THE RANK OF RANDOM GRAPHS

KEVIN P. COSTELLO AND VAN H. VU

ABSTRACT. We show that almost surely the rank of the adjacency matrix
of the Erdés-Rényi random graph G(n,p) equals the number of non-isolated
vertices for any clnn/n < p < 1/2, where c¢ is an arbitrary positive constant
larger than 1/2. In particular the giant component (a.s.) has full rank in this
range.

1. INTRODUCTION

Let G be a (simple) graph on n points {1,...,n}. The adjacency matrix Q¢ of G
is the symmetric n by n matrix whose ij entry is one if the vertex ¢ is connected
to the vertex j and zero otherwise.

There are several models for random graphs. We will focus on the most popular
one, the Erdds-Rényi G(n,p) model (some other models will be discussed in the
concluding remarks). In this model, one starts with the vertex set {1,...,n} and
puts an edge (randomly and independently) between any two distinct vertices ¢ and
j with probability p. We say that a property P holds almost surely for G(n,p) if
the probability that G(n,p) possesses P goes to one as n tends to infinity.

We are interested in the rank of Q¢, where G is a graph chosen from G(n,p). An
interesting feature of this parameter is that, unlike many graph parameters (e.g.
the connectivity or the chromatic number), the rank is not monotone under the
addition of edges. For example, the path of length 4 has a full rank adjacency
matrix, but adding an edge to create a 4-cycle decreases the rank by 2 (the matrix
gains two pairs of equal rows). Nevertheless, the rank will turn out to exhibit many
of the same threshold behaviors as these monotone properties.

A vertex v of a graph G is isolated if it has no neighbor. If v is isolated, then the
row corresponding to v in Q¢ is all-zero. Let i(G) denote the number of isolated
vertices of G. It is clear that

Fact 1.1. For any graph G, rank(Qg) < n — i(G).
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The main result of this paper shows that for p sufficiently large, the above upper
bound is tight for G(n,p). In other words, any non-trivial linear dependence in
G(n,p) comes from the isolated vertices.

Theorem 1.2. Let ¢ be a constant larger than % Then for any clnn/n <p < %,

the following holds with probability 1 —O((Inlnn) =14 for a random sample G from
G(n,p):

rank(G) = n — i(G).

Remark 1.3. This result is sharp in two ways. Obviously, the estimate

rank(G) = n — i(G) cannot be improved. Furthermore, the bound ¢ > 1/2 is also
the best possible. For ¢ < 1/2 and p = c¢lnn/n, a random sample G from G(n,p)
satisfies the strict inequality

rank(G) < n —i(G)

almost surely. In order to see this, notice that in this range G(n,p) almost surely
contains two vertices u and v with degree one sharing a common neighbor. The
rows corresponding to u and v are not zero, but they are equal and this reduces
the rank further.

On the other hand, the upper bound p < % can be replaced without much effort
by p < a for any fixed « < 1, though we do not claim any result for p =1 — o(1).
Some sort of upper bound is needed, as the adjacency matrix of G(n,1— B1) again

3n
almost surely contains pairs of equal nonzero rows.

Let us now deduce a few corollaries. It is well known that p > clnn/n for some
¢ > 1/2, then the random graph (a.s.) consists of a giant component and some
isolated vertices.

Corollary 1.4. Let ¢ be a constant larger than % Then for any clnn/n < p <
1/2, the adjacency matrixz of the giant component of G(n,p) is almost surely non-

singular.

Furthermore, if ¢ > 1, then G(n,p) almost surely is connected and contains no
isolated vertices.

Corollary 1.5. Let ¢ be a constant larger than 1. Then for any clnn/n <p < 1/2,
G(n,p) is almost surely non-singular.

It follows that the non-singularity of G(n,p) has a sharp threshold at p = Inn/n.
For any positive constant €, if p < (1 — €)Inn/n, then G(n,p) is almost surely
singular as it contains isolated vertices. On the other hand, the above corollary
asserts that G(n,p) is almost surely non-singular for p > (1 +¢€)Inn/n.

The special case p = 1/2 was a well known conjecture of B. Weiss, posed many years
ago. This special case can be viewed as the symmetric version of a well-known the-
orem of Komlés on the non-singularity of (non-symmetric) random Bernoulli ma-
trices [5] and was solved two years ago in [1]. The proof of Theorem 1.2 extends the
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ideas in that paper and combines them with arguments involving random graphs.
In the next section, we outline this proof and present the key lemmas. In Section
3, we prove the theorem assuming the lemmas. Most of the rest of the paper is
devoted to the proofs of the lemmas. The last section contains several remarks and
open questions.

Notation. In the whole paper, we will always assume that n is sufficiently large.
As usual, the asymptotic notation is used under the condition that n — oco. P
denotes probability and E denotes expectation.

