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We consider Wick products of the free Bose field in the abstract context of a
complex Hilbert space H equipped with a self-adjoint operator A satisfying 4 >l
for some £>0. Let (K, W, I', v) be the free Bose field over H, and let H=dI'(A).
Let H, and K_ denote D®{4) and D*(H), respectively, given their natural
Frechét topologies. Then for any f,, .., f, € H% the Wick product :®(f})--- @(f,):
is constructed as a continuous sesquilinear form on K, characterized by a
generalization of the Heisenberg commutation relations. As an application, we treat
pointwise products of the free scalar field and its derivatives on Rx M, M an
arbitrary complete Riemannian manifold. For example, if fe Cf{Rx M) for large
enough k, then j axmS(P):0(p)": corresponds to an operator with domain K. If
in addition f is real-valued, n=2, and M is compact, then this operator is essen-
tially self-adjoint.  © 1989 Academic Press, Inc.

1. INTRODUCTION

A substantial portion of the theory of quantum fields can be formulated
in an abstract Hilbert space context. Traditionally, however, construction
of the Wick products of free quantum fields at a point of space-time have
relied heavily on symmetries of the space-time, which allow the application
of harmonic analysis [6, 9-11]. Here we show how essential aspects of the
theory may be developed in the general context of a complex Hilbert space
H equipped with a self-adjoint operator 4 such that 4 > &I for some &> 0.
(In physical applications 4 plays the part of the “single-particle free
hamiltonian.”) In particular, for any continuous linear functionals f,, .., f,
on D%(A) (with its natural Frechét topology) the Wick product
D(f1)--- D(f,): exists as a sesquilinear form characterized by a generaliza-
tion of the Heisenberg commutation relations.

This approach allows a unified development of the theory, which may
then be applied in a wide variety of contexts. For brevity we consider only
the case of Bose fields. We give illustrative applications to the theory of the
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massive neutral scalar field on space-times of the form Rx M, M an
arbitrary complete Riemannian manifold.

For a somewhat related study of Wick products, see [8]. Some of the
following material first appeared in the author’s thesis [1]. The author
would like to thank his thesis advisor, Irving Segal, for help and
inspiration.

2. Wick PRODUCTS AS SESQUILINEAR FORMS

Given a complex Hilbert space H, there is a unique “free Bose field”
(K, W, I, v) characterized by the following properties:

(a) K is a complex Hilbert space.

(b) W is a strongly continuous map from H to U(K) such that if
/. g€H, then W(f) W(g)=e"™ /&2 W(f +g).

(c) [I'is a strongly continuous unitary representation of U(H) on K
such that for any Ue UH) and feH, I'(U) W(f) I(U)~' = W(Uf), and
for every positive self-adjoint operator 4 on H, the self-adjoint generator
of the group I'(e”™) on K is positive.

(d) The vector veK is cyclic for the action of the W(f) and
invariant under the 7(U).

Given feH, the “field operator” &(f) is defined to be the self-adjoint
generator of the group W(¢f), t € R. Given a self-adjoint operator 4 on H,
dI'(A) is defined to be the self-adjoint generator of the group I'(e”*) on K.

In what follows, we will assume that A4 is a self-adjoint operator on H
with 4 > ¢l for some ¢ > 0. Define the Frechét space H,, to be the vector
space D®(A)= .50 D(4") with the seminorms |[4"|. Let H=dI(A4); by
the above we have H > 0. Define the Frechét space K, to be the vector
space D*(H)=(\,»o D(H") with the seminorms ||(H + I)™|. As shown in
[9], for any f e H the operator &(f) is essentially self-adjoint on D*(H),
and if n>0 is an integer there is a constant ¢ such that

I(H+ 17 ®(f)xl e LA N (H+ 1) 2 x|

for all feD(A") and xeD(H"*'?). As a consequence, the map
(f, x)~> @(f)x is continuous from H_xK_ to K_. To treat Wick
products of field operators we will use a related continuity result for the
“annihilation operator” a(f)=2""}®(f)+ i®(if)), where feH. By the
above, the map (f, x)+> a(f)x is continuous from H_ xK_ to K, but a
stronger statement is true:
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PROPOSITION 1. For every integer n >0 there exists ¢ such that
ICH+ D" a(f)xll e A" "fil 1 (H + D" x|

for every fe D®(A), xe D*(H), and integer m = 1.

Proof. We make use of the following:

LemMa 2. If feH and xeK, then for all m>1
lla(f)xN < W A"fI | H™x]|.

