? — 03u’Y3)
= YPVU3Y) — Y3 VuY 4+ 01u?YPYy — 01ulYRYy — 0wl YEYE + 00ulYPYS
+ RulYPYs — O3uP YY)
= YZVuPY) — Y3 VulY) + Y72 (01u?Yy + 00u?Yy + 0ou’Yy)
— Y2 (01uYy 4+ 00ulYF + 03uPY3)
= Y2VuPY) — Y3 VulY) + YPVu?Ys — YEVURYs
= YZ(Y1-Vu)® — Y3 (Y1 - Vu)? + Y3(Ya - Vu)? — Y2(Ys - Vu)? € C°.
O

Remark 8.8. Theorem 1.2 has a clear extension to all dimensions d > 2. It is the compu-
tation of the analogous bound to that in Lemma 8.7 that complicates the general-dimensional

proof.
9. APPROXIMATE SOLUTIONS AND TRANSPORT EQUATIONS

Having established Theorem 1.3, Theorem 1.1 follows immediately from Theorems 1.5 and 1.6.
We now, however, begin the presentation of a self-contained proof of Theorem 1.5 following
Serfati’s [22]. (We outline the changes to this proof needed to obtain Theorem 1.6 in Sec-
tion 11.)

We start in this section with a mollification of the initial data so we can work with smooth
solutions, and then discuss the various transport equations that enter into the proof.

We regularize the initial data by setting ug . = p. * ug, where p; is the standard mollifier of
Definition 2.4, letting ¢ range over values in (0, 1]. It follows that wg. = p. * wp. Then there
exists a smooth solution, w.(t) € C*°(R?), to the Euler equations in vorticity form, (1.3),
(1.4), for all time with C'*° velocity field, u. ([14, 24] or see Theorem 4.2.4 of [4]). These
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solutions converge to a weak solution w(t) of (1.3), (1.4). (We say more about convergence
in Section 10.5.)

The flow map, 7., is given in (1.6) with u. in place of u. Moreover, all the LP-norms of w,
are conserved over time with

lwe @)l p = llweoll o < llwollze < llwollpinze = llwollzr + llwoll o (9-1)

for all p € [1,00]. Also,
[ue(@)l oo < Cllwollpimpes (9-2)

(see Proposition 8.2 of [19]) so [|uc|| foo (rxg2) is uniformly bounded in e.

For most of the proof we will use these smooth solutions, passing to the limit as ¢ — 0 in
the final steps in Section 10.5.

Let Yy € C with divYy € C%. We let

Ya(t,me(t, x)) = Yo () - Vne(t, ) (9.3)

be the pushforward of Yj under the flow map 7., as in (1.7). (Because Y| has all the regularity
we need, it would be counterproductive to mollify it, as we do the initial data.) Similarly, we
define the pushforward of the family )y of Theorem 1.1 as in (1.9), by

V() = (YD O)rer. YV n(t,2)) = (Y V() - V)ie(t, ). (9.4)

(Note the slight notational collision between Yz and Yy, V- and )y, and w, and wp; this should
not, however, cause any confusion.)

For the remainder of this section we focus on one element, Yy € ).

Standard calculations show that

QY. +u. - VY. = Yz - Vg (9.5)
and that
Oy divYe +ue - VdivY, =0,
0y div(w.Y2) + we - V div(w.Y2) = 0, (9:6)
the latter equality using that the vorticity is transported by the flow map. Hence,
div Yz(t,2) = div Yo(no ' (¢, 2)), 00

div(weYe) (t, z) = div(woYo)(n- L (t, ).

Remark 9.1. Actually, the transport equations in (9.5) and (9.6), and others we will state
later, are satisfied in a weak sense. We refer to Definition 3.13 of [1] for the notion of weak
transport. With the exception of the use of Theorem 3.19 of [1] in the proof of Lemma 9.2,
we will treat all transport equations as though they are satisfied in a strong sense, however,
justifying such use in Appendix A.

We can also write (9.5) and (9.6) as

SVt () = (Ve Vo) ({0, 2)),

d ..
% le(WE}/;:)(t) nE(t7 J))) = O

Finally, we prove the propagation of regularity of div(w.Yz).
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Lemma 9.2. We have div(w:Yz)(t) € C¥1(R?) with

t
v (s < Caexp [ [Vue(s)l e s
0
Proof. We first obtain the following bound:

t
[div(weYe) (#)l| a1 < Cfldiv(wo Yol a1 exp/ IVue(s)l Lo ds.
0

The details of obtaining this bound is presented in the appendix (see Proposition A.3).
We must still, however, bound |[|div(woY0)||ga—1 uniformly in e. From the triangle in-
equality,

[div(wo,eY0) [ ca—r < [ldiv(wo,eYo) — pe * div(woYo) [l ca—1 + [lpe * div(wo,eY0) [ ca-1 -
Now,

[div(wo,¥0) = pe * div(woY0)[| a1 < [lwoeYo — p= * (woY0) | ca

[l = w)n(s) Do) = Yo(w)]

(oo # w0) Yo = pe # (wo¥0) | om = ‘
Ca

< C(wo, Yo) (oz_l(l — oz)_l) =C,.