2. OUTLINE OF THE PROOF AND THE MAIN LEMMAS

We will assume that p = o(1), as the case p = Q(1) was presented as Theorem 6.5
of [1]. We denote by Q(n,p) the adjacency matrix of G(n,p).

Following the ideas from [5, 1], we are going to expose Q(n,p) minor by minor.
Letting @, denote the upper left m x m minor of Q(n,p), we view Q41 as
being formed by taking @, and augmenting by a column whose entries are chosen
independently, along with the column’s transpose. Denote by G, the graph whose
adjacency matrix is @),,. In graph theoretic terms, we are considering the vertex
exposure process of G(n, p).

Our starting observation is that when a good portion of the vertices have been
exposed, the matrix has rank close to its size.

Recall that p > clnn/n for a constant ¢ > 1/2. We can set a constant 0 < § < 1
such that 1/2 < dc < 3/5. Define n’ := on.

Lemma 2.1. For any constant € > 0 there exists a constant v > 0 such that
P(rank(Q,/) < (1 —e)n’) = o(e™1"n™)

Our plan is to show that the addition of the remaining n — n’ rows/columns is
enough to remove all the linear dependencies from @,,, except those corresponding
to the isolated vertices.

The next lemmas provide some properties of G,, for n’ < m < n.

Definition 2.2. A graph G is well separated if it contains no pair of vertices of
degree at most InInn whose distance from each other is at most 2.

Lemma 2.3. For any constant € > 0, Gy, is well separated for every m between n'
and n with probability 1 — O(n17205+e)'

Here and later on, we always choose € sufficiently small so that 1—2cd+€ is negative.

Definition 2.4. A graph G is a small set expander if every subset S of the
vertices of G with [S| < 57— containing no isolated vertices has at least S| edges

connecting S to S, its complement.
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Lemma 2.5. For any m > n' the probability that G,, is well separated but is not
a small set expander is O(1/n?).

Remark 2.6. Lemmas 2.3 and 2.5 immediately imply that almost every graph en-
countered in our process after time n’ will be a small set expander. We cannot
expect this to occur for p < w, as at this density the random graph will
likely contain pairs of adjacent vertices of degree 1, leading to sets of size 2 without
any edges at all leaving them.

Definition 2.7. A set S of the vertices of a graph G is nice if there are at least
two vertices of G with exactly one neighbor in S.

Remark 2.8. The vertices of G may themselves be taken from S. For example, an
isolated edge (a pair of adjacent degree one vertices) in G would form a nice set.

. Inl
Set k := lnlnn.

Definition 2.9. A graph G is good if the following two properties hold:

1. Every subset of the vertices of G of size at least 2 and at most k& which contains
no isolated vertices is nice.

2. At most 11 vertices of G have degree less than 2.
plnn

A symmetric (0,1) matrix A is good if the graph for which it is an adjacency matrix

is good.

The next lemma states that after we are far enough in the augmentation process
we are likely to only run into good matrices.

Lemma 2.10. Let € be a positive constant. Then with probability 1 — O(n!=2¢0%¢),
Q. 18 good for every m between n' and n .

Since each augmentation adds only one new row and one new column, we trivially
have

rankg,, < rank(Qm41) < minrank(Qm,)+2,m+1 (1)

What our final two lemmas will say is that good matrices behave well under aug-
mentation in the following sense: With high probability the second inequality in
(1) in fact holds with equality.

Definition 2.11. A pair (A, A’) of matrices is called normal if A’ is an augmen-
tation of A and every row of all 0’s in A also contains only 0’s in A’ (in graph
theoretic terms, the new vertex added by the augmentation is not adjacent to any
vertices which were isolated before the augmentation).

Lemma 2.12. Let A be any fized, good m X m matriz with the property that
rank(A) +i(A) <m. Then

P( rank(Qumi1) — 1ank(Qm) < 2/(Qum, Qm1) is normal A Qp = A) = O((kp)~Y/?).
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Lemma 2.13. Let A be any fired, good, m x m matriz with the property that
rank(A) +i(A) = m. Then

P( rank(Qmi1) — mank(Qm) < 1/(Qm, Qm+1) is normal A Qp, = A) = O((kp)~/4).

Set Y., = m — (rank(Qm) + i(Qm)). The above two lemmas force Y,,, to stay near
0. Indeed, if Y, is positive, then when the matrix is augmented, m increases by 1
but the rank of @,, will likely increase by 2 (notice that kp — 00), reducing Y,,.
On the other hand, if Y,,, = 0, it is likely to stay the same after the augmentation.

In the next section, we will turn this heuristic into a rigorous calculation and prove
Theorem 1.2, assuming the lemmas.

