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Abstract

An r-commutative algebra is an algebra A equipped with a Yang-Baxter
operator R: A ® A — A ® A satisfying m = mR, where m: A ® A — A is
the multiplication map, together with the compatibility conditions R(a ® 1) =
1®a, RI1®a) =a®1, RAA®m) = (m ®id)R2R; and R(m ®id) = (id ®
m)R1 Ry. The basic notions of differential geometry extend from commutative
(or supercommutative) algebras to r-commutative algebras. Examples of r-
commutative algebras obtained by quantization of Poisson algebras include the
Weyl algebra, noncommutative tori, quantum groups, and certain quantum
vector spaces. In many of these cases the r-commutative de Rham cohomology
is stable under quantization.

1 Introduction

Following the initiative of A. Connes [6], there has been a surge of interest in noncom-
mutative geometry, in which one treats a noncommutative algebra as if it consisted of
smooth functions on a space and pursues analogs of differential-geometric construc-
tions. As pointed out by Connes, Karoubi [16], and Woronowicz [28, 30], the analog
of differential forms for a noncommutative algebra A is a differential calculus for A,
that is, a differential graded algebra ) that is generated as such by Q° = A. Every
differential calculus for A is a quotient of a certain “universal” differential calculus
0, (A). For commutative algebras one usually works with the “classical” differential
calculus Q.(A), which is the quotient of Q2,(A) by the relations

adb = (db)a, d1=0.

When A is the algebra of smooth functions on a manifold M, €.(A) is isomorphic as
a differential graded algebra to the differential forms Q(M).

The simplest generalization of the classical differential calculus treats Zs-graded
algebras that are “supercommutative,” satisfying ab = (—1)4¢8@d°¢bpq, The extension
of concepts to supercommutative algebras is based on the rule that the twist map

aRb—bRa



should be replaced everywhere by the graded twist map
a ® b s (_1)dogadogbb ® a.

Thus one constructs an analog of the classical differential calculus for a supercommu-
tative algebra A as the quotient of €2, (A) by the relations

adb = (—1)%e*deb (db)g  dl1=0.

Supercommutative algebras arose in physics from the desire to treat bosons and
fermions in an even-handed manner. The interchange of two identical bosons is
modelled mathematically by the twist map, while for fermions one uses the map

a®Rb— —bRa.

More recently, mathematical investigations of low-dimensional physics have raised
the possibility of other particle types, so-called “anyons,” for which interchange is
modelled by an operator R: A ® A — A ® A satisfying the Yang-Baxter equations

(R®id)(id ® R)(R®id) = (id ® R)(R®id)(id ® R) .

Such operators define representations of the braid group. This circle of ideas leads to
the concept of an “r-algebra,” an algebra equipped with a Yang-Baxter operator

a®@br— R(a®0Db)

compatible with the algebra structure in a certain sense. An algebra A equipped
with such an “r-structure” is said to be “r-commutative” if m = mR, where m: A ®
A — A is the multiplication map. Many interesting noncommutative analogs of
manifolds are r-commutative. In addition to supermanifolds, these include quantum
groups, quantum matrix algebras, quantum vector spaces [11, 12, 15, 20, 28, 29,
30], noncommutative tori [6, 8, 25], the Weyl and Clifford algebras [26], and certain
universal enveloping algebras.

Generalizing the classical differential calculus to r-commutative algebras is straight-
forward when the r-structure R is “strong,” that is, R? = id. One simply forms the
quotient of Q,(A) by the relations

adb =Y (db")a;, d1 =0,

)

where R(a ® b) = 3, b' ® a;. Most of our work concerns this case, which is relevant
to the Weyl and Clifford algebras and noncommutative tori. For quantum groups,
quantum matrix algebras, and quantum vector spaces one needs r-structures that are
not strong. Here there are still many basic open questions.

The plan of the paper is as follows. In section 1 we state the basic definitions
concerning r-commutative algebra and differential forms on strong r-commutative al-
gebras. In section 2 we describe two basic r-commutative algebras: the r-symmetric



algebras, which generalize the symmetric and exterior algebras, and the r-Weyl al-
gebras, which generalize the Weyl and Clifford algebras. In section 3 we sketch the
relation between r-commutative geometry and the quantization of Poisson algebras,
and work through the details for the Weyl algebra, giving a new proof of Segal’s
Poincaré lemma for “quantized differential forms” [26]. In section 4 we give a similar
treatment of noncommutative tori. In section 5 we sketch what is known about the
r-commutative geometry of quantum groups, quantum matrix algebras and quantum
vector spaces.

The author thanks Minhyong Kim and other participants in the M. I. T. Non-
commutative Geometry and Quantum Groups seminar for helpful conversations and
a chance to present these ideas in a preliminary form, and Ping Feng, for pointing
out the importance of the Hecke relations and showing him the work of Wess and
Zumino.

2 R-commutative (Geometry

We begin by describing “r-commutative algebras,” in which, following the ideas of
Manin [20], the role of the twist map

T(a®b)=b®a

is replaced by an arbitrary Yang-Baxter operator. We develop only a small piece of
this theory. One could phrase some of our work in the language of tensor categories
9, 17, 19], but we take a more pedestrian approach.

Initially we work over an arbitrary field k. By an “algebra” we will always mean
a unital associative algebra over k. Let V be a vector space over k. Given R €
End(V ® V), define R; € End(V®") for 1 <i <n by

Rvi®- - v,) =01 @ @01 Q@ R(1; QUiy1) @Vip1 @+ Ry .

Given R € End(V ® V), we say R is a Yang-Baxter operator on V if R is invertible
and
R1R2R1 == R2R1R2

on V@V ®V. Wesay Ris strong if also R? = id.

Yang-Baxter operators are closely related to the braid group and symmetric group,
as follows. Let s;, 1 <1 < n, denote the standard generators of the braid group B,,
which satisfy the relations

$i8;=8;8 , |1—j|>2,

Si8i415i = Si4+15iSi+1 -

Let 7: B,, — S,, denote the homomorphism such that

m(s;) = o; s



where o; is the ith elementary transposition. Then an element R € End(V @ V)
is a Yang-Baxter operator if and only if for all n the map s; — R; extends to a
representation p of B, on V®". The Yang-Baxter operator R is strong if and only if

for all n the representation p factors through S, that is, p = p'm for some p': S,, —
End(Vem).
Define the element s,,,,, € B,,1m by

Snm = (Sm"‘sl)(5m+l"'52)"‘(5n+m—1"‘5n) .

Pictorially, this element can be represented as the braid in Figure 1, which makes it
clear that 7(spm) € Spim is the permutation

(I,....,n+m)—(n+1,....n+m,1,....,n).