The first inequality followed from (2.4); the second followed from Lemma 3.2 with the kernel
L1 of Lemma, 3.3. Also,

192 * div(woY0) || ca—1 < C'[[VF2 * (pe * div(woY0))[[ca = C lpe * (VF2 * div(woY0)) | ca
< C[VFz # div(woYo)| e < C (lwoYoll 1z + [div(woYo)l[ga—1) -

For the first inequality we applied Proposition 4.5, for the second inequality we used || p * f|pa <
|| fl| ¢, and for the third we applied Proposition 4.5 once more. Hence,

Jdiv(woeYo) | s < Ca + (loYollpirgee + [div(©0Y0) [ coms) < Cor
O

Remark 9.3. It is easy to see that the estimates in Lemma 9.2 apply equally well to the
whole family, Y.

10. PROPAGATION OF STRIATED REGULARITY OF VORTICITY IN 2D

We first present the overall strategy of the proof of Theorem 1.5.
We start in Section 10.1 by bounding ||Vu.(t)|| - above by the quantity,

Ve(t) = llwoll o + Hp v [ VRC =yt dy (10.1)

LOO
We also bound the gradients of the flow map and inverse flow map in terms of V.(¢). These
estimates are entirely classical and do not involve Y.

In Section 10.2, we bound ||Y||sa in terms of V.(¢) and || K * div(w:YZ)||pa. This gives us
a bound on |||/« in terms of V.(¢) alone. We also develop a pointwise bound from below
of |YZ| (t,x) in terms of V().

In Section 10.3, we bound V.(t) in terms of ||Y||oa. Here, we make use of Lemma 5.1.
We also need the pointwise bound from below of |Yz| (,z) developed in Section 10.2, for |Y¢|
appears in the denominator in our estimates. The end result is a bound on V(¢) in terms of
itself that will allow us to close the estimates and so apply Gronwall’s lemma to bound V.(¢).
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The bound on ||Yz|se in terms of Vi(¢) in Section 10.3 also involves || K * div(w:Yz)||ca,
but this is bounded in terms of V_(¢) easily by Lemma 9.2 and Proposition 4.5. This, in turn,
yields the bounds on all the other quantities, as in (1.10) through (1.16).

It remains, however, to show that the sequence of approximate solutions converge to a
solution in a manner such that (1.10) through (1.16) hold. Such an argument is given in [4];
we restrict ourselves to describing in Section 10.5 the role that assuming div )y € C* plays
in the convergence argument, for this is a somewhat subtle point.

10.1. Preliminary estimate of |[Vuc(t)|| oy [[V7:(t)] o0, and ||[VnZt(t)|| .- By the ex-
pression for Vu, in Proposition 4.1, and using (9.1), we have,

IVue()ll oo < Va(t).

As in (1.6), the defining equation for 7, is

Opne(t, x) = ue(t, ne(t, x)),  1:(0,2) = x, (10.2)
or, in integral form,
Ne(t,x) =x + /Ot ue(s,m=(s,x)) ds. (10.3)
This immediately implies that
1900 < e [ Vels) s (10.9)
Similarly,
ana_l(t)HLoo < exp /Ot Vz(s) ds. (10.5)

The bound in (10.5) does not follow as immediately as that in (10.4) because the flow is not
autonomous. For the details, see, for instance, the proof of Lemma 8.2 p. 318-319 of [19].

10.2. Estimate of Y.. Taking the inner product of (9.8); with Y:(¢,7:(¢,z)) gives

%Ya(tvna(ta w)) - Ye(t,ne(t,z)) = (Yo - Vue)(t,n:(t,x)) - Ye(t,ne(, 7).

The left-hand side equals

1d

- @ 2
5 o V(e (t, )

SO
d
77 Vet ne(t, @) P| < 21| Vue(t, ne(t, ) oo [Ye(tme(t 2)) |

= 2| Vue ()|l oo [Y(tna(t, 2))[° < 2VE(2) [Ya(t, ne(t, 2))[° -
It follows that

D Vet )P < 2V Ve et )

Similarly,

% Ya(t,ma(t, @) = =2Va(8) [Ye(t, e (t,2)) -
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Integrating in time and applying Lemma 2.6 gives
1Yo ()] e~ JoIVue@llo ds < |y (£, (¢, 2))] < |Yo(z)| efoIVue() oo ds

We conclude that

Yolt,me(t,2))] = [Yo(a)] e o Vo) (10.6)
and taking the L° norm in x that

t
IYe(®)ll e < V0] o elo Vo). (10.7)