3. PROOF OF THE MAIN RESULT FROM THE LEMMAS

In this section, we assume all lemmas are true. We are going to use a variant of an
argument from [1].

Let By be the event that the rank of @, is at least n'(1 — 14;56). Let By be the

event that Q,, is good for all n’ < m < n. We therefore have
P(rank(Qn) +i(Qn) <n) < P(rank(Qy) +i(Qn) < nA Bs|By) +P(—-B;) + P(—B3)

By Lemma 2.1 we have that P(=B;) = o(e”7""") and by Lemma 2.10 P(=By) = O(n!~2¢0+¢),
Both probabilities are thus much smaller than the bound O((Inlnn)~/4) which we
are trying to prove. So, it remains to bound the first term.

Let Y,, = m — rank(Q,,) — i(Q). Define a random variable X,,, as follows:

o X,, =4V if Y, > 0 and every Q; with n' < j <m is good;
e X,, = 0 otherwise.

The core of the proof is the following bound on the expectation of X,,, 1 given any
fixed sequence Q,, of matrices {Qn, @n/41,.-.,Qm} encountered in the augmen-
tation process.

Lemma 3.1. For any sequence Qp = {Qn/, Quit1,...,Qm} encountered in the
augmentation process,

E(Xp41|Qm) < gxm + O((Inlnn)~ /).

Proof (of Lemma 3.1) If a matrix in the sequence Q,, = {Qn/, Qun/41,-..,Qm} is
not good, then X,,+1 = 0 by definition and there is nothing to prove. Thus, from
now on we can assume that all matrices in the sequence are good.
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Let Z,, denote the number of vertices which were isolated in @,, but not in Q1.
If Z,, is positive, then augmenting the matrix will increase Y,, by at most Z,,, + 1
(m increases by 1, the number of isolated vertices decreases by at most Z,,, and
the rank does not decrease). Furthermore, Z,, = 0 if and only if (Qum, Qmy1) is
normal.

We thus have

E(Xi119Qm) = EXni1|Zm >0A Qn)P(Z, > 01Qn)

E(Xm1119m A (Qm, Qmy1) is normal)P((Qp,, Qm+1) is normal|Q,,)
E(Xit1 X(Zm > 0)|Qm) + E(Xi41]19m A (Qumy Q1) is normal)
E(47n 1Yoy (7, > 0)|Qm) + E(Xpi1|Qm A (@, Qg1) is normal).

INIA 4+

1
plnn
random Bernoulli variables, each of which is 1 with probability

Since @, is good, G, has at most

by the sum of pl}m

p. It follows that

isolated vertices. Thus, we can bound Z,,

P(Zy = i) < P(Zp > i) < ((pln_rz)*)pi < (Inn)~".

o 1
Adding up over all i, we have

B2 32 > 0)Qn) < 3 47 lnm)~ = O((tum) ™)
i=1

IfY,, = 0 and (Qn, Q1) is normal, then by Lemma 2.13 (which applies since @,
is good) X, 41 is either 0 or 4, with the probability of the latter being O((InInn)~1/4).

Therefore we have for any sequence Q,, = {Qu,...Qmn} of good matrices with
Y,,, = 0 that
E(Xm41|Qm) = O((Inlnn) ™4 + (Inn)~) = O((Inlnn)~1/4). (2)

IfY,, =j>0and (Qm,Qm+1) is normal, then Y, is j — 1 with probability
1 — O((Inlnn)~/?) by Lemma 2.12, and otherwise is at most j + 1. Combining
this with the bound on E(4Zm*1x(Z,, > 0)|Q,,) we have

E(Xmi1|Qm) =471 +47710((Inlnn)~Y2) + 40((Inn) 1) < 241' (3)

The lemma now follows immediately from (2) and (3).

Lemma 3.1 shows that for n’ < m we have

E(X,4+1]Qn) < §E<Xm|Qn’) + O((ln]nn)—lm)-
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By induction on my — m; we now have that for any ms > my > n’
3

E(X,|Qn) < (g)m2_m1E(Xm1|Qn’) + O((lnlnn)_1/4)_

In particular, by taking ms = n and m; = n’ we get that

B(X0IQw) < ()" X + O((nnm) /%),

(1—58)n’

If Q. satisfies By, we automatically have X, <4~ 1~ = (v/2)"", so

3v/2
5

E(X,|Qn) < (X2 4+ O((Inlnn)~/*) = O((Inlnn)~/4).

By Markov’s inequality, we therefore have

P(X, > 3|Q.) = O((Inlnn)~/*)
for any @, satisfying B;. It thus follows that

P(X, > 3|B;) = O((Inlnn)~'/4).