Let m: AQ A — A be the multiplication map. We define an r-algebra to be an algebra
A equipped with a Yang-Baxter operator such that

Rl®a)=a®1l, Rae®l)=1®a
for all a € A, and the following diagram commutes:

A®4 M, A®4

mem me®m (1)

A®2 A®2

A Yang-Baxter operator on an algebra A satisfying these conditions will be called
an r-structure for A. If in addition the Yang-Baxter operator is strong, we call it
a strong r-structure for A, and say that A is a strong r-algebra. We say that A is
r-commutative if m = mR. The reader may verify that every Zs-graded algebra is a
strong r-algebra with r-structure given by

R((I ® b) — (_1)dega degbb® a,

and that in this case r-commutativity is equivalent to graded commutativity.

The commutative diagram (1) deserves some comment. Roughly speaking, it
describes how to move a product ab € A to the right of cd € A if we know how to
move the factors a and b to the right of ¢ and d. It has a pictorial interpretation
given in Figure 2, where the joining of two strands denotes multiplication. The
following lemma gives an alternate formulation in terms of equations (3), which are
dual to the axioms for a quasi-triangular Hopf algebra [11]. Figure 3 gives a pictorial
interpretation of these equations.



Lemma 1. Suppose that A is an algebra, and that R: A® A — A® A is a Yang-
Bazter operator. Then R is an r-structure for A if and only if

R(l®a)=a®1, Ra®l)=1®a, (2)
and
Rm®id) = id®m)RiRy, Rid®m)= (m ®id)RsR; , (3)
as maps from A®3 to A®?,

Proof - Note that Ry Ry = p(s21) and ReR; = p(s12). Let id,, denote the identity
on A®" and note that

p(s22) = (idi @ p(s21))(p(s21) ® id1)
= (p(s12) ®@idy)(id1 ® p(s12)) -

Given the identities (1) and (2) we have

(idi @ m)p(sa1)(a®@b@c) = (m@m)(idi ® p(s21))(1 ®a®@b& c)
(m @ m)(id; ® p(s21))(p(s21) ® idi)(a ®b® 1 ® c)
(m@m)p(s)(a®b®1®c)
Rmem)(a®@b®1®c)
= Rm®id))(a®@b®c).

The other part of (3) follows similarly.
Conversely, given equations (3) we have

(m@m)p(se) =

(idy @ m)(m ®ida)(p(s12) ® idy)(id1 ® p(s12))
(idl ® m) (R & idl)(idl &® R)(ldg & m)
(idy ® m)p(s21)(id2 ® m)

R(m ®1id;)(idy ® m)

= R(m®m). 0

There is a simple formula for moving the product a;---a; to the right of the
product b - - - by, in an r-algebra.

Lemma 2. Suppose A is an algebra with r-structure R. For any j > 1, let m;: A% —
A denote the map given by m;(a1 @ --- ® a;j) = aray---a;. Then given j,k > 1 and
ai,...a; by, ... by € A, we have

R(ay---a; ®@by---b) = (mp @my)p(sjp)(a1 @ ®a; @by @+ @by),

where p denotes the representation of Bjy, on A®UTH) determined by R.



Proof — We prove that
R(mj; @ my) = (my @ my)p(sr)

for all j,k > 1 by induction. The case j, k = 1 simply says that R = R. Assume as
an inductive hypothesis that R(m; ® my) = (my @ m;)p(s;i) forall j < J, k < K. It
suffices to prove that for such j, k we have

R(mjp1 @ my) = (mg @ myjy1)p(Sjie)
and
R(m; @ myt1) = (me+1 @ my)p(Sjt1) -
We only prove the first, as the second is analogous. By Lemma 1 we have
R(m;®@my) = R(m®idy)(id; ® m; @ my)
= (idy ® m)p(s21)(id1 ® m; @ my)
= (id; ® m)(R®1id;)(id; ® R)(id; ® m; ® my,) ,
so by the inductive hypothesis
and the inductive hypothesis also implies that R(id; ® my) = (my ® idy)p(s1x), so

R(m;@my) = (idy ® m)(my @ m;)(p(sik) ® id;)(idi @ p(sjx))
= (mx @ mj11)p(8541.%)

as desired. O

As a consequence, an r-structure R on A is determined by its action on any
subspace V' C A generating A with R(V @ V) CV V.

Lemma 3. Suppose an algebra A is generated by a subspace V. C A. Given a Yang-
Baxter operator R on'V, there exists at most one r-structure on A, say R € End,(A®
A), extending R € End(V ®@ V). If R is strong then R is strong if it exists.

Proof - Uniqueness is an immediate corollary of Lemma 2. If R is strong then
Sk;Sjk acts as the identity on VUK for all j k > 1, so Lemma 2 implies

Rz(vl"'vj(g)wl"'wk) — R(mk®m])p(53k)(vlUj®w1wk)
= (m; @ my)p(sjx)p(sk;) (V1 v @wy -+ wy)
— fUl...Uj@wl...wk
for all vy,...,vj,wy,...,wx €V, s0 so R is strong. O

We define an r-ideal of an r-algebra A to be a two-sided ideal I C A such that
R preserves I ® A+ A ® I. Given algebras A and B with r-structures R, and
Rp, respectively, we say f: A — B is an r-morphism if f is a homomorphism and

(f®@ f)Ra= Rp(f®f).



Lemma 4. Let A be an r-algebra with an r-ideal I. Then there is a unique r-structure
on A/l such that the quotient map j: A — A/I is an r-morphism. Conversely, the
kernel of any r-morphism f: A — B is an r-ideal in A.

Proof - Suppose I is an r-ideal of A. If R’ is a strong Yang-Baxter operator on
A/I such that j is an r-morphism, we must have

R(j®j)r=(j®j)Rx

for allz € A® A. To show that this formula defines an element R’ € Endy(A/I®A/I)
it suffices to note that the kernel of j ® jis I ® A+ A ® I, which is preserved by R,
so that ker(j ® j) C ker(j ® 7)R. One may easily check that R’ is an r-structure for
A/I, and that j becomes an r-morphism relative to this r-structure.

Conversely, suppose f: A — B is an r-morphism. Since Rg(f® f) = (f® f)Ra4, it
follows that ker(f ® f) is preserved by R4. Since ker(f ® f) =ker f®@ A+ AR ker f,
it follows that ker f is an r-ideal. O

Note that the quotient of a strong r-algebra by an r-ideal is strong, and the quotient
of an r-commutative algebra by an r-ideal is r-commutative. In parallel to Lemma 3,
we also have:

Lemma 5. Let A and B be r-algebras with r-structure R4 and Rp, respectively. A
homomorphism f: A — B is an r-morphism if (f ® f)Ra(v®@w) = Rp(f® f)(v@w)
for allv,w € V., where V.C A is a subspace generating A with R(V V) CV V.