Integrating (9.8); in time and substituting n-1(¢, z) for = yields

Ya(t, 2) = Yo(n: (1)) + /0 (Yo - Fu) (5,72 (5, L (8, 2)) . (10.8)

Taking the C® norm and applying (2.5);, we have

¢
Y=l < Yol [V )] 2o +/0 1Yz - Vue) (8)ll ga |V (1 (s, (8, 2))|| oo ds.
Now, by Corollary 4.3, we have
Yo uus,) = pove [ VE (o = plas,) [Vo(s,2) - Yelssw)] dy
+ K «div(w:Ye)(s,z) = 1411
with
e < ClYe(s)l[ga Vel(s)-
By Proposition 4.5 and Lemma 9.2, we have
]| pa < Co exp/ Ve(7) dr.
0
It follows that

t
IV - Vae(t)l|go < IYa(®)ll g Va(t) + Caexp /0 V.(r) dr. (10.9)

To estimate ||V (n:(s,n71(t, 2)))|| L, We start with

87776(7-7 U;l(t7 CL')) - ué‘(Ta 776(7-7 77;1(@ x)))?
which follows from (10.2). Applying the spatial gradient and the chain rule gives

-V (ne(r,n2 (8, @) = Vue (7, ne(r, 02 (8, 2))) V(e (7,07 (2, 2))).

Integrating in time and using V(1 (7,n71(t,2)))|r=t = I**?, the identity matrix, we have
¢
V (ne(s,nz (8 @) = 1272 —/ Ve (7, 0: (0 (8,2))V (e (7,07 (2, 2))) d.
By Lemma 2.6, then,

[V (e (s, m2 (t @) || oo < exp/ IVue(T)l| oo dT < exp/ Ve(r) dr.
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These bounds with (10.5), and accounting for (10.7), give

V2Ol < Wil o (o [ Vis) )
# [ [ v+ Coosp [ etmyar] esp (o [ viiryar) as

< (Willeo + Cattesp [ Vet [ 196N Vito) o [ Velr) ) .

Letting

e(t) = V=)l exp [— / Vo) ds]

it follows that y. satisfies the inequality,

t
ye(t) < Yollge + Cat + / Ve (s)ys (s) ds.
0

Therefore, by Lemma 2.6, we obtain

0 (0) < (ol + Catyexo ([ V) ) < i+ e | Ve )

and thus,
t
IYe(t)]|ga < Cal(l+1t)exp (2/ V(s) ds) ) (10.10)
0

10.3. Estimate of V.. In Proposition 6.2 we bounded Vu in L* using a bound on Y - Vu
in L. Given (10.9) and (10.10), we could do the same now for bounding Vu. in L.
The resulting bound, however, would too weak to close the estimates. We instead employ
Lemma 5.1 to obtain a more refined estimate of Vu, in L°°.

Until the very end of this section, we will estimate quantities at a fixed point, (t,z) €
(R x R?), though we will generally suppress these arguments for simplicity of notation.

We start by splitting the second term in V. in (10.1) into two parts, as

p.v. / VK (z — y)we(t, y) dy

10.11
—p.v. [ Vi@ k)@ - vty +pv. [ T - a)K) e -yt ) dy. o
where € (0, 1] will be chosen later (in (10.19)).
On the support of V(1 —a,) = —Va,, |z —y| < 2r, so
IV((1—a)K)| <|(1—-a)VK|+|Va, @ K| < C |z —y| 2. (10.12)
Hence, one term in (10.11) is easily bounded by
v [ V0= K)oty < [ ool st )] dy
(10.13)

! el oo -2
SC/ 2o+ Cllle =1 (e lweoll
T

< =Clogr [lwol pee + C llwol[r < C(=logr + 1) [[woll 1 g0 -
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For the other term in (10.11), choose any Yy € ) such that
Yol (nz""(t,0)) > 1(J)- (10.14)

Letting p,, be as in Definition 2.2, by virtue of Proposition 4.7, we can write

'p. v. / V(0 K)) (@ — ) (t, 1) dy‘ _

lim V (1, K t.2)| = lim |B
lim (pnr K) * we(t, o) hlg%)l |

where
B = B(t,z) := V [pn VF2] * we.
Because V [i,,VF2] is not in L' uniformly in h > 0, we cannot estimate |B| directly.
Instead, we will apply Lemma 5.1 with My = Yz (so |Aj<a| = |YZH| = [YZ]), giving

P(Ye)

Bl <C
Y. |*

|BY:| + 2 |tr B|.