On the other hand, by definition X,, > 4 if rank(Q,) + i(Q,) < n and Bz holds.
‘We therefore have that

P( rank(Q,) +i(Qn) < n A Ba|By) = O((Inlnn)~/4),

proving the theorem.

4. PROOF OF LEMMA 2.1
By symmetry and the union bound

/

P(rank(Q,) < (1 —e)n’) < (n

en’

) =),

where Bf denotes the event that the last en’ columns of @), are contained in the
span of the remaining columns.

We view @, as a block matrix,

[ A2]

where A is the upper left (1 — e)n’ x (1 — €)n’ sub-matrix and C has dimension
en’ x en/. We obtain an upper bound on P(Bj) by bounding the probability of Bf
conditioned on any fixed A and B (treating C' as random).
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B7 cannot hold unless the columns of B are contained in the span of those of A,
meaning the equation B = AF holds for some (not necessarily unique) matrix F.
If this is the case, then B} will hold only when we also have C' = BT F'. This means
that each entry of C is forced by our choice of A, B and our assumption that B}
holds.

However, C' is still random, and the probability that any given entry takes on its
forced value is at most 1 — p. The entries are not all independent (due to the
symmetry of C), but those on or above the main diagonal are. Therefore the

en’)2
probability that Bf holds for any fixed A and B is at most (1 — p)%

We therefore have

/ (6’7l’)2
P(rank(Qn) < (1— ') < (”,)a—p) :
€en
n'e . 1 —pn)?
s e
< Czne—clnlnn7

where ¢; and ¢y are positive constants depending on ¢, §, and ¢ (but independent
of n). The result follows.

Remark 4.1. The same argument gives an upper bound of 02”6’01”2” on the prob-
ability for any n and p. Holding e fixed, we see that the probability becomes o(1)
for p = y/n with sufficiently large fixed y. In particular, if p — 0 and np — oo,
then rank(Q,,)/n — 1.

5. PROOF OF LEMMA 2.3

If p is at least (Inn)?/n then G(m, p) will with probability at least 1 —o(1/n3) have
no vertices with degree at most Inlnn, in which case the lemma is trivially true.
Therefore we can assume p < (Inn)?/n

If G,, fails to be well separated for some m between n’ and n there must be a first
mg with this property. We are going to bound the probability that a fixed m is my.

Case 1: mg = n’. The probability that G, fails to be well separated is at most n?
times the probability that any particular pair of vertices v and w are both of small
degree and at distance at most 2 from each other.
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The probability that v has sufficiently small degree is at most

Inlnn n —1 ) ;o Inlnn ) .
S ("7 < (o) 3 -

<

i=0 i=0
< (1 +O(1))(n/p)lnlnne—n/p’
S (lnn)lnlnn

ncd ’

where the last inequality comes from our lower bound on p since the second to last
line is decreasing in p. The same holds for w even if we assume v has small degree
(although the degree of v and that of w aren’t quite independent, we can bound the
probability w has small degree by the probability it has at most Inlnn neighbors
not including v).

Since a given pair of vertices both being of small degree is a monotone decreasing
graph property, the FKG inequality gives that the probability of an edge being
present between v and w is at most p even after we condition on them both being
small degree. Similarly, the probability of the existence of an = adjacent to both v
and w is at most np?. Combining these facts, the probability of two small degree
vertices being close is at most

nQ( (111 n)ln Inn (h’l n)an Inn 1H4 n

75)2@ +np?) < n2e6—1 =o(n

1—206+e)
ne '

Case 2: mg = m for some n’ < m < n. We bound the probability that m satisfies
the somewhat weaker condition that G,,_1 is well separated but G,, is not. Let w
be the vertex newly added to the graph. There are only two ways that the addition
of w can cause G, to lose well separatedness: either w serves as the link between
two low degree vertices v; and vy that were previously unconnected, or w is itself
a low degree vertex of distance at most 2 from a previous low degree vertex vg.

Applying (4) twice, the probability that any particular v; and vy both have low

2((111701“1“”)2.

nes

degree and w is connected to both of them is at most p

(ln n)ln Inn

Again by (4) the probability that w is of low degree is at most e, as is
the probability that any particular choice of candidate for vy has low degree. By
the FKG inequality, the probability that w and our candidate vy share a common
neighbor given they both have small degree is at most np?, while the probability
they are themselves connected is p.

Since there are at most n? choices for v; and v, and at most n choices for vy,
applying the union bound over all these choices, we obtain that the probability
G.n—1 is well connected but G, is not is at most

(ln n)ln Inn

(2 + p) = oln )

(
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Applying the union bound over all possible m (there are at most n values for m),
we obtain that the probability of the existence of such an mg is o(n'=2¢9+¢). The
proof is complete.