Proof - It suffices to show that (f ® f)Ra(a ®b) = Rp(f ® f)(a®b) for a =

vy, b= wy - wyg, where vy, ..., v;,wy, ..., wi € V. Let py and pp denote the
representations of the braid group determined by R4 and Rg. By Lemma 2 we have
(f® f)Rala®b) = (f®f)(mk®ma)PA(5ak)(Ul ® - ® w)
= (mx @m;) fP9 s (s5) (01 @ - - @ wy,)
= (M ® mj)pB(Sak)f®(]+ )(v - ® wy)

= Rp(m; @my) fCU (v @ - ®wk)
~ Rsl/ & N(a®h). -

We now turn to an analog of the classical differential calculus Q.(A) for strong
r-commutative r-algebras. Let A be an r-algebra, and let €,(A) be the universal
differential calculus over A [6, 16]. Recall that this may be defined by the property
that for any differential graded algebra €2 and any homomorphism f: A — QO there
exists a unique differential graded algebra morphism f:€Q,(A) —  extending f. We
define the algebra of differential forms over A, Qr(A), to be the quotient of 2,(A)
by the differential ideal generated by d1 together with all elements of the form

adb = (db)a; ,

i



where a,b € A and R(a ® b) = 3,0 @ a;. Clearly Qg(A) is a differential calculus for
A. Just as a smooth mapping of manifolds induces a homomorphism of differential
forms, we have:

Lemma 6. Let A and B be r-algebras and f: A — B an r-morphism. Then there
exists a unique morphism of differential graded algebras f,: Qr(A) — Qr(B) extending
f. Given r-morphisms f: A — B and g: B — C, we have (gf)« = gufs-

Proof - By the universal property of €,(A), there is a unique morphism of dif-
ferential graded algebras f:€2,(A) — Qr(B) extending f, so it suffices for the first
claim to show that ker f contains d1 and the elements adb — 3 db’ a; for all a,b € A.
This follows directly from the definition of Qg(B). For the second claim, suppose
f:A— B and g: B— C are r-morphisms. Since z(A) is generated as a differential
graded algebra by A, and since f, and g, are differential graded algebra morphisms,
we must have (gf)s = gu fs. O

We emphasize that while Qg(A) is well-defined for any r-algebra A, it is the
correct generalization of the classical differential calculus only if A is r-commutative
and strong. We defer remarks on the non-strong case to section 6.

3 R-symmetric and R-Weyl algebras

We now introduce two fundamental examples of r-commutative algebras. The first,
variously called the “Yang-Baxter” or “Zamolodchikov” algebra [19, 20], is a kind of
universal r-commutative algebra. As it generalizes the symmetric algebra, we prefer
to call it the “r-symmetric algebra.”

Lemma 7. Let R be a strong Yang-Baater operator on a vector space V. Then TV
has a unique r-algebra structure R € End(TV @ TV) extending R € End(V ®@ V). If
R is strong then R is strong.

Proof - Define R: TV @ TV — TV ® TV such that for all a € V¥ and b € V™,

R(a®b) = p(spm)(a®b) € VI @ VO™

Note that here we are first identifying a®b € VE" @ V®™ with an element of 1V ®m+m),
and then identifying p(snm)(a®b) € V™™ with an element of V™ ® V&, so that
R Ve QVem _ V&M @8 Agmaps from VI QVOmQVE to VENQ VEm g V&L,
we have

R1R2§1 = (p(Smn) ®id)(id @ p(sen)(p(80m) @ id)

while o
RoRi Ry = (id @ p(Simn)) (p(5en) @ 1d)(id @ p(Sem)



and one may check that these are equal using either the braid group relations or the
pictorial representation of Figure 1. It is straightforward to check that R makes TV
into an r-algebra. Uniqueness follows from Lemma 3, as does the fact that R is strong
if R is strong. O

Lemma 8. Let R be a Yang-Baxter operator on the vector space V.. Let T'V be given
the r-algebra structure R as in Lemma 1. Let I C TV be the ideal generated by all
elements of the form v @ w — R(v @ w) for v,w € V.. Then I is an r-ideal and TV /I
s an r-commutative algebra.

Proof - Any element of I ® A is a linear combination of those of the form a ® b,
where
a=1v1® @1 —=R)(v;®Vip1) ® - Quy,

We have

SO

Ra®b) = plsam)(l = p(5))(01 ® - ® vyem)
= (1= p(Smti))p(8nm) (V1 @ - -+ @ Vpym) -

It follows that R(a ® b) is a linear combination of elements of the form

(1= p(smsa)) (w1 @ -+ @ Wogm)

which lie in A®I. Thus R(I® A) C A®I; a similar argument shows that R(A® 1) C
I ® A, so that I is an r-ideal.

Next let us show that T'V/I is r-commutative. The algebra T'V/I is spanned by
elements a, b of the form

a:[vl®...®vn]’ b:[vn+l®"'®vn+m]-

We have N
mR(a ®b) = [p(spm)(V1 ® +++ ® Vpym)] -
Since sy, is a product of generators s; € B,, ., and since

[p(si) (W1 ® -+ @ Wpym)] = w1 ® - R(w; @ wig1) ® -+ @ W ym)
= W1 ® W @Wip1 @+ ® Wnim)

for all wy, ..., Wym €V, we have

mR(a®@b) =01 ® -+ @ Upym) =m(a®b) . O



Given a vector space V equipped with a Yang-Baxter operator, we denote the r-
commutative algebra T'V/I constructed in the above lemma by SgrV, the r-symmetric
algebra over V. As the quotient of TV by a homogeneous ideal, SpV is naturally a
graded algebra. When R is the twist map 7(v ® w) = w ® v, we have SgV = SV,
while if R = —7, SRV is the exterior algebra AV. Just as the symmetric algebra SV
may be identified with the coordinate ring of a vector space, the algebra SV may be
regarded as the coordinate ring of a “quantum vector space” [20]. Similarly, elements
of Qr(Sgr(V)) may be regarded as differential forms on a quantum vector space.

Just as the exterior and symmetric algebras are special cases of r-symmetric al-
gebras, both the Clifford and Weyl algebras are “r-Weyl algebras.” Let V be a
vector space equipped with a Yang-Baxter operator R. We say that a bilinear form
w: VeV —kisa skew formon V if wo R = —w. Given a skew form w on V', we
define the r-Weyl algebra Wg(V,w) to be the quotient of the tensor algebra T'V by
the ideal I generated by the elements

1RW—w®v—wlvw)l

for all v,w € V, where 1 denotes the identity of TV .

In addition to the Clifford, Weyl, and unified Clifford-Weyl algebras, a few other
r-Weyl algebras have already been studied. For example, Arik and Coon [1], and more
recently Goodearl [14], Morikawa [21], and Gelfand and Fairlie [13] have considered
a “g-deformed” Weyl algebra which is a special case of our r-Weyl algebra. Namely,
if one takes V' = k @ k with the basis {v, w}, and defines R € End(V ® V') to be the
strong Yang-Baxter operator such that

Rrx®zr)=r®z, Ry®y =y®y, Raey)=qw®,

where ¢ # 0, there is a unique skew map w:V ® V' — k with w(z,y) = 1, and the
r-Weyl algebra Wg(V,w) is isomorphic to klz,y]/{zy — qzy — 1).