We now compute tr B. We have,
tr B = [011,h,01F2] * we + [O2p4rn 02 F 2] * we + [prn AF2] * we
= [01 prnO1F2) * we + [O2ptrn, 02 F2] * we,

using AFy = dp and p,5(0) = 0 to remove the last term.
But, referring to Remark 2.3, for j = 1,2, we have

¢ We t> C We t,
[0 1000 Fa) * we| < — / et y)] dy + — Jwe (t, 9)] dy
" Jr<lz—y|<2r |‘T B y| h h<|z—y|<2h ‘I‘ - y‘
2r t - 2h + .
L [T hlie g, © [P O,
T Jr P h h p
= C [|we(t)[] oo

so that

lim tr B| < C 0o -
lim [t B < C ol

We next estimate |BY;|. Because

_ (01 [rnO1F2) * we O [y 01 Fa] * we
O1 [prn02F2] * we 0o [prn02F2] * we

we have

By, — (F1) ._ (O [prnO1F2] * we )Y + (02 [prn 01 Fo] % we) Y2
‘ Fy) " \ (01 [prnO2Fa] ¥ we )Y + (02 [pyn 02 Fa] % we) Y2 )
We now decompose F and F5 into two parts as Fy = di + e, where

2

di =Y (9; [prnOpFo) % we)YI — 0; (1m0 Fa) * (weY?),
=1

ek = 01 [trnOpFo] * (wY2') + 02 [rnOp Fo] * (wY72) = div (Mrhak]:Q * (%st)>~
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By Lemma 3.4 (noting that div(w:Y:) = w.divY: + Y: - Vw. € C?%),

> tin [ b 5] = 0)(00) = Vel

lim d| <2

h—0

< Ca [Ye(®)ll o lwe ()| oo 7 < CaT M IY(®) g llwnll o 7

and
Z lim ey | < 2 lim/ [rn V2] (x — y) div(w:Yz) (y )dy‘
h=1,2 "0 h=0 JR? (10.15)
< Ca™ ! [|div(w:Yo) ()| car 7
Thus,
L P(Y2 a
Jim 5] < Ca™ 02 (¥ ol + vl w )17+ C ol (1016)
6

Both sides of the inequality above are functions of ¢ and . By (10.6) and (10.14),
Ya(t,2)| > T(Vp)eJo Vel)ds,
From this, combined with (10.7), we conclude that
sup hm |B(t, )|

zcR2h t (1017)
< Ca™ Y|l oo €200 E O (V|| e [lwl oo + [[div(weYe) [l a1) T + [lwoll oo

where ag = 8, since P is of degree 4 by Lemma 5.1.
From the estimates in (10.10), (10.13), (10.17), and Lemma 9.2, which apply uniformly
over all elements of )y, we conclude that

Vo(t) < C(1 —logr) ||lwollp1qpe + sup sup lim |B(t, z)|

Yo, R2 h—0
C e (10.18)
SC(wo)(l—logr)Jrf(lth) (a0+2) Jg Ve(s) dspr L or

where C, is defined in (2.1).

Remark 10.1. Observe how, in contrast to the proof of Theorem 1.2 in Section 7, we had no
need of a partition of unity when bounding Vu, since the regularity of Vu was not at issue,
only a bound on the value of |Vu(t,z)|.

10.4. Closing the estimates using Gronwall’s lemma. Now choose

= exp (—C’ /Ot Ve(s) ds) : (10.19)

delaying the choice of C’ for the moment. Then,

t t
1—logr <1+ C'/ Ve(s)ds, r* <exp <—C”a/ Ve(s) ds) .
0 0

Returning to (10.18), then, these bounds on 1 — logr and r® yield the estimate,
t C t
Va(t) < Cwo) + C'C(wo) / Ve(s)ds + —(1 +t)exp <(a0 +2—al’) / V(s) d5>
0

50‘1(1+t Clwo) /V
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as long as we set C' = (ap + 2)/«
By Lemma 2.6, we conclude that

COt wo)o
[Vue()ll e < Va(t) < —2(1 4 1)eCl0le™™,

If & > 1/2, we can apply the above bound with 1/2 in place of «, eliminating the factor of
(1 — «)~! that appear in C,. This gives

Ve (t)]] oo < Val(t) < %(1 + t)eClna™t < %e(f(wo)a*t. (10.20)

The final inequality is obtained by increasing the value of the constant in the exponent (in a
manner that is independent of a.) We do this again, below.
Then

t
C -1 -1
V.(s)ds < « eC(wo)a tzcaeC(wo)a t
/0 (8)ds < Eio)

so by virtue of (10.10),
190l < Caexp (caeCe0rt). (10.21)
It follows from (10.9) that

1 Ve - Vue(t) || ga < Chatexp (caec(wo)“71t> .

This gives, once we take ¢ — 0 in the next subsection, the estimates in (1.10), (1.11)
and (1.14). Similarly, (1.13) follows from Lemma 9.2; (1.15) follows from (10.4) and (10.5);
and (1.16) follows from (10.6).

Finally, (1.12) follows from (2.5); applied to (9.7);. Here, though, we can absorb the
constant ac, = C(wp, V) into the exponent without introducing an additional dependence
of the constants on a.