6. PROOF OF LEMMA 2.5

In order to prove the edge expansion property we first show that almost surely all

small subgraphs of G(n, Cl%) will be very sparse.

Lemma 6.1. For fized ¢ the probability that G(n, ‘1%) has a subgraph containing
at most 75— vertices with average degree at least 8 is O(n™*)

Proof Let g; be the probability that there exists a subset of size j inducing at
least 45 edges. By the union bound, this is at most (?) times the probability of a
particular subset having at least 4; edges, so

n\ (52/2\ ..
g < ()(J/‘)p‘“
J/\ 4j
ne, ;. ejclnn
(Bop(E

IN

)M

ce®;3 In*n_

< )

n3

For j < n'/* this gives g; < n~=27, while for j > n'/* we have (using our upper
bound on j) ¢; < (Inn)™/2 = o(n™°). By adding up over all j at least 2, we can

conclude that the failure probability is O(n~%), completing the proof. ]

Armed with this lemma we can now prove Lemma 2.5; we do so in two cases
depending on the value of p.

12Inn .

n

Case 1: p <

Suppose that G failed to expand properly. If this is the case, there must be a
minimal subset Sy with fewer than |Sp| edges leaving it. If any vertex in Sy were
adjacent to no other vertex in Sy, it would have a neighbor outside Sy (since Sy con-
tains no isolated vertices), and dropping it would lead to a smaller non-expanding
set, a contradiction. Therefore every vertex in Sy has a neighbor in Sy. By the well
separatedness assumption the vertices of degree at most Inlnn are non-adjacent
and share no common neighbors. Thus it follows that at most half the vertices
in Sy are of degree at most Inlnn. Since at most |Sy| edges leave Sy, it follows
that there are Q(|Sp|Inlnn) edges between vertices of Sy. But by Lemma 6.1 the
probability an Sy with this many edges exists is O(%), competing the proof for
this case.
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Case 2: p > 121%: We estimate the probability that there is a non-expanding

small set directly by using the union bound over all sets of size i < n In"*2n. The
probability in question can be bounded from above by

nln~3/2

n . . nln
Z (n) (Z(Zl_ll)) (1- p)z‘(n—i)—(i—l) < ' ni(en)i—le—inP(HO(l))

(3
i=1

- (n2e—np(1+o(1)))i-

The lower bound on p guarantees that the summand is O(n~4+t°(1)%) 5o the prob-
ability for any p in this range is 0(#). Notice that in this case we do not need the
well separatedness assumption.

7. PROOF OF LEMMA 2.10

Let Cy be the event that G,, is good for every m between n’ and n. Let C; be the
event that G, has at most zﬁ vertices of degree less than 2 for every m between

n' and n, Cs be the event that G, has maximum degree at most 10np for each m,
and C5 be the event that G,, is well separated and a small set expander for every
m between n’ and n. We have

P(—Cy) < P(=Co ANCy ANCoy AC3) +P(=C1) + P(=Cs) + P(—=C5).

It suffices to bound each term on the right hand side separately, and we will do so
in reverse order.

Lemmas 2.5 and 2.3 together show that P(—C3) = O(n!=2¢0+¢),

P(—Cs) is at most the expected number of vertices of degree at least 10np in G,,
which is at most

n 10np 10np, 10n —10n —4
n <n(e/10 P P < ne P =o(n™%).
(mnp)p < n(e/10p)"p P < (n™%)

To bound P(—C}), we note that the probability that some G,, contains a set of
vertices of degree less than 2 of size s = p~'In"' n is bounded from above by the
probability that at least s vertices in GG, each have fewer than 2 neighbors amongst
the vertices of G/, which by Markov’s inequality is at most

]_ /_ 77,/_ _ —on _
—n('p(1=p)" 2+ (1=p)" 1) = O(s™ n?pe ™) = o(n™ "),

It follows that P(—C;) = o(n~1/3).
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It remains to estimate the first term, which we will do by the union bound over
all m. Since property C; implies G,,, has few vertices of small degree, it suffices to
estimate the probability G, contains a non-nice set while still satisfying properties
01, Cg, and 03.

Let p; be the probability that conditions Cy,C2, and C3 hold but some subset of
exactly j vertices without isolated vertices is not nice. Symmetry and the union
bound give that p; is at most (T) times the probability that the three conditions
hold and some fixed set S of j vertices is not nice. We will do this in three cases
depending on the size of j.

e 1: 1 ; — Inlnn
Case 1: pmgggk_ TR

Direct computation of the probability that a fixed set of j vertices has either 0 or
1 vertices adjacent to exactly one vertex in the set gives:

IA

m ) em ‘ . . o
v, (.)<<1—gp<1—p>f Y mgp(1 - pP (1 — jp(1 — )=y )
P((L = jp(L = pP )™ +mjp(1 = pp =1 (1 = jp(1 = p)i=y™ 1)
)j((l _ jpe—jp(l+0(1)))m + mjpe—jp(1+0(l))(1 _ jpe—jp(1+0(1)))m—1)

mepv/In n)j(e—mjp(1+o(1))e*“)“*““>>)(1 + myjpeip(+o(1)).