Note that if w = 0 the r-Weyl algebra Wgr(V,w) is just the r-symmetric algebra
SrV. Interestingly, the r-Weyl algebra admits an r-commutative r-structure that
reduces to the standard one on SgV in the special case w = 0.

Theorem 1. Let V' be a vector space, R a Yang-Bazter operator on V', and w a skew
form on V. Then there is a unique r-structure R on Wgr(V,w) such that

Rvow)=Rvew)+wvew)(lx1l).
Moreover, the r-structure R is r-commutative, and R is strong if R is strong.
Proof - The uniqueness of R follows from Lemma 3, since the span of V' and
1 in Wg(V,w) is a subspace U generating Wg(V,w), with R({U @ U) = U ® U. For

existence, it is useful to construct an r-symmetric algebra containing a formal variable
x, which specializes to Wx(V,w) when we set z equal to 1 € k. Let V' =V @ k, and

10



let z = (0,1) € V'. One easily checks that there is a unique Yang-Baxter operator R’
on V' given by
R'((v+ az) ® (w + fx)) =

Rv@w)+w®@ar+ fr@v+ (af +wv@w))(r® x)

for all v,w € V, a,f € k. The r-symmetric algebra Sgr (V') is automatically r-
commutative, and is strong if R, hence R’, is strong.

Let I be the ideal in Sg/(V’) generated by x — 1. We claim that [ is an r-ideal.
The relations above imply that = — 1 is central in Sg/(V'), so I is spanned by elements
of the form (z — 1)vg - - - v;, where vy, ...,v; € V'. Taking wy, ..., w, € V', we have

R,((x_1>v2.../uj®w1...wk) =

(my; @ mp)p(sje) (2 = 1) @2 @ @ v; QUi @ -+ - @ wy)

by Lemma 2. Since R'((z — 1) ® v) = v ® (x — 1) for all v € V', the right-hand side
above is a linear combination of elements of the form

Y1 yp @ (= 1)ag - -1

for x;,y; € V'. This implies that R(A® ) C I ® A. A similar argument implies that
R(I®A) C A®1,so I is an r-ideal. Note that Sg/(V') is the quotient of TV’ by the
relations

1w —Rv@w)=whuw)(z®z), v@r=rQv

for allv,w € V, hence Sg/(V")/I is the quotient of TV’ by the above relations together
with the relation x = 1. Thus there is a unique isomorphism Sg/(V")/I = Wg(V,w)
such that the following diagram commutes:

1

V' TV

Sr(V')/T —— Wgr(V,w)

We use this isomorphism to transfer the quotient r-structure on S/ (V') /1 to Wgr(V,w).
Denoting this r-structure on Wg(V,w) by R, it is clear that this r-structure is 1-
commutative, is strong if R is strong, and satisfies

Rv@w)=Rvow)+wlhew)(1lx1). 0

11



4 Quantized Differential Forms

In classical mechanics the observables of a physical system are typically represented
by a Poisson algebra, a commutative algebra A equipped with a Lie bracket {-, -} such
that {a,-} is a derivation of A for any a € A. In quantum theory the observables of
physical system are typically modeled by a noncommutative algebra. (In physics these
are algebras over C, but we work over an arbitrary field £.) One way of obtaining such
algebras is by quantizing Poisson algebras. There are many variations on this theme,
such as formal quantization [3, 18] and deformation quantization [24], but perhaps the
simplest is algebraic quantization. An algebraic quantization of the Poisson algebra
A is an associative product * on A[z] such that

a*b=abmod x

and
a*xb—bxa=2z{a,b} mod 2*

for all a,b € A, and

r*a=a*xx=2x0

for all a € Afz]. We write A for A[z] equipped with the product *. One may effectively
assign the variable z any value h € k by forming the quotient A, = A/(z — h). Note
that Ag = A is commutative, while Aj; is generally noncommutative for 7 # 0.

Since the noncommutativity of the quantization A is “controlled” by the Poisson
bracket in A, the algebras A and Ay, may well be r-commutative with the quotient
map j: A — Aj, an r-morphism. This allows the systematic study of the geometry
of the commutative algebra A, its algebraic quantization A and the specializations
Ap. In the spirit of algebraic geometry, one may regard a particular value of & as
a point in the “line” k[x], and picture A as a fiber bundle over the line, with fiber
over x = h equal to Ap. Since the line is contractible, one may expect the map
4o Qr(A) — Qr(A44) to induce an isomorphism on cohomology for any % € k. If this
is the case, the cohomology H(2g(Az)) of any fiber will equal that of the “classical
fiber” A = Ay. In this section we use these ideas to give a new proof of Segal’s
“Poincaré lemma” for differential forms on the Weyl algebra [26].

Now we turn to the Weyl algebra. Let 1 be a vector space and w an antisymmetric
bilinear form on V. We write z for (0,1) € V @ k. The space V @ k is a Lie algebra,
essentially the Lie algebra of the Heisenberg group, with bracket given by

[v+ az,w+ fz] = w(v,w)z

for all v,w € V, a, B € k. Let the Heisenberg algebra A over V denote the universal
enveloping algebra of V @ k. Given h € k, let Weyl algebra Ay over V denote the
quotient of A by the ideal generated by z — . Let j: A — A; denote the quotient
map. We write simply A for Ag; note that A is the symmetric algebra SV'.

12



We now give the Heisenberg and Weyl algebras r-structures such that j: A — Ay,
is an r-morphism. By Theorem 1, A; has a unique r-structure R such that

Rv@w)=w®v+ hw(v,w)(1®1)

for all v,w € V, and this r-structure is strong and r-commutative. By the following
theorem, if k is not of characteristic 2 then there is a unique r-structure R on A such
that

R((v+ ar)® (w+ px)) = (w+ fx) @ (v+ ax) + %w(v,w)(x@l%—l@m)

for all v,w € V and «, 8 € k, and R is strong and r-commutative.