10.5. Convergence of approximate solutions. That the approximate solutions (u.) con-
verge to the solution u for bounded initial vorticity is by now classical (see Section 8.2 of [19],
for instance). It remains to show, however, that in the limit as e — 0, Yz — Y in such a way
that all the estimates in (1.10) through (1.16) hold. This is done by Chemin on pages 105-106
of [4]; we highlight here, only the role that assuming div )y € C® plays in the convergence
argument.

Chemin first establishes that the sequence of flow maps (and inverse flow maps) converge
in the sense that 7. —n — 0 in L([0,7] x R?) and, similarly, that n! — n=t — 0 in
L>=([0,T] x R?). Hence, by interpolation, . —n — 0 in L>(0,T;C5(R?)) for all < 1
because 1. € L>=(0, T; Lip(R?%)) uniformly in .

We can write (9.3) as

YO‘V%ZYEO%'

By (2.5)1 and (10.21), then, Yy - V7. is uniformly bounded in L>°(0,T; C%(R?)). But C*(R?)
is compactly embedded in C?(R?) for all B < a so a subsequence of (Yj - V7.) converges in
L>(0,T; C?(R?)) to some f for all 8 < a, and it is easy to see that f € L>(0,T; C%(R?)).

To show that f = Yy - Vn, we need only show convergence of Yy - Vn. — Yy - Vi in some
weaker sense. To do this, observe that

(Yo - V) =Yy - Vil = div(nlYp) — ! div Y.
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But . — 7 — 0 in LOO(O,T;'OB(RQ)) for all 8 < 1 as we showed above so ngYo — 7Yy — 0
in L>(0,T;C*(R?)) and nldivYy — n/divYy — 0 in L>®(0,T;C%(R?)). (Here, we used
divYy € C%) By the definition of negative Hélder spaces in Definition 2.1 it follows that
Yo - Vne — Yy - Vi in L*(0,T; C*~1(R?)). Hence, f = Yy - Vn, so we can conclude that
Yo - V€ L>(0,T; C%(R?)) and Yy - V. — Yy - Vi in L=(0,T; CP(R?)) for all 8 < a.
Then, since Yz = (Yy - Vi) onzt and Y = (Yo - V) o=t (see (1.7) and (9.3)), we have,
1Ye =Y < H(YO Vn)ons' = (Yo-Vne)o nil”Loo
+ (Yo Vi) o™t = (Yo ) ot e
< Yo Viellga 2" =07 1§ + 1Yo - Ve = Yo - Vil 1o
—0ase— 0,

where we used (2.5);. Here the L™ norms are bounded over [0,7] x R? for any fixed T > 0.
Arguing as for Y- V7, it also follows that Y € L>(0,T; C%(R?)) and that the bound on Y (¢)
in (1.11) holds. Then (1.15) follows from (1.10) as in (10.4) and (10.5).

Also,

(Y- Vue ) = div(ulYz) — vl div Yz,

and given that we now know that Y. — Y in C#(R?) for all # < a with Y € C*(R?), (1.14)
can be proved much the way we proved the convergence of Yy - V. — Y - Vn, above (taking
advantage of (1.12), and again using div Yy € C?).

The proofs of the other bounds in (1.10) through (1.16), which we suppress, follow much
the same course as the bounds above. This completes the proof of Theorem 1.5 by Serfati’s
approach.

11. PROPAGATION OF STRIATED REGULARITY OF VORTICITY IN HIGHER DIMENSIONS
We outline the changes that are needed to the proof of Theorem 1.5 to obtain Theorem 1.6.

Section 9: The transport equations involving vorticity are dimension-dependent. Vorticity
will remain in L°° only for short time because of vortex stretching, which will ultimately
limit us to a short-time result. Also, we use the transport of div(QY) for all 7, k, in place of
div(w:Yz), though this also will apply only for short time. This is done as in [6].

Section 10.1: We define

Ve(t) = [1Q:()] oo +  max

11.1
1<i,jk<d ( )

\p.v. [ @b - 2wy

LOO

to control ||[Vuc(t)|| . (We suppress the € subscript that should appear on ch to avoid
notational clutter; also notice that there is no sum over k.) The estimates of || Vn.(t)| -~ and
HVngl(t)HLoo in (10.4) and (10.5) are unchanged.