VAN VAN
S Es
SIS
5| 5
sls

IN

It follows from our bounds on j and p that mjpe 7P tends to infinity, so the second
half dominates the last term of the above sum and we have:

P < (mep* /1nn)j(e—mjp(1+o(1))e*jp(1+o(1)>)(Qmjpe_jp(l-s-o(l))).

Taking logs and using dn < m < n gives:

IN

() < (1+o(1))j(in(enpvinm) — snpe—r(+e) _p 1 mENIP),
J

< (1+0(1))j(41In(np) — dnpe~krito())

(14 o(1))j(dIn(np) — — "),

(In n)%*‘o(l)

Since np > 0.51lnn, taking n large gives that the probability of failure for any
particular j in this range is o(1/n?), and adding up over all j and m gives that the
probability of a failure in this range is o(1/n?).

.10 ; 1
Case 2: 55— <j < i

S
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Let b be the number of vertices outside S adjacent to at least one vertex in S, and
let a be the number of edges between S and the vertices of G outside S. If G, is
to satisfy the properties Cy and C3 it must be true that j < a < 10jnp.

Next, we note that if S is not nice, then at least b — 1 of the neighbors of S must
be adjacent to at least two vertices in .S. This implies that b < GTH It follows that

1 1
pj < <m)( max P(b< ﬂ\a:w)JrP(ag 10j) max P(b< vt la = w)
10j<w<10jnp

. < A . )
J 2 j<w<10j 2 (4)

To bound P(b < %m = w), we fix a set of % vertices and bound the probability
that w consequentially randomly selected vertices were in that set. We will view the
w vertices as being chosen uniformly with replacement. However, allowing edges
to be repeated can only increase the probability that few destination vertices are
chosen. Using the union bound over all possible sets of “’TH vertices, we have

Pr< Tl < (m_jy2w+1)w

2 oAt ) 2(m =)
Ze(mfj)% w+1 .,
< (=) (%m_jﬂ
(.

This last bound is decreasing in w for the entire range under consideration (our

bounds on j guarantee w is at most \}lonin) Therefore we can plug in the smallest

values of w in (4) to get

o< (T)ea<i0ch T ¢ G
< avi(") el <100+ ()
< Sﬁ(%)j(P(a < 10j)(%)% + (@)53)

m

4e’n

< 3Va(Pla < 107)( g (B

7)M).

n
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a here is the sum of at least n'j(1+0(1)) independent Bernoulli variables each with
probability of success at least Cl% We therefore have

105 ;.
Inn . Inn., .
P(a <10j) < E:(”?)(””Sql_cn”ymu+mm

- 1 n n
1=0
105 .
< cejInmn . _jesto(1))
< > —)'n
=0

— n*j65(1+0(1)),

yielding

2 1305,
pj < 4\/5((\/5,”(14-0(1))06—1/2 )j +( 7 ) j)'

n

Both terms are decreasing in j in the range under consideration, and plugging in
the lower endpoint of our range gives that p; = o(1 /n*) for each j and m in the
range. By the union bound the probability of failure in this range is o(1/n?).

Case 3: 2 < j < 510
Let a and b be as in case 2. We again bound the probability of failure for any fixed
set of vertices by the probability that b < “TH

We first note that if condition C5 is to be satisfied then this inequality cannot be
satisfied any time when a is at most 105. This is because if a is in this range it follows
that every vertex in our set is of degree below Inlnn, and the well separatedness
condition then guarantees that each edge leaving our set must go to a different
vertex.

Because of this, we can rewrite equation (4) as

m w—+1
< P < =
pi = ( '>(10j<r£g)1(0jnp (b= 2 ja = w)

J
1305
< 4vn(—

)Y,

where the second inequality comes from our computations in case 2. Adding up
over all j in this range gives that the probability of failure in this range is o(n=3).

8. SOME LITTLEWOOD-OFFORD-TYPE RESULTS

The proof of the remaining two lemmas rely on modifications to the following lemma
of Littlewood and Offord [3]:
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Lemma 8.1. Let a; be fivred constants, at least q of which are nonzero. Let
Z1,29,...2n be random, independent Bernoulli variables which take on 0 and 1
each with probability 1/2. Then for any fized c,

P} aiz=c) =0,
=1

where the implied constant is independent of n, the a;, and c.