Proof. Let P be the self-adjoint projection onto the span of fin H. For
all ge D*(A) we have

If17 <8 Pgd>=1<fy eXIP < IAfI? | A7gl> < 147" )1* <8, A™"8)

hence, as D®(A) is dense in H, || f]|> P< |4 ~"f||* 4%". Thus || f||* dI'(P) <
WA="f112 dI'(A*™). As is well known, | f||> dI'(P)=a(f)* a(f), and 4A>0
implies dI'(4>™) < dI'(A4)*" = H™. Thus we have

a(f)* a(f)<|A"f)? H™

proving the lemma. |

Now suppose that fe D®(A4) and x e D*(H). Differentiating the relation
e W(f)e~H'x = W(e''f)x we obtain [H, a(f)]x= — a(Af)x, hence

Ha(f)x= Y (—1)"<Z>a(A"f)H”"‘x.

Ogk<n

By the lemma this implies that for some constant ¢ depending on » and &,
for all fe D*(A), xe D*(H), and m =1

IH a(f)xl| <c 14" "I I(H+D"* ™" x| B

The above proposition lets us define annihilation operators a(f) for all
feHY as follows. For any integer n let H,, denote the completion of D(A™)
in the norm |A4™|. The proposition implies that the function
(/s x)—a(f)x from H,_ xK_ to K_ extends uniquely to a continuous
function a,: H, xK_ = K. If n <m, we identify H,, with a subspace of H,
and identify the restriction of a, to H,, with a,,. Moreover we may identify
the vector space H¥ with the union (J*_H, (in a conjugate-linear
manner). Relative to these identifications, the union of the functions a,, is
a function from H%* xK_, to K, which we again write as (f, x) > a(f)x.

We topologize the space HY as the inductive limit of the Banach spaces
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H,. As such, HY is a barrelled space, so the uniform boundedness principle
applies [3]. Thus the function (f, x) a(f)x is jointly continuous from
H* xK_ to K.

THEOREM 3. For each n>1, there is a function from (H%)" xK2 to C,

(fl’ '"’fnax’ y)H¢(fl)¢(fn) (x’ y)’

such that:

(@) The function (fy, .., fu, X, y)> 1 @(f1) - D(f,): (x, p) is jointly
continuous, real-linear, and symmetric in the arguments f;, conjugate-linear in
x, and complex-linear in y.

(b) Forall feH and x, yeK_, :®(f): (x, y)=<x, ®(f) y>.

(C) For a”fh ~'9fneH:o’ '¢(f1) . "¢(fn): (U, U)=O

(d) Let :®(f)" (x, y) stand for :@(f,)--- D(f,): (x, y) with f,= f for
all 1 <i<n. Then for all feH*, geH_,, and x, ye K,

D(f)": (x, P(g) y)— D(f)": (P(g)x, y)=inIm f(g) : ()"~ ": (x, p).

Moreover, the :D(f,)--- D(f,): are uniquely characterized by these proper-
ties, and satisfy

D)) (v ) =22 ¥ <I]a(fk)x, I _a(fk)y>.

Se{l,..,n} ‘keS ke{l,.,n}—S
(1)

Proof. We prove existence by showing that (1) defines a function from
(H*)"x K2, to C satisfying (a—d). Note first that by Proposition 1 we have
the following extensions of the usual commutativity of annihilation
operators: if f, ge HY , a(f) a(g) = a(g) a(f) as continuous operators from
K, to K_,. By Proposition 1 and the fact that the a(f,) commute, (1) gives
a well-defined function from (H*)”x K% to C. Property (a) follows from
Proposition 1 and the uniform boundedness principle. Property (b) is
evident. Property (c) holds because a(f)v=0 for all fe H% . To check (d),
note that (1) implies

DU (x, y)=2"" ¥ (") Calf ) % alfy—* »>.

O<sk<n k

Extending the usual commutation relations via Proposition 1, if fe H%
and geH_,

a(f)? &(g)—P(g) a(f)”=2"""pf(g) a(f) "
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as operators from K to itself, hence

B (5, B(g)p)=2 " T, (”) (alf) % alf Y~ B(g) ¥

Dgkgn k

=1 Y <n>{<a(f)k P(g)x a(f)" " >

O0sksn k

— k2= (g a(f Y x alfY T F y)
+(n—k)27f(g)<a()) x, a(f)" " 1 y>}

]

BV (@(8)x, ) 3@ DU (3 )

t
+5nf(g) DY (%, )

]

DS ) (DP(g)x, yy+inIm f(g):D{f)" ™ {x, ).