Section 10.2: The estimates of ||Yz||;« in (10.7) and the bound from below on |Y(¢,z)| in
(10.6) are unchanged. The bound on |Y;|/ a is derived as in 2D, though now the vortex
stretching term in (1.3) complicates matters. The resolution of this issue is involved, but is
handled as in [8, 6, 7]). See, in particular, Sections 4.2.4 and 4.3 of [7], the vortex stretching
term being bounded as in (47) of [7]. (Note that Fanelli is bounding, in effect, Yz - V] in

Co1 for all j, k rather than diV(QiY;), but the two are related by his Lemma 4.5.) This
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yields bounds of the form,

[¥a(@)llce < Call + F(5)) exp (2 [ v ds) . (11.2)

Here, F'(t) is a factor, due to the vortex stretching term, that increases in time in a manner
that ultimately prevents Gronwall’s inequality from being applied globally in time. (See (49)

of [7].)
Section 10.3: Fix ¢, z. Let Yo(l), ey Yo(d_l) € Vo be such that

Y@ T @) | reay? (@) > TO0).

Let Yg(l)(t), . ,Y;(d_l)(t) be the pushforwards of Yo(l)7 .. ,Yb(d_l). Let W, = AjegY . From
the proof of Proposition 4.1 of [6], we have

OW. +u-VW. = —(Vu) T W..

Examining the estimate that led to (10.6), we see that that argument works just as well
for estimating W, from below. This gives

We(t, e (t )| > [Wo(x)] e Jo V() ds,

The application of Lemma 5.1 in dimension d > 3 is little different from than for d = 2.
We apply it using M; = Ys(l), Mg = Yg(dfl). Then the estimates in (11.2) allow us
to bound |BM;|,...,|BMg_1| just as we did |BM;| in 2D. The value of the constant ag in

(10.17) becomes 4d + 1, because P is of degree 4d — 3, but this does not affect the argument.

Section 10.4: The presence of F'(t) in (11.2) means that the bound on V.(¢) can only be closed
for finite time.

Section 10.5: Unlike in 2D, where the existence of a unique solution is assured merely by
wo lying in L' N L> (by Yudovich [25]), existence has to be established using the sequence
of approximate solutions. This can be done as in [8, 6, 7]. The proofs of the bounds in
(1.10) through (1.16) are unchanged, however, once we have convergence of the flow map and
inverse flow map.

APPENDIX A. ON TRANSPORT EQUATION ESTIMATES

Together, Lemmas A.1 and A.2 justify our use of strong transport equations in obtaining
estimates in the C“-norm of the transported and pushed-forward quantities. First, the initial
data is mollified using a mollification parameter § independent of &, the strong transport
equation estimates are made, then 0 is taken to zero. This is all while ¢ is held fixed.
Lemma A.1 is used to obtain the C“-bound on div Y. (¢) (leading to (1.12)), while Lemma A.2
is used to obtain the C*-bounds on the vector fields, Yz(¢) and Yz - Vu.(¢).

The proofs of Lemmas A.1 and A.2, which are left to the reader, employ only (2.5)1 2,
the boundedness of Vn-1(t) in L> over time (for fixed ¢), and the convergence in C® of a
mollified function to the function itself.

Lemma A.1. For fy € C® and n-' € L>®(0,T; Lip(R?)), let
f(tvx) = fO(T/a_l(ta l’)),
FO,z) = (ps * fo)(n ' (¢, x))
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for § > 0. Then

1£9 = fll oo (orry.cay — 0 as & — 0.
Lemma A.2. Let Y: be as in (9.3), so that

Ye(t,ne(t,x)) = Yo(x) - Vne(t, z).
Define YE((S) by
YOt (t, 1)) = (p5 * Yo) () - Ve (1, 2).

Then

YA = Yol e o,y — 0 as 6 — 0.

Proposition A.3 provides the Holder bound employed in the proof of Lemma 9.2.

Proposition A.3. Let fo € C*7YR?), d > 1, a € (0,1) and suppose that f is fo transported
by the flow map, n, for the divergence-free velocity field, v, which we assume is Lipschitz
continuous with a Lipschitz constant that is uniform over the time interval [0,T]. Then

1£(®)llga-s < CeloIV @uoe de | o]y
Proof. We first note that 1,7~ € L>(0,T; Lip(R?)) and, moreover, that

e~ RV Lo ds < g (¢)

t
e s [V (O] o < 1T luc0 (A1)

Lemma A.4, below, gives

I Ollcomr = 1fD)llpezz, <€ sup (f(t),9),
$€Q1 1~

where Qﬁa is the set of all Schwartz class functions lying in B%Ea having norm < 1.
By the density of C°°(R?) in C*~1(R?) it is sufficient to assume that fo € C(R?).
Let ¢ € Qi_la be such that || f(¢)||ca-1 < C(f(t), #), as guaranteed by Lemma A.4. Then

1£()llcas < C{F(1),6) = C {fo o L(t), 6) = c/ foln (. 2))é(z) da

e / Jo)o(n(t.y)) |det Vit y)| dy = C (fo, o n(t) [det Ty(r))  (A-2)
= C{o60n(t)) < C lfoll a6 0nD)| pi=o

(det Vn(t,y) = 1 since v is divergence-free). Here, we again used Lemma A .4.
Using Theorem 2.36 of [1], we have