Theorem 2. Let g be a Lie algebra over a field k not of characteristic 2, with
g, [g.gl] = 0. Then there exists a unique r-structure R on the universal envelop-
ing algebra Ug such that

1
R(v®@w) :w®v+§([v,w]®1+1®[v,w]) :
Moreover, this r-structure is strong and r-commutative.

Proof - Uniqueness follows from Lemma 2, since the span of g and 1 in Ug is
a subspace generating Ug whose tensor product with itself is preserved by R. For
existence, let L = g @ k, and write e for (0,1) € L. One may verify by explicit
calculation that there is a strong Yang-Baxter operator R’ on L given by

R'((v+ ae) ® (w+ Be)) = (w+ fe) @ (v + ae) + %([v,w] ®e+e® [v,w))

for all v,w € V and o, B8 € k. This calculation uses the fact that [g, [g, g]| = 0. Let us
also use R’ to denote the r-structure in Sg/(L). Noting that R'((e—1)®u) = u®(e—1)
for all uw € L, it follows as in the proof of Theorem 1 that the ideal I C Sg/(L)
generated by e — 1 is an r-ideal. Note that S/ (L) is the quotient of T'L by the ideal
generated by the elements

1
U®w—w®v—5([v,w]®e+e®[v,w]), 1TRe—eRuU

for all v,w € V. It follows that Sg/(L)/I is isomorphic to the quotient of T'g by the
ideal generated by the elements

VRW—w®v— [v,w]

for all v,w € g. This gives a natural isomorphism Sg(L)/I = Ug, which we may use
to endow Ug with an r-structure with the desired properties. O

13



Corollary 1. Let V' be a vector space over a field k not of characteristic 2, and let
w be an anti-symmetric bilinear form on V. Then for any h € k the quotient map
7: A — Ay from the Heisenberg algebra to the Weyl algebra over V' is an r-morphism.

Proof - This follows from Lemma 5 and the calculation

J®NR((v+az) @ (w+pfr) = (J&j)(w+Pr)® (v+az)+ %W(% w)(z®1+1®x))
= (w+ph)® (v+ah)+ hw(v,w)(1®1)
R((v+ ah) ® (w+ Bh))
= R®7)H(v+ar)® (w+ pz)) . O

We now consider differential forms on the Heisenberg and Weyl algebras. We

write simply Q(A) and Q(Ay) for the differential forms on these algebras, suppressing

reference to the r-structures involved. One easily verifies that ©(A) is the quotient of

Q,(A) by the differential ideal generated by the relations
1
vdw — wdv = §w(v,w)dm , xdv = (dv)x , vdx = (dz)v, zdr = (dx)z

for all v,w € V. The quotient map j: A — Ay, induces a surjection j,: Q(A) — Q(Ay)
with kernel generated as an ideal by x — i and dx. Moreover, Q(Ajy) is the quotient
of Q,(As) by the differential ideal generated by the relations

vdw = (dw)v

for all v,w € V. Taking h = 1, elements of Q(A;) are precisely Segal’s “quantized
differential forms.” Taking i = 0, Q(Ag) = Q2(A) is isomorphic to the algebra of
algebraic differential forms on V*.

Our structure theorem for the differential forms on A and Ay is motivated by the
fiber bundle picture described above. If the “total space” A were simply a product
of the “fiber” Ay and the line k[x], one would expect there to be a differential graded
algebra isomorphism a: Q(A) — Q(k[z]) ® Q(As) such that the following diagram
comimutes:

Q(A) - Q(k[z]) @ Q(Az)

Q(Ar)

Here Q(k[z]) denotes the differential forms on k[x] equipped with the twist map as
its r-structure, and p: Q(k[z]) — k is the homomorphism determined by p(x) = h and
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p(dx) = 0. This conjecture turns out to be only sightly over-optimistic. Note that
when k[z] is equipped with the twist map as an r-structure, the natural inclusion

klx] < A is an r-morphism, so it induces a differential graded algebra morphism

Q(klz]) — Q(A). Thus Q(A) becomes an (k[x])-bimodule.

Theorem 3. For any h € k, there is a map o: Q(A) — Q(k[z]) @ Q(Ar), an iso-
morphism of differential complexes and of Q(k[x])-bimodules, such that the following
diagram commutes:

Q(A) - Q(klz]) ® Q(Ap)

Q(An)

Proof - It follows from the Diamond Lemma [5] that elements of the form

x(dz ) et (de )" - - - e (dey, )"

are a basis for Q(A). Let a: Q(A) — Q(k[z]) ® Q(Az) be defined by
o (¢ (da) e (dey ) - - - el (deg ) = 2 (da) @ € (dey)" - el (deg )™

One may check that « is a morphism of differential complexes and 2(k[z])-bimodules
by explicit calculation. It is also easy to check that (p ® id)aw = j.. To show that
« is one-to-one and onto, it suffices to note, again using the Diamond Lemma, that
elements of the form

7 (dz)° @ et (de, )" - - - el (de,, )
are a basis for Q(k[z]) @ Q(Ap). O

We emphasize that « is not natural, as it depends on the choice of ordered basis
e;, nor is it an algebra homomorphism. Theorem 3 has as a corollary a “Poincaré
lemma” for quantized differential forms. In the case k = R, the part of this corollary
concerning Q(Ay) was proved by Segal [26].

Corollary 2. If the field k is of characteristic zero, the r-commutative de Rham
cohomology HP(S2(A)) vanishes for p > 0, and equals k for p = 0. The same holds
for HP(Q(Ap)) for any h € k.

Proof - By Theorem 3 and the Kiinneth product formula we have H(Q(A)) =
H(Q(k[z]) @ H(2(Ap)) for any value of i € k. By the Poincaré lemma for algebraic
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differential forms, it follows that H?(Q(k[z]) equals k for p = 0 and vanishes otherwise,
and taking i = 0 the same holds for H?(Q(A)). Thus H(Q(A)) equals k for p = 0
and vanishes otherwise. Again using the Kiinneth formula, it follows that the same
must hold for H(2(Ap)) for all i € k. O

We should make clear the sense in which the Heisenberg algebra A is an algebraic
quantization of the symmetric algebra A = SV Restricting a: Q(A) — Q(k[z])®Q(A)
to elements of degree zero, we obtain a k[zr]-module isomorphism of A and A[z]. We

can use this to transfer the product in A to A[z]; call this product *. Then we have
axb=abmodx, a*b—bxa=x{a, b} mod x>

for all a,b € A, and

r*xa=a*xxr =2xa

for all a € Alz].

It is worth noting that Q(A) also arises as a cochain complex for the cohomology
of the Lie algebra V & k with coefficients in A. Since V @ k is nilpotent this gives an
alternate proof of Corollary 2. But, as we shall see in the next section, the approach
using r-commutative geometry also works in cases which do not arise through Lie
algebra cohomology.