To prove uniqueness we use the following:

LeMMmA 4. Suppose F is a continuous sesquilinear form on K, such that
F(x, o(f)Yy)=F(P(Sf)x, y) for all feH_ and x, yeK_. Then for some
ceC, Fx, y)=c{x, p> forall x, yeK,.

Proof. Let N=dI'(I), and let P, be the spectral projection onto the
eigenspace of N with eigenvalue k. Via the Fock—Cook representation we
identify P, X with S*H, the symmetrized k-fold Hilbert space tensor power
of H. Let D denote the algebraic span of vectors of the form
S{/i® --- ®f,), where k>0 is arbitrary and f}, .., f,€ D™{A4), and S
denotes the symmetrization operator. It is easily seen that D is dense in
K, and that if feH_ the operator &(f) maps D to itself. As shown in
(101, if Fis a sesquilinear form on D with F(x, ®(f) y) = F(®(f)x, y) for
all feH,, all x, yeD, then F is a constant multiple of ¢, - >. The lemma
follows directly from these facts. |

Now let
(fls“wfm X, y)H‘[’(fl)lP(fn) (.X, y)

be an alternate set of functions from (H2)"x K2 to C satisfying (a)-(d).
By Lemma 4 it follows inductively that ¥(f)" (x, y)=@(f)" (x, y)
for all n In order to conclude that :¥(f))---¥(f.): (x, y)=
@(f1) - D(f,): (x, p), it suffices to note that if V is a real vector space and
F: V"> R is a symmetric multilinear function with F(z,..,z)=0 for all
z€ V¥, then F=0. This in turn follows from the fact that if ¥ is finite-dimen-
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sional, the symmetrized tensor product $"V is an irreducible representation
of GL(V), hence is spanned by elements of the form z® --- ® z, as these
span a subrepresentation. |

The Wick powers thus defined have the following covariance property:

THEOREM 5. Let U:H —H be a unitary operator that restricts to a
continuous linear operator from H_ to H_ . Then I'(U) restricts to a con-
tinuous linear operator from K, to K. If in addition U.H > H_ has a
continuous inverse, then for all f,, ..., f,e H% and x, ye K we have

D(UM) - B(UM): (x, y)=:@(f1) - @(f,): (T (U)x, I(U) p),

where U*: HX — HY denotes the adjoint of UH_, - H.

Proof. Let U:H — H be a unitary operator which is continuous from
H, to itself. Let the operators N, S, and P, and the space D be as in the
proof of Lemma 4. As is well known, I'(U)|guy=U® --- ® U and
H|gy=21<i<x Aix, where 4, is the self-adjoint operator on S*H given
by I® --- ®A® --- ®I, with the factor 4 in the ith place. As a conse-
quence, H and I'(U) map D to itself.

Writing an arbitrary element xeD as a finite sum Y, ., x, with
x, € S*H, we have

2\ 172
nHF(U)xns(Z( 5 nA,-,k(U®~--®U)xkn)) o

k20 \l<igk

Since U is continuous from H,_ to itself, there exist m, ¢ =0 such that
|AUf|| <c || A™f| for all feH_ . This implies that

14, (U@ - ®@U)xill <c |U® - @A™ ® - @) x4l (3)

where the factor of 4™ occurs in the ith place. As may be checked by
formula for H above,

I® - @A"® - @IS H™| gy

Since these two operators commute on a common domain of essential self-
adjointness, namely S*H n D, we have

(I® - ®A™® --- @ Dxill < |H™x,ll. (4)
By (2), (3), and (4) we have

1/2
|HI(U)x] <c( Y k uH'"xkuz) . 5)

k=0
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Since A>el, we have H=¢N, and these operators commute, so
| Hul| > ¢ | Nu| for all ueD. Since Nx, =kx,, (5) implies

1/2
nHr(U)xnsch(z nH'"“xan) = e | H™* Lx).

k=0

It follows that for any n =0, x€ D, we have

HHT(U) %] < (ee™ ') | H™"* D).

Since D is dense in K, this inequality is also valid for any xe K, so I'(U)
is continuous from K, to itself, as was to be shown.