The variables we are now considering, however, are not equally likely to be 0 and
1. Thus we need the following special case of a more general result in [4].
Lemma 8.2. Let a; be fived constants, at least q of which are monzero. Let

21,22, ...2n be random, independent Bernoulli variables which take on 1 with prob-
ability p < %, 0 with probability 1 — p. Then for any fized c,

P(Z a;z = ¢) = O((qp)~*/?),

where the implied constant is absolute.

Remark 8.3. The theorem is also true (with near identical proof) if one replaces the
distribution of the z; by one with P(z; =1) =P(z; = —-1) =p,P(2;, =0)=1-2p

Proof

Let r; be Bernoulli random variables taking on 1 with probability 2p, and 0 with
probability 1 — 2p. Let s; be random variables taking on 1 and 0 with equal
probability, and replace z; by r;s; (which has the same distribution). We thus have

n

P(Z(airi)si =¢) < P(Z a;ri8; = c| Zri > qp) + P(Z r; < qp)
i=1 i=1 i=1

=1

Since E(>"1; 7;) = 2gp and Var(> 1, ;) < 2gp, by Chebyshev’s inequality the
second term on the right is O((gp)™") = O((gp)~'/?). In the first term there
are at least gp nonzero a;r;, so the bound follows immediately from the original
Littlewood-Offord lemma. ]

The other modified Littlewood-Offord result we need is a similar modification of
the Quadratic Littlewood-Offord lemma in [1]:

Lemma 8.4. Let a;; be fized constants such that there are at least q indices j each
with at least q indices © for which a;; # 0. Let z1,22,...2, be as in Lemma 8.2.
Then for any fized c

PO aijziz =) = 0((qp)~/), (5)

i=1 j=1

where the implied constant is absolute.
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Proof

The proof of Lemma 8.4 relies on the use of the following application of the Cauchy-
Schwartz inequality:

Lemma 8.5. Let X and Y be random variables, and let E(X,Y) be an event
depending on X and Y. Let X' be an independent copy of X. Then

P(E(X,Y)) < (P(E(X,Y) AE(X,Y))"?

Proof

We will assume here that Y takes a finite number of values y1, ..., y, (the general
case is almost identical in proof). Note that

n

P(E(X,Y)) =) P(EX,y)PY =y)

i=1

and
n
P(E(X,Y)AE(X'Y)) =) P(E(X,5))°P(Y =Y)),
i=1
and the result follows immediately from Cauchy-Schwartz. ]

Without loss of generality we can assume that the ¢ indices j given in the assump-
tions of our lemma are 1 < j < gq.

Define X := (2i)i>q/2, Y := (2i)i<q/2- Let Q(X,Y) be the quadratic form in (5),
and let E(X,Y") be the event that that form is ¢. By Lemma 8.5 we have

P(Q(X,Y) =)’ <P(Q(X,Y) = Q(X"Y) =¢) < P(Q(X,Y) - Q(X",Y) = 0)
Thus it is enough to show the right hand side of this is O((gp)~'/?). To estimate
the right hand side, we note that

QXY) - QX" Y)= > W,z + f(X,X),

7<q/2

where

Wi= Y aij(zi — )

i>q/2

and f is a quadratic form independent of Y. As in Lemma 8.2, we next condition
on the number of nonzero W;. Let I; be the indicator variable of the event W; = 0.
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‘We have that
P( ) Wz)=—f(X,X)

i<d/2

SP(Y Wiz =—f(X, X)) L <q/4)+ PO _ I > q/4)

j<d/2

By Lemma 8.2 the first term on the right hand side is O((gp)~'/?) for any fixed
value of X, so it immediately follows that the same holds true for X random.

For the second term, we note that since Y only involves ¢/2 indices, each index in
Y must have at least ¢/2 indices in X with a;; # 0. If follows from the remark
following Lemma 8.2 that E(I;) = O((gp)~*/?), so E(X_I;) = O(q(gp)~*/?). By
Markov’s inequality, the second term is also O((gp)~'/?), and we are done. [ |

9. PROOFS OF LEMMAS 2.12 AND 2.13

The assumption that the pair (Qumm, @m+1) is normal means that the rows in @,
which are entirely 0 have no bearing on the rank of @,,+1. Thus without loss of
generality we can drop those rows/columns and assume that A has no rows which
are all 0, at which point A will still be singular in Lemma 2.12, but will have become
nonsingular in Lemma 2.13.

Proof of Lemma 2.12.