5 Noncommutative Tori

Our definition of algebraic quantization in the previous section is not really sufficiently
general. At the very least, the deformation parameter space should be allowed to be
an arbitrary algebraic variety. Sometimes it is the punctured plane, that is, the
Laurent polynomials k(x). Here one specializes by setting x equal to any nonzero
q € k, regarding ¢ as the equivalent of e”, so that ¢ = 1 corresponds to the classical
(commutative) case. This occurs in the theory of quantum groups. Starting with a
Cartan subalgebra of its Lie algebra, there is a canonical way to make any complex
semisimple Lie group G into a Poisson manifold [11, 12]. The algebraic functions A
on G thus become a Poisson algebra, and there is a product * on A(z) such that

axb=abmod (x — 1),

axb—bxa=z{a,b} mod (r — 1)
for all a,b € A, and

r*xa=a*xxr =2xa

for all a € A(z). Writing A: for A(x) equipped with the product x, it turns out
that the “quantum group” A is naturally an r-commutative algebra, as are all its
specializations A, = A/(x — ¢).
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Noncommutative tori also have as their deformation parameter space the punc-
tured plane, or a product of copies thereof. They arise from quantizing the algebra
of functions on 7™, which has translation-invariant Poisson structures of the form

0 0
= Qi N .
19%:'91 700, 00,
They have been intensively studied from the C*-algebraic viewpoint [25]. Our goal
here is to describe the r-commutative de Rham theory of noncommutative tori in a
purely algebraic setting, making use of a “universal noncommutative torus” which
has all the noncommutative n-tori as quotients.
We work over an arbitrary field k, and fix n > 0 and a collection ¢ = {g;;},
1 <4 < j < n, of nonzero elements of k. We define ¢;; = 1 and ¢;; = qigl. The
noncommutative torus T, is the algebra generated by elements uy,...,u, and their
inverses, with the relations
UUj = quujul

for 1 <i < j < n. (The appearance of qizj here rather than ¢;; is a purely technical
matter.) The universal noncommutative torus T is the algebra with generators u;, ;;,
and their inverses, where 1 <7 < 7 < n, with the relations

uiuj = x?jujui s S(Zijuk = kaij s xijxkl = xklxij .
Note that the quotient of T by the ideal generated by all the elements z;; — g;; is

isomorphic to T,. Let j:T" — T denote the quotient map. We now give T" and T,
r-structures making this quotient map an r-morphism:

Theorem 4. The universal noncommutative torus T has a unique strong r-structure

R such that

R(UZ X Uj) = xiju]— X l'ijui s

R(u; @ xjp) = 255 @i , R(wi; @ 2y) = 2y @ 245 -
This r-structure 1s r-commutative.
Proof - Let a multi-index be an n-tuple of integers, I = (i1, ...4,), and let a double
multi-indez be a family of integers B = {b;;}1<i<j<n. Given any multi-index I, let

ulzuil._,u;f{z,

and given a double multi-index B, let
= 1] xfj :
1<i<j<n
For any multi-indices I and J, there is a unique double multi-index (/.J) such that
L, J — D I+T

uu
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Similarly

Wl = 2T T 1

where 2(I,J) = (IJ) — (JI). By the Diamond Lemma, elements of the form zZu’

form a basis of T'.

To prove the uniqueness of R, we first determine what it does to elements of the
form u; ' and IZ_Jl Write R(:Ei_jl R Ti) = Ya 5 Capla @ €3, Where cop € k and {e,} is a
basis of T consisting of elements of the form zZuf. Then on the one hand, equation
(3) implies

(id ® m)p(szl)(:pi—jl R @ay) =RA1Qay) =05 1.
On the other hand,

(id @ m)p(sa1)(a;;' @ 2y @) = (Id@m)Ry (' @ wpy @ x35)

= Z Ca,f€a K €3T45 .
a?ﬁ

Comparing these, we conclude that the only nonzero term c.ge, ® €3 is T @ xz_Jl In
other words, N
R(:Ci_jl Q Tp) = Ty ® SL’i_jl .

Analogous arguments imply the following:

R(zy;' @ ayy') Ty ® i
NR(ui ® l’]_kl) = x;kl ® u;

Ru'@ap) = zjp@u;’
Ruy'®@z3)) = z;; @u;!

Writing R(u; ! ®uj) = Xo.5 Capta @ €g, We may calculate using the above results that

(id @ m)p(sor)(u; ' @z w; @ w'uy) = (Id@m)Ry(u; ' @ uy @ ;)

= Z Cafta @ €5U;
a76

while by (3),

(id @ m)p(sar)(u; " @ x5 u; @ w'uy) = Rz @ x;'uy)
= x[jluj ® $Z-_j1 ,

so that
R(u;y' @ uj) =z u; @ wjjtuy

Similarly, we can show that

1 =1y o 1 -1
R(u; " ®@u; ) = zjju; @ wyju; -
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With these determinations of the action of R on tensor products of elements of the
form w;, u;?, x;;, and ZL’i_jl, we may calculate the action of R on all of T ® T using
Lemma 2. Thus there is a unique strong r-structure R on T meeting the hypotheses
of the theorem.

To prove existence, define R € Endy(T ® T) by
R(zBul © 2Cu’) = 2C+EDy7 @ g B+ 1

Straightforward calculations show that R is a strong Yang-Baxter operator. Since
(1,0) = (0, 1) for all multi-indices I,

RA@zPul)=2Pu @1, R(Pu' @1)=1® 2Bl .

We complete the proof that R is an r-structure for T using Lemma 2. To show that

R(id ® m) = (m ® id)p(s12), one notes that

ﬁf(ld ®m>($BuI ®JJCUJ ® SL’DUK) _ E(SCBUI ®xC+D+(JK)uJ+K)
GCHDHIK) LK) J+K o BH(LI4K)

while

(m @id)p(s12)(zPu! @ 2% @ 2Pu) = (m @id)Ry(zCF0 N’ @ 2B+ 0Dyl @ 2Puf)
— (m®id)(@CT Ny @ PR K g g BT,
GCHDHLI LK) +TK)  J+K g BHLD+LEK),

It then suffices to note that (I,J + K) = (I, J) + (I, K) for all multi-indices I, J, K.
The proof that R(m ® id) = (id ® m)p(s21) is similar.

Lastly, to show that R is r-commutative one notes that

mR(xBuI(X)xCuJ) _ l,B+C+2(I,J)+(JI)uI+J
_ :EB+C+(IJ)UI+J

= m(zPu’ ®2%7). O
Corollary 3. There is a unique r-structure R on T, such that
R(u; ® uj) = quuj @ Uu;
This r-structure is strong and r-commutative. The quotient map j:f — T, is an
r-morphism.

Proof - Using the notation of the proof of Theorem 3, define '

multi-index I by

€ T, for any

uI — u7il .. .uZ"

n

and define ¢” for any double-index B by

= 11 a-

1<i<j<n
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J I J

For any u',u’ € T, we have u'u’ = = ¢"u'* and w'v’ = P Duu!. By the
Diamond Lemma, {u’} is a basis of T,. Arguing as in the proof of Theorem 3, one
can show that the r-structure R must satisfy

R(ui' ®@u;) = q;u; @ uj
R(u;@uj‘i) = qf ‘1®u,
Ru'@u;') = qiui' @u!

Lemma 3 thus implies that R is unique.