Next suppose U and U~' are continuous from H, to itself. Then I'(U)
and I'(U™') are continuous from K, to itself, so

iB(U*f)x =0, W(tU¥)x|,_o=0,1(U™") W(tf) I (U)x],-0
=[(U o, W(tf) I(U)x1,-o=il(U™") &(f) [(U)x

for all feH_, and xeK . Similarly, @(U*if)x=T(U"") ®(if ) (U)x, so
a(U*f)=T(U~"Ya(f) I'(U} as continuous operators from H_, to itself. Tt
follows from formula (1) that if fi, .., f,e H_ and x, yeK_, then

DU - PUH,): (x, y)=:B(f1) -+ @(fo): (T (U)x, [(U) y).

By the continuity stated in part (a) of Theorem 3, this equation holds for
anfl’ Loy fezeH;‘ '

3. FreE Bose FIELDS ON MANIFOLDS

We now apply the general theory to the case of free Bose fields on
manifolds. In these applications H_, is a subspace of the space of sections
of a vector bundle over a manifold. In what follows, manifolds will always
be assumed paracompact and C*.

PROPOSITION 6. Let C*(X, E) be the space of C* sections of a C* real
vector bundle E over a manifold X. Let H be a complex Hilbert space, let A
be a self-adjoint operator on H such that A > el for some ¢ >0, and suppose
that there is a continuous real-linear embedding T:H _, — C*(X, E). Then
given pe C*(X, E)* there is a unique element T*pec H* such that for all
feH,, Re(T*u(f))=u(Tf). The map T*:C=(X, EY* >HX is real-
linear. Define

@) o) (x, )= B(T*py) - S(T*p,,): (5, y)
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Jor piy, ., € CP(X, E)*, x, yeK . Then the function (Ui, .., iy, X, y) >
(1) - o(p,): (x, ) from (CZ(X, EY*)"xK? to C is real-linear in each
argument p,, complex-linear and continuous in y, and conjugate-linear and
continuous in x.

Proof. The only point that is not a direct consequence of Theorem 3 is
the existence of a unique function 7# with the required properties. Here
note that given a continuous real functional x on V, T*u must be a
complex-linear functional on H_ with Re(7*u(f))=p(7f). This implies
that T#u(f)=u(Tf)+ i 'w(T(if)). With this definition it is easy to see
that T* has the required properties. ||

The hypotheses of the above proposition are applicable to Minkowskian
and Euclidean free quantum fields, as well as to “light-cone” and “infinite
momentum frame” quantization (in mathematical terms, the Goursat
problem [2]) and white noise on complete Riemannian manifolds {11].
Note that C°(X, E)* contains functionals f of the form

f(g)=n(Dg(p)), geV,

where pe X, ne (E,)*, and D is any linear differential operator on E with
C = coefficients. This permits the definition of pointwise Wick products of
fields and their derivatives.

As a concrete and notationally simple example, consider the “free neutral
scalar field of mass m” on R x M, where M is a complete Riemannian
manifold. Here the Hilbert space H is taken to be a space of Cauchy data
for real solutions of the Klein—-Gordon equation

(O +m?)y =0

on Rx M.

To be precise, suppose m>0, and for real o let H*(M) denote the
completion of the space of real-valued functions f'e C g (M) with respect to
the norm

1AW= 14 +m*)*2 f1] 1250y,

where 4 denotes the unique extension to a self-adjoint operator on L*(M)
of the (nonnegative) Laplace-Beltrami operator on CJ(M) [4] Let
H>(M) denote the intersection of the spaces H*(M), a Frechét space with
seminorms |- ,-

Let H=HY(M)® H V*(M). Let B=(4+m*)"%, and give H the
structure of a complex Hilbert space with complex structure

0 —-B!
Jz(B 0)
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and inner product

<(f1af2)’ (gls g2)>
= (B'’f,, B'?g,y + (B~ "?f,, B="g,> +i({f1, 820 — { S, £17), (6)

where all the inner products on the right side are those of L?(M). Let

(B O
~\0 B
realized as a self-adjoint operator on H. Note that with this choice of 4,
H,, is isomorphic to H*(M)@® H “(M), hence continuously embedded in

C*(M)YD C*(M).
There is a continuous map 7:H_ — C®°(R x M) given by

TN ) =("f) (q),  (rg)eRx M,

where (e’#f), denotes the first component of the pair e’*feH_ . Given
Uis s € CF(R x M)*, we may define the function (y,, .., 4,, x, y)—
(1) - @(py,): (%, y) from (C=(Rx M)*)"x K2 to C as in Proposition 6.