Iy 0 1(8)) = 6 0 10 1
yl'~

lgon®)pie <C H

1 Rd;ﬂ
( \y\d)

1
:c/ \yIdHQ/ [pon(t,z+y) —pon(t,z)| dedy

C/ / (e xﬂ/dﬂ acb(m(fc))\ dy do.
Re JRE |y
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Here we switched to the notation n(x) for n(t, z). Making the change of variables, n,(z+vy) =
ni(w) + 2, which we note induces a C'-diffeomorphism of R? with Jacobian |det Vi, (z + t)| =
1, we have

160 90l 5o <0/Rd /Rd s ntm +j)z _gbgtd(—i-l)za dz dw
t

d+1 e fo VvsLoods/ / 77t ¢(77t( ))|d2’dl’
]Rd Rd d+1 o

< CelollVV)llpos ds/ W /Rd \¢(77t(1‘) + 2) — d(ne(x))| dx dz,

R |

where we used (A.1). Making another change of variables, w = 7;(x), which also has Jacobian
of 1, we have

1
o < CelolIV)ll oods/ / -
|¢ o U(t)HBil < Celo L y \z|d+1_a N |b(w + 2) — p(w)| dw dz

_ OV | oo ds /

R |

1 dz
= /R o+ 2) = o(w)] du

— CeloIVu(s)ll oo ds — CeloIVu(s)lloe ds
Celo L H¢”B%;“ Celo oo @5,

We conclude that
1£(®)llgams < CeloI¥eEMuoe de | o]y (A.3)
d
Lemma A.4. Let p,q € [1,00] and s € R and let p/, ¢’ be the Héolder conjugates of p, q

Define QTS, to be the set of all Schwartz-class functions lying in B;Sq, having norm < 1.
Then for all u€EB

o
lullg,, < C sup (u, ) (A.4)
Q)
and
[, )| < C lull . - (A5)

(Note that (u, ¢) is the pairing between u and ¢ in the duality between S and S', S being the
class of Schwartz-class functions.)

Proof. The inequality in (A.4) is part of Proposition 2.76 of [1]. For (A.5), we have, using
the notation of [1],

[(u, ¢)| = <2Aju,ZAj/¢> = D> (Aju,Ap6)
J J’ Jj g

= Z <Aju, Aj/¢> == ‘L(u7 ¢)’7

li—'1<1

since the supports of the Fourier transforms of Aju and Aj/¢ are disjoint when [j — j/| > 2.

Here, L is the continuous bilinear functional on B Sq, X BS defined in Proposition 2.76 of

[1], and (A.5) follows from the continuity of L. O



STRIATED REGULARITY FOR THE EULER EQUATIONS 35

ACKNOWLEDGEMENTS

H. Bae. was supported by the Research Fund (1.170045.01) of Ulsan National Institute of
Science & Technology. H.B. would like to thank the Department of Mathematics at UC
Riverside for its kind hospitality where part of this work was completed. J.P.K. gratefully
acknowledges NSF grants DMS-1212141 and DMS-1009545, and thanks Instituto Nacional
de Matematica Pura e Aplicada in Rio de Janeiro, Brazil, where part of this research was
performed.

1]

REFERENCES

Hajer Bahouri, Jean-Yves Chemin, and Raphaél Danchin. Fourier analysis and nonlinear partial differen-
tial equations, volume 343 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles
of Mathematical Sciences]. Springer, Heidelberg, 2011. 13, 23, 33, 34

Jean-Yves Chemin. Existence globale pour le probleme des poches de tourbillon. C. R. Acad. Sci. Paris
Sér. I Math., 312(11):803-806, 1991. 4, 5, 6, 14

Jean-Yves Chemin. Persistance de structures géométriques dans les fluides incompressibles bidimension-
nels. Ann. Sci. Ecole Norm. Sup. (4), 26(4):517-542, 1993. 4, 5, 6, 14

Jean-Yves Chemin. Perfect incompressible fluids, volume 14 of Ozford Lecture Series in Mathematics and
its Applications. The Clarendon Press Oxford University Press, New York, 1998. Translated from the
1995 French original by Isabelle Gallagher and Dragos Iftimie. 2, 4, 5, 6, 12, 22, 25, 30

Jean-Yves Chemin. Two-dimensional Euler system and the vortex patches problem. In Handbook of
mathematical fluid dynamics. Vol. 111, pages 83-160. North-Holland, Amsterdam, 2004. 13

Raphaél Danchin. Persistance de structures géométriques et limite non visqueuse pour les fluides incom-
pressibles en dimension quelconque. Bull. Soc. Math. France, 127(2):179-227, 1999. 3, 4, 5, 6, 16, 31,
32

Francesco Fanelli. Conservation of geometric structures for non-homogeneous inviscid incompressible flu-
ids. Comm. Partial Differential Equations, 37(9):1553-1595, 2012. 4, 5, 16, 17, 31, 32