For existence, note using the technique in the proof of Theorem 1 that the ideal
generated by the elements z;; — ¢;; is an r-ideal. It follows that there is a strong
r-commutative r-structure R on T}, such that j:T — T, is an r-morphism. By the
r-morphism property, this r-structure satisfies

R(u; ® uj) = (j ® j)(wiju; @ viju;) = Q?juj X u; . U

We now develop an analog of Theorem 3 for noncommutative tori. Equipping T
and T; with the r-structures given in the theorem and corollary above, we write simply
QT) and Q(T,) for the differential forms on T and T,. The r-morphism j: T — T,
induces a differential graded algebra morphism j,: Q(T ) — Q(T,).

Define () to be the algebra of Laurent polynomials in the %n(n— 1) variables {x;;}.
This algebra plays the role of a moduli space for noncommutative n-tori. There is
a natural algebra inclusion Q — T. Giving @ the twist map as an r-structure,

this inclusion is an r-morphism, so it induces a differential graded algebra morphism
Q(Q) — QT), making Q(T') into a bimodule over Q(Q).

Theorem 5. There is a map o: QUT) — QQ) @ UT,), an isomorphism of Q(Q)-
modules and differential complexes, such that the following diagram commutes:

Q(T) = Q) ® QT,)

Proof - We define a by

a(( 11 a«“?}jdx?;?‘)ufl(dul)fl---uﬁn(dunyn> -

1<i<j<n

11 a”dx 7@ ult (duy)™ -t (duy,)

1<i<j<n
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That « is well-defined, one-to-one, and onto follows from the Diamond Lemma. One
may verify by explicit computation that « is a morphism of (Q)-modules and dif-
ferential complexes. To prove that the diagram commutes, note that

jolwubduft - uirdud) = ) (uduf - uiidl)
(4 @ id)a(wul dul' - - - ulrdul™)

where w € Q(Q). 0

As in Theorem 3, the isomorphism « of the above theorem is neither natural, nor
an algebra homomorphism. Interestingly, however, we have:

Corollary 4. The isomorphism a: Q(T) — Q(Q) ® Q(T;) induces an isomorphism
of cohomology rings a.: H(Q(T)) — H(Q(Q)) @ H(T,).

Proof - The only point not following immediately from the theorem above is that
a, is an algebra homomorphism. Define w;;, i; € Q(7T") by

_ -1 .1
Wij = ‘Tij d.f(,’ij , Mg = Uy dul .

Using the basis for Q(T) in the proof of Theorem 5, one can see that these anticom-
muting elements of degree 1 anticommute generate a subalgebra of Q(T) isomorphic
to an exterior algebra. Restricted to this subalgebra, a is a homomorphism. Noting
that w;; and p; are closed and that [o(w;;)] and [o(p;)] generate H(Q(Q)) @ H(T,),
the corollary follows. a

Corollary 5. The r-commutative de Rham cohomology H(QUT)) is isomorphic as
an algebra to the exterior algebra on n+ sn(n — 1) generators of degree 1. For any
q, the r-commutative de Rham cohomology H(2(T,)) is isomorphic as an algebra to
the exterior algebra on n generators of degree 1.

Proof - A consequence of the proof of Corollary 4. O

It is interesting to compare work on the K-theory and cyclic cohomology of non-
commutative tori [6]. These behave similarly to r-commutative de Rham cohomology
in that, at least in a C*-algebraic setting, they are independent of the deformation
parameters g;;. More refined K-theoretic invariants vary with the g¢;;, however. It
seems natural to study these phenomena using a C*-algebraic version of the universal
noncommutative torus (which may in this case be simplified by taking the univer-
sal cover of the “base space” ). To relate K-theory and cyclic cohomology more
precisely to r-commutative geometry, it would seem useful to develop a theory of
characteristic classes in the framework of r-commutative geometry.

To conclude this section we briefly discuss the relation between noncommutative
tori and certain r-symmetric algebras, the “quasipolynomial algebras.” As in the

21



previous section, let k be any field, fix n > 0 and a collection ¢ = {¢;;}, 1 <i < j < n,
of nonzero elements of k, and let ¢;; = 1 and ¢;; = ngl. Let V be an n-dimensional
vector space with basis {x;}, where 1 < i < n. There is a unique strong Yang-Baxter
operator R on V such that

R(x; ® xj) = qijx; @ ; .

Following De Concini and Kac [10], we call the r-symmetric algebra SgrV' is a quasipoly-
nomial algebra.

Let us describe Qg(SgV) for such algebras. We say that a multi-index I =
(1,...,1) is non-negative if all its components are non-negative, and short if all its
components equal 0 or 1. Given any multi-index [ and short multi-index J, let wy;
denote the element '

wry = 2dalt - -t daln
in Qr(SRV). Let Q(SV') denote the differential forms on SV equipped with the twist
map as its r-structure.

Theorem 6. Let SRV be a quasipolynomial algebra. Then there is an isomorphism
of differential complezes a: Qr(SgV) — Q(SV) given by

alwry) = apdxy - xindalr .

Proof - Note that Qg(SgV) may be defined as the algebra generated by the ele-
ments x;, dr;, with the relations

l’illfj = qijl’jl'i 5 l’idl'j = qijdl'jl'i s dI’ZdI’] = —qZ]dZL']dI’Z .

It follows that the elements w;;, where I is arbitrary and J is short, span Qg (SgV).
Moreover, the Diamond Lemma implies that they form a basis. It follows that «
is an isomorphism of vector spaces. It is straightforward that « is a morphism of
differential complexes. O

As a corollary we have the following Poincaré lemma:

Corollary 6. Let SRV be a quasipolynomial algebra over a field of characteristic
zero. Then HP(Qr(SgV)) =0 for p > 1, while H*(Qr(SgV)) = k.

Proof - A consequence of the usual Poincaré lemma and the above theorem.
O

The isomorphism of Theorem 6 is not canonical, as it depends on the ordering of
the basis x;. Note that if R is a Yang-Baxter operator on a vector space V', so is —R.
One may define ARV, the r-exterior algebra over V', to be the r-commutative algebra
S_rV [20]. When R is the twist map, AgV = AV. By the same techniques used
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to prove the above theorem, one may show that there is a canonical isomorphism of
vector spaces (not of algebras) §: Qg(SgrV) — SgrV ® ArV given by

ﬁ(vl...vpdwl...dwq):’Ul...'Up®w1...wq'

Many of the usual formulas in the differential geometry of vector spaces extend
to quasipolynomial algebras. For example, there are operations Oy:wg(SgV) —
Qr(SrRV), 1 < k < n, such that dw = 3 dx;, Opw, and the fact that d* = 0 fol-
lows from the fact that 0,0, = qx;0x0;.

The relation of quasipolynomial algebras to noncommutative tori is two-fold.
First, there is an algebra inclusion SpV — T, given by

By Lemma 5 this inclusion is an r-morphism. Second, there is a way to obtain non-
commutative tori as quotients of certain quasipolynomial algebras. This construction
is especially interesting when & = C and the ¢;; are of unit modulus. Equip V&V
with the basis {z;,Z;}, where

zi = (2;,0), Z;=(0,2) .
Then there is a unique strong Yang-Baxter operator R on V @& V given by
R(zi®z;) = qijzj @z, R(z®%;) =¢;iZ; @2z, R(Z®Z;) = qijz; F; .
The second relation together with R? = id implies
R(Z; ® zj) = q;izj ® Z; .