Given py, .., p,€ Rx M, define :¢o(p,)--- ¢(p,): to be :¢(5,,)--- 9(3,,):
where 6, is the Dirac delta measure at p;, an element of C (R x M)*.
Then we have:

THEOREM 7. Suppose M is a complete Riemannian manifold. The
Junction

(pla s Pns X, y)H (P(pl) (P(Pn) (x, y),

defined as above, is continuous from (RxMY'xK?2 to C, linear in y,
conjugate-linear in x, and C*= as a function of (p,, .., p,)€ (R x M)".

Proof. This is a consequence of Theorem 3, Proposition 6, and the fact
that the map pr— T#(d,) is C*™ (in the Frechét sense) from R x M to H*
with its inductive limit topology. ||

The Wick power :@(p)" is defined to be the sesquilinear form
@(py)---o(p,): with p,, ., p,=peRx M. When integrated against suf-
ficiently smooth functions on R x M, the Wick powers give rise to densely
defined operators on K. The following result illustrates this.

THEOREM 8. Suppose M is a complete Riemannian manifold, and suppose
K< Rx M is compact. Then for any n, o« >0 there exist c, k, >0 such that

“Rfo(P) (P (H+ 1) x, )| <c | flle Ixll I(H+ 1)y
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Sor all fe C&(K) and x, ye K. Thus for any f € C&(R x M), the sesquilinear
Sform IR e JF(P) (D)™ corresponds to an operator on K with invariant
domain D*(H).

Proof. Given a compact subset K< R x M choose a bounded interval
I<R and a compact set S< M such that K< IxS. Given x, yeK,, let
x;=(Pr+1yH)x and y,,= (P, my1yH)y. By Theorem 7, for some
y’ ¢y > 0’

I:0(0, g)": (H +1)* x, )l sy < ey I(H+ D) x| |(H+1)" yl|
for all x, yeK,,. Thus by Theorem 5 we have
l:o(t, @) (H+1)* X, yulll omnsy S 10+ 1) (m+ 1)l |yl (7)

Given f e C§(K), let f =372 _ f, with each fj supported in
[/, j+1)x S, where * denotes the Fourier transform in the time variable.
Each function f; is supported in R x S. Choosing k& large enough we have
for some ¢, >0

151 el + D777 f llex (8)

for all f e C&(K).

Since the sequences |x,| and |y, decrease more rapidly than the
reciprocal of any polynomial in /, by (7) and (8) we have an absolutely
convergent sum

|, 1))y (x»)

o oo

= ¥ Y 5[ Seaeer . did

j=—0!=0m=0
and since for each g € S the Fourier transform of the integrand is supported

in (j4m—1I1—1,j+m—1[+2), the integral vanishes unless j equals
I—m—1 or /—m. Thus we have

[, 7)oty s )|

ST 2 S | Uimedt ol q) (e pa)l de da

I=0m=0d=0,1
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By (7) and (8) it then follows that for some ¢;>0

[ S0 iotor: (4175 5)

<oy S T (l—m—d 1)

I=0m=0d=0,1

X 1+ 1) (m+ 17 fixd |yl

< fla Y S (=ml+ 1) =1 (14 1) (m+ 1) ) 1pal.

I=0m=0

Since I+ 1 < (|/ —m| + 1)(m + 1) for I, m in the indicated range, the above
is less than or equal to

es I fle X 0+ 1) m+ 1P x) L.
Lm

By Cauchy-Schwarz we conclude that for some ¢ >0 this is less than or
equal to

eI e Xl ICH+ D2y,

from which the theorem follows. ||

An examination of the proof of this theorem makes it clear that it could
be sharpened in a number of directions; in particular, the estimate (8)
could be replaced by one which only required a certain number of
derivatives of f(t, q) with respect to ¢ to lie in L.

Suppose that f € C$(R x M) is real-valued, so that {. ,, f(p) :0(p)" as
defined in Theorem 8 is a densely defined symmetric operator. It is of some
interest to find conditions under which this operator admits self-adjoint
extensions, and when such extensions are unique. Existing results along
these lines include the following. If n=1, the operator is essentially self-
adjoint on D®(H). By the technique of (117, if f is even with respect to ¢
the operator admits a self-adjoint extension, not known to be unique. An
essential self-adjointness result for arbitrary n, applicable to special choices
of fand M, appears in [7].