Pascal Gamblin and Xavier Saint Raymond. On three-dimensional vortex patches. Bull. Soc. Math.
France, 123(3):375-424, 1995. 5, 31, 32

N. Gunther. On the motion of fluid in a moving container. Izvestia Akad. Nauk USSR, Ser. Fiz. Mat.,
20:1323-1348, 1503-1532, 1927. 2

N. Gunther. On the motion of fluid in a moving container. Izvestia Akad. Nauk USSR, Ser. Fiz. Mat.,
21:521-526,735-756, 1927. 2

N. Gunther. On the motion of fluid in a moving container. Izvestia Akad. Nauk USSR, Ser. Fiz. Mat.,
22:9-30, 1928. 2

Chaocheng Huang. Singular integral system approach to regularity of 3D vortex patches. Indiana Univ.
Math. J., 50(1):509-552, 2001. 5

A. Kiselev, F. Nazarov, and A. Volberg. Global well-posedness for the critical 2D dissipative quasi-
geostrophic equation. Invent. Math., 167(3):445-453, 2007. 9

Jean Leray. Etude de diverses équations intégrales non linéaires et de quelques problemes que pose
I'Hydrodynamique. J. Math. Pures Appl., 12:1-82, 1933. 22

Leon Lichtenstein. Uber einige Existenzprobleme der Hydrodynamik homogener, unzusammendriickbarer,
reibungsloser Fliissigkeiten und die Helmholtzschen wirbelsétze. Math. Z., 23(1):89-154, 1925. 2

Leon Lichtenstein. Uber einige Existenzprobleme der Hydrodynamik. Zweite Abhandlung. Nichthomo-
gene, unzusammendriickbare, reibungslose Fliissigkeiten. Math. Z., 26(1):196-323, 1927. 2

Leon Lichtenstein. Uber einige Existenzprobleme der Hydrodynamik. III. Permanente Bewegungen einer
homogenen, inkompressiblen, zdhen Fliissigkeit. Math. Z., 28:387-415, 1928. 2

Leon Lichtenstein. Uber einige Existenzprobleme der Hydrodynamik. IV. Stetigkeitssitze. Eine
Begriindung der Helmholtz-Kirchhoffschen Theorie geradliniger Wirbelfdden. Math. Z., 32(1):608-640,
1930. 2

Andrew J. Majda and Andrea L. Bertozzi. Vorticity and incompressible flow, volume 27 of Cambridge
Tezts in Applied Mathematics. Cambridge University Press, Cambridge, 2002. 6, 11, 23, 25, 30

Philippe Serfati. Etude mathématique de flammes infiniment minces en combustion. Résultats de structure
et de régularité pour I’équation d’Euler incompressible. Thesis, Univerisity Paris 6, 1992. 14



36 HANTAEK BAE AND JAMES P KELLIHER

[21] Philippe Serfati. Régularité stratifiée et équation d’Euler 3D & temps grand. C. R. Acad. Sci. Paris Sér.
I Math., 318(10):925-928, 1994. 5, 14

[22] Philippe Serfati. Une preuve directe d’existence globale des vortex patches 2D. C. R. Acad. Sci. Paris
Sér. I Math., 318(6):515-518, 1994. 4, 5, 6, 14, 22

[23] Elias M. Stein. Singular integrals and differentiability properties of functions. Princeton Mathematical
Series, No. 30. Princeton University Press, Princeton, N.J., 1970. 12

[24] W. Wolibner. Un theoréme sur I'existence du mouvement plan d’un fluide parfait, homogene, incompress-
ible, pendant un temps infiniment long. Mathematische Zeitschrift, 37(1):698-726, 1933. 2, 22

[25] V. 1. Yudovich. Non-stationary flows of an ideal incompressible fluid. Z. Vyéisl. Mat. @ Mat. Fiz., 3:1032~
1066 (Russian), 1963. 5, 32

DEPARTMENT OF MATHEMATICAL SCIENCES, ULSAN NATIONAL INSTITUTE OF SCIENCE AND TECHNOLOGY
(UNIST), KOREA
Email address: hantaek@unist.ac.kr

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, RIVERSIDE, USA
Email address: kelliher@math.ucr.edu



	1. Introduction
	2. Notation, conventions, and definitions
	3. Estimates on singular integrals
	4. Lemmas involving the velocity gradient
	5. Serfati's linear algebra lemma
	6. Equivalence of striated vorticity and velocity
	7. Higher regularity of corrected velocity gradient in 2D
	8. Higher regularity of corrected velocity gradient in 3D
	9. Approximate solutions and transport equations
	10. Propagation of striated regularity of vorticity in 2D
	11. Propagation of striated regularity of vorticity in higher dimensions
	Appendix A. On transport equation estimates
	References