The algebra A =5 r(V @ V) is a quasipolynomial algebra. We may define operators
0,0:Qr(A) — Qr(A) by

Ow = Zdzi&-w, Ow = Zd?iaw,

where 0; and 0; denote the partial derivatives with respect to z; and %;, defined as
above. One may easily verify that, as in classical complex geometry,

d=0+0, *=0 =00+090=0.

The algebra A is a noncommutative analog of the real-algebraic coordinate ring
of C™. Just as C" contains an embedded torus given by the equations z;Z; = 1, the
quotient of A by the ideal I generated by the elements z;Z; — 1 is isomorphic to T
via the map

zi|—>u,~,2i—>u;1.

One may check using Lemma 5 that this map is an r-morphism.
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6 Quantum Groups

There are many directions one could take in the further study of r-commutative
geometry. The most immediately fruitful may be those providing insight into the
representation theory of quantum groups. Just as all representations of SL,(2) may
be constructed as “line bundles” (projective modules) over the quantum projective
plane [27], we may expect interesting representations of quantum groups to arise
as sections of homogeneous vector bundles satisfying invariant differential equations.
The principal difficulty is that the Yang-Baxter operators involved are not strong.
Here we sketch what is known and raise some open questions, referring the reader to
our forthcoming paper [2] for further details.

The differential forms Q2g(A) as we have defined them are suited to the case when
A is r-commutative and R is strong, but must be generalized in the non-strong case.
Here we only treat quantum vector spaces (r-symmetric algebras) satisfying certain
Hecke-type identities. Suppose that the Yang-Baxter operator R on the vector space
V' is of type q, that is,

R*=(1-q)R+q
for some nonzero q € k. Letting A = Sg(V'), one may define the front differential
calculus €y for A to be the quotient of Q,(A) by the differential ideal generated by
d1 together with all the elements of the form
qudw — > (dw)v;

where R(v @ w) = Y w' ® v;. The extra factor of ¢ prevents the differential from
being over-determined, in the following sense. The modified Hecke identity implies

Y Rw'@v)=quew+(l-—q)> v v,

so that in 2 one has .
qudw =Y _(dw")v;

)

and
g3 widv, = g(dv)w + (1 - q) Y(du')o,

a linear combination of which gives the relation
(dv)w +vdw =Y (dw')v; + w'dv;
that must hold in any differential calculus for A.
One may equally well work with the back differential calculus €, for A, the quotient

of Q,(A) by the differential ideal generated by d1 together with all the elements of
the form

g(dv)w = w'dv; .
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The front and back differential calculi are not in general isomorphic (unless ¢ = 1).
Both these differential calculi have been considered by Pusz and Woronowicz [22, 23],
and Wess and Zumino [31, 32|, in the special case where V has the basis ¢;, 1 < i < n,
and
e; @ e ifi=j
R(6i®ej) = q%ej@)ei if 4 <J
q%e]—®ei+(1—q)e,~®ej ifi>7g.
Up to various conventional normalizations this R is the R-matrix for the quantum
group GL,(n). In this case the algebra A = SRV is often regarded as a “q-analog”
of an n-dimensional vector space.
One motivation for the study of supercommutative algebras is the supercommu-
tativity of the algebra of differential forms on a manifold (with exterior product),
relative to the Zs-grading

Qeven (M) = P (M), Qoaa(M) = P (M) .

p=>0 p>0

As a generalization, we can construct an r-commutative r-structure for the front
differential calculus Q. Let i:V — €2y be the natural inclusion map, and let d: V' —
2; be inclusion composed with the differential in €2y. Then € has a unique r-
structure R such that

Ri®i) = (i®i)R

Ri®d) = ¢ '(d®i)R

Rd®i) = (i®d+(1—-¢ ")d®i)R
Rd®d) = —q¢'(d®dR.

This r-structure is r-commutative. Taking ¢ = 1, and using the fact that any strong
r-commutative algebra A is the quotient of the r-symmetric algebra S A by an r-ideal,
one can show that the r-structure R on a strong r-commutative algebra A extends
uniquely to a strong r-commutative r-structure on Qg(A) such that

R(a®db) = (d®i)R(a® b)

and

R(da® db) = —(d ® d)R(a ® b)

for all a,b € A.

The r-commutativity of quantum groups may be shown either using the definition
of quasitriangular Hopf algebras, together with Lemma 1, or via quantum matrix
algebras. Let V be a vector space equipped with a Yang-Baxter operator R. One
may construct a Yang-Baxter operator R on End(V') using the natural isomorphism
End(V)® End(V) =2 End(V @ V), as follows:

R(S®T)=Ro(S®T)oR™".
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The r-symmetric algebra MgV = Sz(End(V)) is called a quantum matrix algebra
[12]. Quantum groups typically inherit the structure of r-commutative algebras from
quantum matrix algebras. For example, taking V' and R as in the example above, the
quantum matrix algebra MV is often denoted M,(n). The quantum determinant
det, € M,(n) is an element with

R(det,®a) = a®det,,
R(a ® det,) = det,®a,

for all a € MgrV. It follows that the quantum group SL,(n), which is defined as
the quotient M,(n)/(det, — 1), has a unique r-structure such that the quotient map
M,(n) — SLy(n) is an r-morphism.

Returning to the general case, it is known that MgzV is a bialgebra and has a
coaction on SgV. If e; is a basis for V and €} € End(V) are matrix units with

eer = Ope;, where § is the Kronecker delta, the coproduct A: MgV — MgV @ MrV
is determined by ' '
Aleh)=>ewe,
e
while the coaction ®: SRV — MRzrV ® SrV is determined by

Dlej) =D eh@e; .

Woronowicz [28, 30| has initiated the study of differential calculi invariant under the
coaction of a bialgebra. If R is of type ¢, the front differential calculus is covariant
for the coaction ® of MgrV on SgrV. Namely, ¢ extends uniquely to a coaction
O,:Qp — MrV ® Qy satisfying

It is natural to attempt to construct covariant differential calculi for quantum
groups and quantum matrix algebras using r-commutative geometry. One could hope
by this approach to generalize the differential calculus for SU,(2) constructed by
Woronowicz [28]. In particular, one should seek to explain the mysterious fact that
this differential calculus is left-covariant but not right-covariant for ¢ # 1. One could
also hope to give a new proof of the fact that the cohomology of this differential
calculus is independent of ¢, using the ideas by which we treated noncommutative
tori. The difficulty is that, apart from the front and back differential calculi, the right
generalization of differential forms to r-commutative algebras that are not strong is
not known.
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