If the new column is independent from the columns of A, then the rank increases
by two after the augmentation (since the matrices are symmetric). Thus if the rank
fails to increase by two then adding a new column does not increase the rank.
Assume, without loss of generality, that the rank of A is D and the first D rows

Z1,...,xp of A are linearly independent. Then the last row x,, can be written as
a linear combination of those rows in a unique way

D
Ty = E Q; T;.
=1

By throwing away those a; which are zero, we can assume that there is some D’ < D
such that

D’
T = g ALy,
=1
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where all a; # 0. Recall that we defined k = 1“21% If D' +1 < k, then there is a
vertex j which is adjacent to exactly one vertex from S = {1,..., D', m}, thanks to
the goodness of @,,. But this is a contradiction as the jth coordinates of z,, and

Zi’;l a;z; do not match (exactly one of them is zero). Thus we can assume that
D' >k—1.

Now look at the new column (yi,...,¥m). Since the rank does not increase, we
should have

D/
I
Ly = a;Zi,
i=1

where z} is the extension of z;. This implies

D/
=1

Since all a; are non zero, by Lemma 8.2 the probability that this happens is
O((Dp)~?) = O((kp)~'/?), concluding the proof.

Proof of Lemma 2.13. Let A be a good non-singular symmetric matrix of order
m. Let A’ be the m + 1 be m + 1 symmetric matrix obtained from A by adding a
new random (0, 1) column u of length m+1 as the m+ 1st column and its transpose
as the m + 1st row.

Let x1,...,2;,41 be the coordinates of u; @, 11 is the lower-right diagonal entry of
A’ and is zero. The determinant for A’ can be expressed as

m m m m
E E CijTiXj = E E Cij T3y ZQ

i=1 j=1 i=1 j=1

where ¢;; is the ij cofactor of A. It suffices to bound the probability that @ = 0.
We can do this using Lemma 8.4 if we can show that many of the ¢;; are nonzero.

Since A is now nonsingular, dropping any of the columns of A will lead to a m X
(m — 1) matrix whose rows admit (up to scaling) precisely one nontrivial linear
combination equal to 0. If any of the rows in that combination are dropped, we
will be left with an (m — 1) x (m — 1) nonsingular matrix, i.e. a nonzero cofactor.

As above, that combination cannot involve between 2 and k rows (since A is good,
any set of between 2 and k rows has at least two columns with exactly one nonzero
entry, and even after a column is removed there will still be one left). The com-
bination will involve exactly 1 row only when the column removed corresponds to
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the only neighbor of a degree 1 vertex (which becomes isolated upon the removal
of its neighbor). But by assumption there are only pﬁm =O( ) possibilities for
such a neighbor.

_n_
In?n

It follows that for each index j except at most O(;-3-) indices there are at least k
indices ¢ for which ¢;; # 0, and we can therefore apply Lemma 8.4 with ¢ = & to
get that P(Q = 0) is O((pk)~/*), proving Lemma 2.13.

10. OPEN PROBLEMS AND AVENUES FOR FURTHER RESEARCH

Theorem 1.5 gives that ™" is a threshold for the singularity of Q(n,p) but it would
still be of interest to describe the sources of singularity once p drops below the
threshold. While we have obtained such a description for p = Q(22) [2], it is still
unclear what happens when p drops below this range.

As noted in Remark 4.1, it is still the case at this point that rank(Q,,)/n — 1,
and this will continue to occur until pn = O(1). For y fixed and p = y/n, we have
from consideration of isolated vertices and the bounds in Lemma 2.1 that

1-0(ny/y) < (1+0(1)) rank(Qnp)/n<1—e¥=1—-1i(G)/n

It seems likely that E( rank(Qy,,/,))/n tends to some function g(y) as n — oo,
and it would be of interest to compute g. Azuma’s inequality applied to the vertex
exposure process guarantees the ratio is highly concentrated around this g, whatever
it may be.

Let us now consider the case when p is above the threshold Inn/n. What is the
probability that Q(n,p) is singular ? The current proof gives bounds which tends
to zero rather slowly. For p > n™® we can prove the singularity probability is
O(n~1/4(1=22)) However, for p < n~1/2, we can only prove O((Inlnn)~/%). While
it is certain that these bounds can be improved by tightening the arguments, it is
not clear how to obtain a significant improvement. For instance, we conjecture
that in the case p = ©(1), the singularity probability is exponentially small. Such
bounds are known for non-symmetric random matrices [6, 7, 8], but the proofs do
not extend for the symmetric case.

The assumption of independence between the edges of G seems crucial to 1.5. In
particular, the results in this paper do not yet apply to the model of random regular
graphs.

Question 10.1. For what d will the adjacency matriz of the random d-reqular
graph on n vertices almost surely be nonsingular?

For d = 1, the matrix is trivially non-singular. For d = 2, the graph is union of
cycles and the matrix will almost surely be singular (any cycle of length a multiple
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of 4 leads to a singular adjacency matrix). We conjecture that for 3 < d < n — 4,
the matrix is again almost surely nonsingular.
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