To conclude, we prove the following result for n=2:

THEOREM 9. Suppose M is a compact Riemannian manifold. Then if k is
sufficiently large and f € C{(R x M), the operator R= {4 ,, f(p) :0(p)*: is
essentially self-adjoint on D*(H).
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Proof. Suppose ge D*(A) and x, ye D*(H). Let n(p) denote the
element of HY, corresponding to é,€ C (R x M)*. By Theorem 3,

(% [R (g)] y) =2i0 ( 1) imG(p)g) n(p)) (x, )

Identifying H* with H *°(M)* @ H *(M)* by means of the pairing (6), and
writing p = (1, ¢) € R x M, we have 5(0, ¢)=(B~'4,, 0), hence

n(t,q)=(B~'costBd,,sin tBJ,).

Thus

L“Mf(p) Im(n(p) g) n(p)

- fw f(t, g)(B~" cos tBg, —sin tBg,)(g)(B~ ' cos tBS,, sin tBJ,).

For he C&(M) and bounded measurable F: R - R,

fM h(q) F(B) 8, dg = F(B)h

the integrand being a compactly supported continuous H *(M)*-valued
function. Thus

Jﬂfo(p) Im(n(p) g) n(p)

=f f(t,q)(B~*cos® tBg, — B~ " cos tBsin tBg,,
Rx M
B~ !cos tBsin tBg, —sin” tBg,).

It follows that
(x,[R, ®(g)]y)=i{x, P(Tg) y), 9)

where T: D*(H) - D™(H) is given by

Tzsz _ft,q) T() dr dg

x
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and

— B 'cos tBsin 1B B 2cos?tB
—sin®tB B~ 'costBsintB)’

T(2) =(

Define the unitary equivalence U: H — L*(M) (the complex L? space) by
Ul(g,, g.)= B'?g, +iB~'?g,. Then

UT(1) U~ (g, +ig2)
= B~ '{cos tBsin tB(ig, — g,) + cos® tBg, —isin® tBg, }.

It follows that while T is not complex-linear, it is a member of sp(H), i.e.,
it is a bounded real-linear operator such that Im{x, Ty> +Im{Tx, y> =0
for all x, yeH. Moreover, if T* denotes the adjoint with respect to
Re{ -, - >, a calculation using (10) shows that

UT+T*)U"'(g, +,-g2)=2z£Rz (t,q) B g didg

This operator is the product of g— 2iB~'g, which is a bounded transfor-
mation of L*(M), with the operator | f(¢, g)e*® dt dg (the integral taken in
the strong operator topology). Let F(z)= j w J(t, q) dg; we have Fe Ci(R),
and

j f(t, q)e*® dt dg = j F(2)e¥™ dE(2),
Rx M R

where dE(A) is the spectral projection-valued measure corresponding to B.
If k£ is large enough, this operator is Hilbert-Schmidt, hence T+ T* is
Hilbert—Schmidt. We may then make use of the following:

LeMMA 10 (Klein). Suppose Tesp(H) and T+ T* is Hilbert—-Schmids.
Then there is a self-adjoint operator S on K, essentially self-adjoint on D (as
defined in Lemma 4) such that

e—izs¢(g)eils= ¢(e‘7g)
for all ge H.
Proof. This is Proposition 2 of [5]. |

Note that if S satisfies the conclusions of this Lemma, so does S + ¢/ for
any ce R. We will suppose that

{v, Sv)>=<v, Rv). (11)
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Now we show that R|{D = S|D. First we note:

LemMma 11. IfxeD and ge D*(A), then x is in the domain of [ S, P(g)]
and [S, D(g))x=id(Tg)x.

Proof. Let xeD and ge D*(A4). Then &(g)xeD < D(S) so x is in the
domain of S@(g). Thus we need to show that Sx is in the domain of &(g)
and that &(g)Sx = (SP(g)— i®(Tg))x. Since (g) = P(g)* it is enough to
show that for all y e D(D(g)),

(P(g) y, Sx> =y, (SP(g) — iP(Tg))x). (12)

Since D is dense in D(®(g)) with its graph norm topology, it suffices to
prove (11) for all ye D. When ye D, by Lemma 11 we have

(P(g)y, Sx)=—i0,{e " D(g)y, x)],=0
= —i0(D(e'Tg)e Sy, x|, o
=—id, e "y, Ble'’g)x)|,_o.

Since x € D(®(Tg)), and y € D(S) by Lemma 10, this implies (12). |

It follows from this lemma, formula (9), and remarks in the proof of
Lemma 4 that R|D and S|D differ by a multiple of the identity operator.
By (11) it follows that R|D = S|D.

Since S is essentially self-adjoint on D, R=2(R|D)=(S|D)=S, so R is
a symmetric extension of S. Since S is self-adjoint this implies R = S. Thus
R is essentially self-adjoint, as was to be shown. [
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